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Abstract:This paper considered a two dimensional flow in x and y coordinate system and derived a Non-
Homogenous Laplace Equation for groundwater flow using Darcy’s equation which form the basis for the finite
element discretization process. By discretizing the Hydraulic Conductivity and Piezometric Head in the X y
direction, a flow direction vector of the groundwater system is obtained.
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l. Introduction

Groundwater is water located beneath the ground surface. A unit of rock or sediments is called an
aquifer when it can yield a usable quantity of water [1]. The depth at which soil pore spaces and voids in rock
become completely saturated with water is called the water table [2]. Groundwater is a vital resource in our
environment.It replenishes our streams, rivers, habitats[3]. However, groundwater is highly vulnerable to
contamination from septic tanks, agricultural runoff, highway, pipe leaks, spills, industrial activities and
improper disposal practices [4]. In [5], Kamkar-Rouhani stressed that in mining excavation as well as many
engineering operations, groundwater situation in an area under operation should be characterized and considered
in the design of the operation. Experience has shown that most important organs of the human body are not seen
outside. For example, blood and the heart that pumps it are not visible, yet they are very important [6].

1. Model Formulation
We employthe method of space ( X,y ) discretization of the groundwater flow, where the

computational domain is divided into finite element mesh connected at nodes i, j, Kk .Our governing equation is
the Darcy’s equation given by [7] thus:

oh
Q =-k, Al — (2.1)
0X,
Where;
Q = Flow rate
A = Flow Cross Section Area
h = Piezometric Head
k = Hydraulic Conductivity.
According [8],
Q= Av (2.2)
Substituting equation (2.2) into (2.1) we have,
oh
AV=—kij Al — (2.3)
0X;

Where, v = Flow velocity

That is,
oh
v=—-k . |— 2.4
g (6)(]} (2.4)

We now express equation (2.4) in a layered coordinate system in the directions £ and 77 .
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oh
V§ = _k§ % (25)
and
oh

Where; V = Flow Velocity, h =Piezometric Head, and k =Hydraulic Conductivity.
In matrix notation, equations (2.5) and (2.6) can be expressed as:

oh
v k. 0 p¢
¢ 3 o0&
=— 2.7)
[Vj { 0 kJ 8_h
on
Equations(2.5) and (2.6) expressed in the Global X —Y coordinate system takes the following form:
v, =—Kk, oh_ Ky oh (2.8)
OX oy
oh oh
Vy :—kyxa—kyya (29)
Combining equations (2.8) and (2.9) with the following equation given by [8]
ov
%_’__yzo
oXx oy
(2.10)

weobtain the equation for groundwater flow as

2 2 2
K, 5—? +2k,, oh +k,, 5—? =0
OX OXoy oy

(2.11)
For the Aquifer under consideration (isotropic soil),
k= Ky = k
(2.12)
and
Key = Kyx =0
(2.13)
Equation (2.11) reduces to:
2 2
a—z(kh) + G—Z(kh) —r
OX oy

(2.14)
Equation (2.1) is equivalent to:

0 oh 0 oh
— |k—|+— |k— | =7
OX oX oy oy

(2,15)
Where I =Potential Head Value.
Equation (2.15) is a Non-Homogeneous Laplace's equation for groundwater flow.
We now compute the solution for the Hydraulic Heads at the nodes of the triangular element of the domain
under consideration.
In line with equation (2.15) we consider the equation;

R P P P in O
OX oX oy oy

(2.16)
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0 ou 0 ou
R,(x,y)=— |k— |+ — | k— | =T inQ
o (X,y) ax[ GXJ ay( 8yj in

(2.17)
Where, Q =Domain under consideration, I =Potential Head values at the Nodes, R, = Residual function, and

U =h =Piezometric Head.
We introduce an arbitrary function

W, =W, (X,¥y)=w inQ
(2.18)
Where, W, =weighting function.
Equation (3.17) takes the form;

jwﬁ kY4 2 [kCY) _rldo =0
Q OX O X oy oy

(2.19)
After integration by parts and use of divergence theorem equation (2.19) is written as

—j {awk@+a—wk@+wr}d9 +I Wk{ﬂnl+ﬂn2}dl“=0
Q 0Q ay

ox o0x dy o0y 0X
(2.20)
The projection of the gradient of U in the direction of the outward unit normal n is given by:
ou du ou ou
—=—.N=—nn+—n,
on  dx OX oy
(2.21)

In line with equation (2.21), equation (2.20) can be written as

_j oW ou oW, ou dQ+j wk 2Mdr=o
Q1 ox o0x 0y 0y @ on

(2.22)
For a homogenous boundary system (Domain under consideration), equation (2.22) can be expressed
operationally as follows:

B(w,u) + (w,r) =0
(2.23)
Where,

u={ueH"(Q)}

(2.24)
w={weH"(Q)}
(2.25)

H*(Q) = Sobolev Space

B(w.u) = | (a_w U, oW kﬂJdQ
elox ox 0y 0y

(2.26)

(w,r) = jﬂwr dQ 2.27)
We have that

u, ey,

(2.28)

w, e W,

(2.29)
In line with equation (2.28) and (2.29), equation (2.23) can be written as;
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B(w,u,) +(w,,r) =0

(2.30)
Where U, and W,, nodal elements of U and W respectively so that;
N
Uu=u, =>.re (xy) i,j kel
=1
(2.31)
N - -
W=Wh2218|‘//|(x1y) I, j kel
1=1
(2.32)
Where

@, (X,y)and 7, (X,¥),1=12,...,N are basis functions in the x,y direction and @, #, _

Substituting U, and W, as defined in equation (2.31) and (2.32) into equation (2.22) with w=0 on 0 we

have:

Zﬁl .[Q[l//l Wi 21K {Z{Zj’l}m]dg + Zﬂ| J.Q% rdQ =0

J=1 J,2

(2.33)
Equation (2.33) can be written as;

iﬂl (i Kw HJ _RlJ:O

(2.34)
Where,
K = [Ivi v dk| 20 fdo
N &) 11771,2 (0\]'2
(2.35)
Ry =—[ v rdo
(2.36)
For an arbitrary /3, , it follows that,
N
> KyH, =R, I =1..N,
J=1

(2.37)

The following finite element matrix equation given by equation (2.38) holds for any triangular element with

nodes i, j, k, to a Global equation system;
KH=R

(2.38)
A solution for the Hydraulic Heads at the nodes is computed by:

KH=R
(2.39)
K'K H=K"'R
(2.40)
IH=K"'R
(2.41)
H=K"R
(2.42)
Where,
H = Vector Matrix contains unknown Hydraulic Heads at the Nodes
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=Vector Matrix containing Potential Head values at the Nodes

R
K =Vector Matrix containing Hydraulic Conductivity values at the Nodes

where,

= = = S = = = = = x = = = = = = = =

=~ XX X X~ X X X XN X" XN O o5 5 5 ) 5 5=

]

-1

Hydraulic Head at Node 1
Hydraulic Head at Node 2
Hydraulic Head at Node 3
Hydraulic Head at Node 4
Hydraulic Head at Node 5
Hydraulic Head at Node 6
Hydraulic Head at Node 7
Hydraulic Head at Node 8
Hydraulic Head at Node 9
Hydraulic Conductivity at Node 1
Hydraulic Conductivity at Node 2
Hydraulic Conductivity at Node 3
Hydraulic Conductivity at Node 4
Hydraulic Conductivity at Node 5
Hydraulic Conductivity at Node 6
Hydraulic Conductivity at Node 7
Hydraulic Conductivity at Node 8
Hydraulic Conductivity at Node 9
Potential Head Value at Node 1
Potential Head Value at Node 2
Potential Head Value at Node 3
Potential Head Value at Node 4
Potential Head Value at Node 5
Potential Head Value at Node 6
Potential Head Value at Node 7
Potential Head Value at Node 8
Potential Head Value at Node 9
a; a; a | |rh
=la; a; ag||r r;
A | | K

(2.44)
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Ay akj Ay
hii hij hik Qi + aij rji + q l Qi rij + aij rjj + a5 rkj a;ly + aij rjk + QMg
hji hjj hjk = lagh tagr; +aghy  agh +agr; +ayly  ah T, +ah
hki hkj hkk agl; + akj rji +tayl; rij + akj rjj + Ay rkj ahy + akj rjk +ay Ny
(3.44)

1l. ResultsAnd Discussions
3.1 Hydraulic Conductivity for Nodal Element
Table 3.1Hydraulic Conductivity at Nodes 1-9
Nodal Element  Hydraulic Conductivity (m)
0.0000001500
0.0000000099
0.0000015000
0.0000042000
0.0000003900
0.0000004800
0.0000000390
0.0000004200
0.0000000990

=
o
=

NS = [
= w N

N
N

w
-

w
N

WXWNXXXXW
w

w
w

Source: [9]
Table 3.1 gives the values for Hydraulic Conductivities of the corresponding values for Nodal Elements for the
calculation of Hydraulic Head.

3.2 Potential Head Values for Nodal Element
Table 3.2 Potential Head Values at Nodes 1-9
Nodal Element  Potential Head Value(m)

r 0.0000566237028
1 0.0000450909162
P 0.0000416821155
r 0.0001978052400
13 0.0001665966600
Iy 0.0001392123900
] 0.0000196504230
22 0.0000174323220
o 0.0000146094900
r31

r‘\’:’»2

r33

Source: [9]
Table 3.2 gives the values for Potential Head of the corresponding Nodal Element for the calculation of
Hydraulic Head.
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3.3 Hydraulic Head Values for Nodal Element

Table 3.3 Hydraulic Head Values at Nodes 1-9

Nodal Element

Hydraulic Head(m)

= i R
= = =
w [ [N

N
[

N
N

w
g

w
N

:::N:jj
w

w
w

40.000
33.654
27.861

35.172

32.138
26.345
33.517
26.483

24.828

Table 3.3 gives the result obtained for Hydraulic Head using Table 3.1 and 3.2 in equation (2.45)
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Figure 4.1: Flow Direction Vectors for Hydraulic Head Values
Figure 3.1 represents the Flow Direction Vectors for Hydraulic Head Values obtained in Table 3.3. The arrows
give the Recharge and Discharge Directions of the Groundwater Flow.
Table 3.1 gives the values for Hydraulic Conductivities of the corresponding values for Nodal Elements.Table
3.2 gives the values for Potential Head of the corresponding Nodal Element for the calculation of Hydraulic
Head. Table 3.3 gives the result obtained for Hydraulic Head using Table 3.1 and 3.2 with equation (3.45). The
Flow Direction Vectors for Hydraulic Head Values obtained in Table 3.3 is presented in Figure 3.1. The arrows
give the Recharge and Discharge Directions of the Groundwater Flow at each point of the hydraulic head
values; 40.000m, 33.654m, 27.861m, 35.172m, 32.138m, 26.345m, 33.517m, 26.483m, 24.828m.
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V. Conclusion
We observed that at hydraulic head values between 40.000m and 24.82m simulated by the direction

vectors show the behavour of groundwater flow as shown in figures 3.1. This means that the water flows from
high heads towards the low heads in a semi-circular shape.
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