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Abstract: The purpose of this work is to extend and generalize some common fixed point theorems for
Expansive type mappings in complete cone metric spaces. We are attempting to generalize the several well-
known recent results.
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I.  Introduction
Very recently, Huang and Zhang [3] introduced the concept of cone metric space by replacing the set of
real numbers by an ordered Banach space. They prove some fixed point Theorems for contractive mappings
using normality of the cone. The results in [3] were generalized by Sh. Rezapour and Hamlbarani [4] omitted
the assumption of normality on the cone, which is a milestone in cone metric space.
In this manuscript, the known results [14] are extended to cone metric spaces where the existence of
common fixed points for expansive type mappings on cone metric spaces is investigated.

I1.  Preliminary Notes

Definition 2.1[3] : Let E be a real Banach space and P, a subset of E. Then P is called a cone if and only if:

(i) Pisclosed, non-empty and P # {0} ;

(i) a,beR,ab=0xyeP = ax+byeP;
(iii) xePand-xeP=>x=0.
Given a cone PCE, we define a Partial ordering < on E with respect to P by x < y ifandonlyify-x e P. We
shall write x << y to denote x < y but x # y to denote y - x € p’, where p° stands for the interior of P.
Remark 2.2 [7]: Ap°Sp®for A> 0 and p° + p°c p°

Definition 2.2 [3] : Let X be anon-empty setand d : X x X — E a mapping such that
(d) 0<(x,y)forallx,y e X andd(x,y) =0ifand onlyifx = y,

(d)d (x,y) = d,x)forallx,yeX,

(d3)d (x,y) <d(x,z)+d(z,y)forall x,y,z €X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Example 2.4 [3]: LetE =R* P{(x,y)eE:x,y =0}and X =Y, definedby d (x,y)=(a|x—y|,
Blx—y|,yl x—y) wherea, 8,y >0 is a constant. Then (X, d) is a cone metric space.

Definition 2.5 [3]: Let (X, d) be a cone metric space, xe X and {x,} be a sequence in X. Then

(D){xn}n=1 converges to x whenever to every ¢ € E with 0 « ¢ there is a natural number N such that
d(x, x) « cforalln>N.

(iD){xn}n> is said to be a Cauchy sequence if for every ¢ € E with 0 « ¢ there is a natural number N such
that d(xn, xm) = c for alin,m = N.

(iii) (X, d) is called a complete cone metric space if every Cauchy sequence in X is convergent in X.

Definition 2.6[3]: Let(X, d)be a cone metric space, P be a cone in real Banach space E, if
(i) ae Pand a « ¢ for some ke[0,1] then a = 0.

(i)a e P and a « ¢ for some ke[0,1] then a = 0.

(iilu < v,v Kw, thenu K w.
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Lemma 2.7

Let (x,d)be a cone metric space and P be a cone metric space in real Banach space E and
aq, oy, a3.a4a 2 0. If xp 5%, yn— y, zn—2, and

an—> pinxand a; d(xn_ x), +a, d(yn_y)+a3 d(zn_z)+. a4d(pn,p).Then a=0.

1. Main Reault:
Theorem 3.1 Let (X, d)be a complete cone metric space with respect to a cone P containing in a real Banach
spaceE. Let Ry, R, be any two surjective self mappings of X satisfy
d(Rix, Ryy) > ad(x, Rix) + B d(y, Ry) +vd(x,y)+ k[d(x,R,y) +d(y,Rix)]...... (3.1.1)
for each x,y € X, x#y where a ,p,v, k >0,a + p +y>1+2k, B + vy >k and y >2k. Then R; and R, have a unique
common fixed point.
Proof: Let x, be an arbitrary point in X. Since R; and R, surjective mappings, there exist points x; € R7*(x,)
and x,e R3 1 (x;) that is Ry (x;) = x, and R, (x,) = x;. In this way, we define the sequence {x,,} with
X2n+1€RTT (X2,,) and Xp,,42€ Ry (X2 41).
i.8. X5, = Ry Xppqq forn=0,1,2,.............. (3.1.2)
Xogns1 = RyXopip forn=0,12............... (3.1.2)
Note that, if x,, = x,, ., for some n>0, then x,,, is fixed point of R; and R,. Now putting X =x,,.,; and
Y = Xy,42 from (3.1.1), we have
d(R1x2n+1,R2x2n+2) =a d(x2n+1, Ry x2n+1)+ B d(X2n42, Rz Xon42)+Y d(x2n+1,x2n+2)
+ k[d(x2n+1, R, x2n+2) +d (x2n+2, R2x2n+1)]
= d(xy,Xm41) = @ d(x2n+1, X2on )"' B A(Xon42,Xm41) Y d(x2n+1,x2n+2)
+ k[d (2041, X2n41) + d(X2n42 X20)]
= d(Xn, Xop41) = ad(x2n+1, xZn)+ B d( x2n+2,x2n+1)+yd(x2n+1,x2n+2)
+ k[d(xan42, X2n41) + d(X2n41, X20)]
= d(Xan, Xont1) = [a+ k]d(xzns1, %20) + [B + v + k]d(X2n41,%2042)

1—(a+k)
= d(Xppi1 Xons2) < ﬁ+";+k (Xgms Xgna1)eeeeeeeeeeeeeennnn, (3.1.4)

Where h [1 (‘Hk)] <1 ,[asa+p+y>1+2k]

In general
d(xzp, X2n11)< h d(X2n 1, X21)
= d(Xgn, X2n41)< R (Xgno1, Xan)eevvenveeicc (3.1.5)
So for every positive integer p, we have
A(X2n, Xon4p) < d(xZn,xZnH ) +d (Xop41 Xona2)Fereennnnn, + d(x2n+p_1‘x2n+p)
< (R +R2D + 21y d (xg, x1)
=h2"(A+h+h?+ o +R2P) d(x, x;)
2n
<A, X))o (3.1.6)

Therefore {x,,, } is a Cauchy sequence, which is complete space in X there exist x*e X such thatx,,_,x*. Since
R; is surjective map, there exist a point y in X such that
YeRTN(x™). i.6. X*= R{(Y) oo (3.1.7)
Now consider d(x,,,+) = d (RiXzn41Y)
> ad (Xpn11R1X0n41) + B, R1Y) + ¥d(xani1,y) + k[d (25041 R1y) +
adyRixZn+1
=>d(x*,x*) = ad (x*,x)+ Bd(y,x*) +yd(x*,y) +
k[d(x2n+1,R1Y) +d(y, R1x2n+1)]
=d(x",x") = ad (x*,x)+ Bd(y,x*) +yd(x",y) + k[d(xzn41,R1Y) + A, Rixzn41)]
= 0>(B +y+ k)d(x*,y)
= dx*y) =0,as(B+y+k)>0
S T T Yt (3.1.8)
Hence x* is a fixed point of R, as Ry = x*=y. Now if z be another fixed point of Ry,
i.e. Ryz=1z. Then
(X*, Z) =d (Rlx*, Rlz)
> ad(Rix*, Riz) + Bd(z, R1z) + yd(x*,z) + k[d(x*,z) +d (z, x*)]
=k [d(x*.z) + (z, x*)] +yd (x*.2)(z, R12)
= (2k+y) d(x*, 2)
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= d(x*,z) < ﬁ d(x*,z)

= d(x*,z) = 0 as ¢ >2k as and by proposition 2.6 (i).

= x* = z. Therefore R, has a unique fixed point .Similarly it can be established that R,x* = x*. Hence R1x*
=x*=R,x*.Thus x* is the common fixed point of R; and R,. These completed the proof of the theorem.
Corollary 3.2 Let (x, d) be a complete cone metric space with respect to a cone P containing in a real Banach
space E. Let R;and R, be any two surjective self mappings of X satisfying

d(Rix, Ry y) > ad(X, Rix)t B d(y,Rxy)t+ yd(x ,y) ........(3.1.9)

For each , e X, x+ y wherea, 8,7, 20, + B + y >1. Then R, and R; have a unique fixed point.

Proof: The proof of the corollary immediately follows by putting k = o in the previous theorem.

Corollary 3.3 Let (x, d) be a complete cone metric space with respect to a cone p containing in a real Banach
space E. Let R;and R, be any two surjective self mappings of X satisfying

d(Rix, R,Y) >k[d(x,R,y) + d(y, R x)] For each x, eX , x # y where k>0

Then R, and R, have a unique fixed point.

Proof: The proof of the corollary immediately follows by putting @ = 0, 5 = 0 and y = 0 in the previous
theorem.
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