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Abstract: The Canonical Cosine transform, which is a generalization of the linear canonical transform, has
many applications in several areas, including signal processing and optics. In this paper we have introduced
convolution theorem, linearity property, derivative property, modulation property and Parseval’s identity for
the generalized canonical cosine transform.
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I.  Introduction:
As generalization of the Fourier Transform (FT), the Fractional Fourier Transform (FrFT) has been
used in several areas, including optics and signal processing. Many properties for this transform are already

known. In recent years, Almeida [1] and Zayed [4] derived product and convolution of two functions in a

usual manner and proved the convolution theorem in fractional Fourier transform domain. In the past decade,
FRFT has attracted much attention of the signal processing community, as the generalization of FT. The
relevant theory has been developed including uncertainty principle, sampling theory, convolution theorem.

A further generalization of FrFT is Linear Canonical Transform (LCT). Just as Fourier cosine
transform and Fourier sine transform are defined from Fourier Transform, similarly canonical cosine and
canonical sine transforms are defined from LCT by Pie and Ding [3]. We have discussed some properties of
Half canonical cosine transform in [2].

This paper emphasizes on defining generalized canonical cosine transform and deriving its convolution
theorem, then some properties of the canonical cosine transform are discussed and finally conclusions are given.

Notations and terminology as per [5]

Il.  Testing Function Space € :
An infinitely differentiable complex valued function ¢ on R" belongs to € (R"), if for each compact

set, | =S, where SO( ={t:te Rn,|t|Sa,a>O} and for k eR",

Te  PO=" " [Dp(t) <o
&k tel '
Note that space E is complete and a Frechet space, let E’ denotes the dual space of E.

2.1Definition: The generalized Canonical Cosine Transform f e £'(R") can be defined by,
{CCT f ()} (5) = <f(t), Kc(t, s) > where,

Ke (t,s):\/;.e;(m 4 .eiz[ZJtz.co{;t]

Hence the generalized canonical cosine transform of a regular function f e 8'(R”) can be defined by,
[ ) e 3h) e
{ CCTE(t) }(s)= o€ L cos| _t]-e f(t) dt 1.1)

2.2 The Generalized Canonical Cosine Transform of Convolution
Now we introduced a special type of convolution and product for canonical cosine transform.

2.3 Definition: For any functionf (), let us define the functions f () and § () by

Fiv-yD =20 gumy), Gry) = sy ans Ty —er0 gy)

www.iosrjournals.org 74 | Page



Convolution Theorem For Canonical Cosine Transform And Their Properties

For any two functions f and g, we define the Convolution operation * by

he) = (F »0)@) = | FONE@+W+E(v-yDdy (12)
i}

Now we state and prove convolution theorem.
3.1 Convolution Theorem:

If h(s) = (f = g)(s) and F- , G- and H, denote the Canonical Cosine transform of
f. g and h respectively, then

He (s) = [Fo (PO G (D) = = :;Fc'f*é"(v)_‘:@)

Proof: From the definition of the Canonical Cosine transform, we have

T (5 =[F (frnEG (ginle)

[FCAnENG, (sl =, EEEH [ e i) D( )f(}’)a‘r [_ ’” BDS( )Efﬂfﬂ
A

% TTe a (y+t)2008(s jcos( j f(y) g(t)dydt
2|7zb - o’ )®(p) T IVD

= ei(3] g I I e;(;](yZHZ){cos(%(y +t)j + cos(%(y —t)j} f(y)g(t)dydt

1 o) I I J2(6) 0 cos(%(yn)jf(y)g(t) dy dit +
— ei(gjs I I eZ[E)(yZHZ) cos(%(y—t)j f(y) g(t)dydt
(13)

For I, putting y+t=v=dt=dv forlimitwhent=0=V=Yy,whent=c0o=>V=00
For I, putting y—t=—v=dt=dv forlimitwhent=0=V=—-y,whent =00 =V =00

19 = F (IO GO0 = (L el il s[>0 1) o~y

1 [ 2ol gl cos(%(—v)]f(y) g(v-+y)dydy

iz Jo vy
[&(f(y))](s)[ec(g(t))](s)=iiei[bjszT Tez(bjyzez[bjw'” cos( jf(y)g(v )y v
[j I je[ J ) cos( jf(y)g(v y) dy dv
+—e I je j v cos( jf(y)g(v+y)dydv+

+—e[j j Ie aj U o cos( jf(y)g(v+y)dydv
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IO (o) o 7 [ e et s[>0 10Dt~y

_% RO& ; ioe'z@ 7l cos[%vjf(y)g(v— y)dydv
+% ei[EJ 2 jo joe;[zj yzelz(gj(wy)z oS [%vjf(y) g(v+y)dyadv+
+% ei[ﬂjsz zo ije;[Z] yze%[gj(wy}z cos(%vjf(y) g(v+y)dyadv
[Fc (FOYDIGIG: (9NIs) =1, +1, +1; +1, (1.4) For

I, putting V=—-Vv=dv=—dv forlimitwhenv=—y=Vv=y,whenv=0=Vv=0

1 ei[gjsz T Telz(Z)VZe;[:j(yV)z cos(%(—v)jf(y)g(y—V)dy(—dV)

o= N
L ) j ie;@ r o o 24ty v
4= [F(F IO 0OIO = o) j joe;@ . (;ij(y) Sy
L ) j iem el [;V) e
L NGR J vie;[ZJ (e COS(;VJf(y) o 9

+71zb ei[ﬁjsz T Jy' e%[%) yze%@‘“‘ﬂz cos(iv)f(y)g(v- y) dy dv

[P (F NG (GONE = o [ ] o2l 620 g (gvj f(y) g -y)dyd

y=0 v=0

e — ei[hjsz T TeZ[bjyzeZ[b}(wy)z cos(;vjf(y)g(w y)dydv

I
[EEN
Ny

(¢
=~
o |
N———

D
ol -
—
o
N——
<l\)
O3
f—/;_\
O t—3
—h|)

(Y)(ﬁ(y+v)+§(|v—y|»dy} COS(%vje;[Z]Vz v
by (1.2)

0

5[%]52 ‘5[5]”2 ()@ Dfa),
L{ %eZ[b) Iez[b) cos(%v]{(l?*ﬁ)(V)}dV}
i by (2.3)

2 4

[F (f (Y)IE)G (g(E)](s) = N F(F*gkwks)
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4.1 Some operational results:
4.1.1 Linearity property of canonical cosine transformations:
If {CCT f(t)}(s), {CCT g(t)}(s) denotes generalized canonical cosine transform of f(t), g(t) and P, P,

are constants then {CCT RfM)+P, g(t))}(s) =P {CCT (f (t)}(s) +P, {CCT (g(t))}(s)

Proof is simple and hence omitted.

4.1.2 Derivative (with respect to parameter) of canonical cosine transform:
If {CCT f(t)}(s) denotes generalized canonical cosine transform, then,

%[{CCTf }s)]= i{s.[%](CCTf (1)}(s) - %{CST [t. f (t)]}(s)}

Proof: We have,

: [ [ g0 rald)e
sleet f(t)}(s):ds{ S g [e g cos{b j f(t)dt}

—o0

%{CCT f(©}(s) :\/; ]ie;[Z)‘Z aas{e;[g Sz cos(b )jf(t)dt
:\/; ze;[zjtz {—(Ue;(s)sz.sin[;tjﬂ(g}s.e;[zjsz cos( tj]f(t)dt
- i{— (—i)\/% Ze;[z}lz (;je;[ijsz .sin[%t)[t.f ]t + s(%)\/% Ze;[:j‘ze;(gjsz cos(%tjf (t)dt}

- i{—% [CSTt. f (O}s) + s.(%j(CCTf ()3}s)

[« 21 N7,)

%[{CCTf (t)}(s)] = i{s.(%j(CCTf OHOE %{CST [t.f (t)]}(s)}

4.1.3 Modulation property of canonical cosine transform:
If {CCT f(t)} (s) denotes generalized canonical cosine transform of f(t) then,

— {[CCT f (t) .pldsz k%) + [CCT f (t) .pidsz k%)}

{CCT cos zt. f (t) }(s) ==

Proof: By definition of CCT,
i(d

S {CCT coszt.f (t)}(s) = % ﬁe;(bjsz Ioe;[z]tz .(cos(% + zjt + cos(% - zjtj f(t)dt

<s+bz>2 e (db)z? s
~{CCT cos zt.f (1)}(s) = —{ j el 2 cos| -+ Jt. f (D dt+

F J. (S b2)* e.dszefli(db)z2 cos(% - zjt.. f(t)dt}
e? (db)z? 1 = 1 g 2 l[ﬂj(smzf (s+bz) i
~{CCT coszt.f(t)}(s) = {|— J‘ez b g2lb cos[—jt.endsz f(t)dt+
2 27b < b

N ﬁ Te;[Z]tze;[bJ(s_m)z cos(%}t.em f(t)dt}
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LT

{CCT cos zt. f (1) }(s) ==

{[CCT f(t)-e" ](%) +leeT f(t)-e e ](S‘—bbz)}

4.1.4 If {CCT f(t)} (s) denotes generalized canonical cosine transform of f(t) then,

—i(db)z2
{CCTsinzt. f (1) }(s) = (i) > {[CST f(t)_eidsz](sz bz)_[CCT ‘ (t)-ei"“](s_b bz)}

Proof: By definition of CCT,
T LK 10 5
SACCT sinzt.f(t)}(s) =,|—¢ je .cos| —t |-sin zt- f (t)dt
27ib c b

SACCTsinzt.f(1)}(s) == ﬁe;[bjsz Te;(:jtz (sin[%+ zjt —sin(%— z)tj f(t)dt

a t2 %7 (s+b2)’ a2 . (s
~{CCT sinzt. f(t)}(s)_—{ Ie e e e ? sin B+Z t. f(t)dt

2 tz 1 2 (ssz)2 by
—W/L_ .[ez b e2 b gioszg 2 sin(%—zjt..f(t)dt}

2

{CCT sinzt f(t)Hs) = = ')e = r( )/ e e (be jt e 9 £ (1) it

—(- |)/ j e tz I (S o cos( bb jte"jsz f (t)dt}

—l(db)zz

{cCTsinzt.f (©))(s) =(-i)

{[CST (1) ](S+—bbz) “leeT 1) ](%)}

5.1 Parseval’s Identity for canonical cosine transform:
If f(t) and g(t)are the inversion canonical cosine transform of F (S) and G (S) respectively, then

o) Tf(t).@ dt =27 TFO (s).G. (s) ds and (2) T Jf@) " dt=—27 T|FC (s) | ds

Proof: By definition of CCT

lcCT g)l(s) = ,/ ! w e? ) cos[ j g(t) dt
---------------- by (1.1)

Using the inversion formula of CCT
2 4y 20
git)y=,]—-e Ie cos| —t |G, (s) ds
b i b
Taking complex conjugate we get,

g(t) = iUZTeIU cos( )Gc(s)ds
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T f(1).9(0) dt = T f (t)dt[ /‘E”‘ Gk Te'z(b) ! cos[;tj G (5 dsJ

—00 —0 —0

Changing the order of integration, we get,

wa(t).g(t)dt: \/?160(5) i 11 [ Hlb ea[ﬂ‘z Tez[bj* Cog(;tJf(t)dtJ w5

0

27ib
(2) Now putting f (t) = g(t) in equation (1.5), we get
[ ‘f(t)|2dt=—27zj|FC(s) ” ds

Table for canonical cosine transform

SN f(0 Fe(s)
L L (RF®+P®) | P{CCT (f(t)}(s)+P,{CCT (g(t))}(s)
2 —iz(db)zz
cos zt.f (t) ¢ > {[CCT f(t).e‘dsz](s+—t)t)z)+[CCT f(t).e‘d“](%)}
3 ) —iz(db)z2
sinzt.1(t) ()~ {[CST HO e *[Jbz) et ty-ee 222 ‘bbz)}

I11.  Conclusion:
The Convolution of generalized canonical cosine transform is developed in this paper. Operation

transform formulae proved in this paper can be used, when this transform is used to solve ordinary or partial
differential equation.
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