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Abstract: By using the method of moving frames the Backlund’s theorem and its applicationfor spacelike
surfaces is introduced. The results leads to correspondence between the solutions of the Sine-Gordon equation
and spacelike surfaces of constant positive Gaussian

curvatures.
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I.  Introduction
The construction of surfaces of negative constant Gaussian curvature in Euclidean space EZis one of
most important problems in differential geometry. The famous Backlund’s theorem presented a geometrical

method to construct a family of surfaces with Gaussian curvature & = —1 from a known surface with
K = —1, .i. e, the Backlund transformation that we know well. On the other hand, it is well-known that there is
a correspondence between solutions of theﬂSine—GQrdon equation

d~¢ 9 g

E—F:S]ntp ' (1.1)

and the surfaces of constants negative Gaussian curvature in the Euclidean space EZby realizing them as the
focal surfaces of a pseudo-spherical (. 5. ) line congruence [1, 2,5 1.

Therefore the classical Backlund’s theorem for such surfaces furnishes a way to generate new solutions of the
Sine-Gordon equation from a given one.

In the theory of relativity, geometry of indefinite metric is very crucial. Hence, the theoryof surfaces in
Minkowski space E;which has the metric ds® = dx* + dy* — dz* attracted much attention. A series of

papers are devoted to the construction of surfaces of constant Gaussian curvature see for example [1, 2,6, 7 ].

The situation is much more complicated than the Euclidean case, since the surfaces may have a definite metric
(spacelike surfaces), Lorentz metric (timelike surfaces) or mixed metric.

The purpose of this paper is to study the class of spacelike surfaces with positiveGaussian curvature. It is seen
that, as in the Euclidean case, the results leads to correspondence between the solutions of the Sine-Gordon
equation and surfaces of constant positive Gaussian curvatures.

Il.  The Classical Theory
In the classical surfaces theory, a congruence of lines is a two-parameter set ofstraight lines. Such a
congruence, has a parameterization in the form

ylu,v,7) = plu,v) +relu,v), llell =1, (2.1)

where p:::'lh 1) is its base surface (the surface of reference) and el1, v) is the unit vector giving the direction of
the straight lines of the congruence, T being a parameter on each line [3]. The equations

u=ult)v=vit)u?+v?%=0, (2.2)
define a ruled surface belonging to the congruence. It is a developable if and only if the determinate
(e, dp,de) =0. (2.3)

This is a quadratic equation in di, dv. Suppose that it has two real and distinct roots, then there are two
families of developables surfaces, each of which (in generic case) consists of the tangent lines of a surface. It
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follows that the lines of the congruence are the common tangent lines of two surfaces Mand M, to be called the
focal surfaces. There results a mapping f:

M — M* such that the congruence consists of the lines joining p € M to f{p) € M*. This

simple construction plays a fundamental role in the theory of transformation of surfaces.
We rephrase this in more current terminology:

Definition (1.1): Consider a line congruence with focal surfaces Mand M “such that its lines are the common
tangentsat p € M top* = f(p) = M". The congruence is called a pseudo-spherical (p.s.) if
(i) lpp*!l = ». which is a constant independent of p,

(i) The angle between the normals at corresponding points is equal to a constant &.
We can now state the classical Backlund’s theorem:
Theorem (2.1)(Backlund 1875): Suppose there is a p.s. congruence in E* with the focalsurfaces Mand M*such

that the distance Tbetween corresponding points and the angle &between corresponding normals are constants.
Then both Mand M “have constant negative Gaussian curvature equal to — sin® &/~

There is also an integrability theorem:
Theorem (2.2): Suppose Mis a surface in E* of constant negative Gaussian curvature K = —sin® 8,17,

where > 0 and 0 </ & < are constants. Given any unit vectore € T( M, ), which is not a principal
direction, there exists a unique surface M “and a p.s. congruence f: M — M*such that if p* = F(pJ, we have
pp” = e and Fis the angle between the normals at p and p*.

Thus one can construct one-parameter family of new surface of constant negative Gaussian’s curvature from a
given one, the results by varying 7.

Il.  Backulnd's Theorem for Spacelike Surfaces
Let M be a spacelike surface in ES. We choose a local field of orthonormal

frameey, e;,e3(< e, 8, === e,, e, >= —<I e5,e; == 1) with origin p is a point of Mand the vectors
ey, esare tangent to Mat p.Let w4, tws, w3 be the dual forms to the frameey, €2, e3. We can write

dp =Zwaemdeﬂ,z Wepeg . (3.1)
& 2]

Here and through this paper we shall agree on the index ranges

1=i{jk=21=¢gfv=3.
Note that:
w2 tway = 0,w31 = w3, waz = wa. (3.2
The structure equations of E; are:
dig = Z we N\ g, dWep = Z Wy M Wy (3.3)
[ T

Restricting these forms to the frame defined above. We have
w3z =0, (3.4)

and hence

':I = de = z lf,l.:':' -'“\ lf,l.:':'a . (35)

By Cartan's lemma we may write

The first equation of (3.3) gives
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{1 = . A .
dw; Z Wi Wy, (3.7)

-
4

Where ¢4z is the Levi-Civita connection form on M which is uniquely determined by these two equations.
The Gauss equation is

dm:‘_l.'=zm:-:{ A m.:c:'+ﬂ:'_,"-' (3 8)
x
where
D7 = w3 Awag = wiz Awgg = Ky Aw;, (3.9)
K = —det(h;; ) is the Gaussian curvature of the surface M.
The Codazzi equations are:
J oy on — cL .
ﬂw:a Zw:_l|-\.w_l|a ' (310)

-
4

In the following theorems, we can now state the Minkowski versions of the Backlund’s theorem:
Theorem (3.1): Suppose there is a p. s.spacelike line congruence fin E;° between spacelike focal surfaces

M,and M*. If the distance Tbetween corresponding points and the angle & between corresponding
normalst < e}, e; == cosh®) are constants. Then both M,and M *have constant positive Gaussian curvature
equal to sinh” & /r-.

Proof. Since a p. 5.spacelike line congruence exists between Mand M *then there is an orthonormal moving
frame e adapted to M “on a neighborhood ofp* = f::]J:'. Choose the direction vector along the congruence as

t = cosyey +sinyes, (3.11)
where ¥is the angle between €4 and t on the tangent space of .We can take the normal vector of M “so that

< ejey »>=cschf,< ej, ey >=—1, < egt >=10, (3.12)

where & = O is constant. The normal vector of M* can be expressed as
e; = xyey +x;e;—coshfeg, (3.13)
Substituting (3.13) into (3.12), then
¥y = —sinh&siny, x> =sinh & cosy. (3.14)

Suppose locally M is given by an immersion p: I/ — E*, where U is an open subset of the 1L, " plan, then M*
is given by

pr=p+rt. (3.15)

Taking differentiation of (3.15) and using the structure equations, we get
dp* = wyey + woey + r{dy + wo )t + r{wyg cosy + wagsinyes, (3.16)
t-=—sinye; + cosye,, (3.17)

And from == dp”,e; == 0, we have
r{dy + wqq) = wq siny — w, cosy — r coth@ (w3 cosy + wagsiny). (3.18)

Again, taking differentiating of (3.18), and using the structure equations, we get
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(3.19)

Tidggs zy = (@Y + wy) A fwy cosy + wosiny — rcoth @ (wag cosy — wqg siny)]
Thus by using (3.18) we obtain
r2waogatugy = [wq siny — ws cosy —rcoth@ (wqg cosy + wag siny)]

A [Lm1 cosy + w, siny — v coth & (wo5 cosy — wys sin )J] (3.20)
(3.21)

—_ -

or by means of (3.6) — (3.10), then (3.20) reduces to
sinh® &

T

as claimed. By interchanging the roles of M, M* in the above argument, we would obtain X * = sinh® & /r~ as

well.
Backlund's Transformations on Spacelike Surfaces

v. !
Now, we consider that Mis spacelike surface with no umbilical points, i e. we can take the lines of
(4.2)

curvature as its parametric curves. The first and second fundamental forms of Mare

}

I = A%du? + B?dv?
1N = ky A%du? + k,Bdv*,
= i; are the principal curvatures of M. According to equation (3.6),we get that
(4.2)

where 142 = hay = Qand
3 = .71.'1;'-'1&'11,{;.3:3 = .1'1.-:Ba|. 1 ]

oq = Adu,we, = Bdv,
Then the Codazzi equations can be written by _
l.‘|.-_|_ - 'L"‘_,.IJ'] + :,_.1.'1_,:'.__.2"; = ':I_,
_ Py oo (4.3)
|‘1_ﬂ 5_1)5 +| :)_._':B—U.
(4.9

The Levi-Civita connection form will be
1
—ldgyq = g2 = __..J"'I.I.__.ﬂ"ll'i' _IBMQL
B A

Now suppose Mhas Gaussian curvature £ = 1; then k1k: = —1.By (4.3),we get
i o R A ki+1 .
[ 1 Ay + ), A= 0, [ ~ B, +1ks),B= (4.5)
Eq ks
Or

9 in 4 K+1=0 %, Biki+1=0

—lin|A k3 =0,—lin|B k3 = .

duv hx‘ 1 du N T (4.6)

Equations (4.6) means that, we can choose two posmve valued functions (1), (") such that
. alu) blv)
A=, 0 = . 4.7
JET+1 JEs+1 “7)
By making change in the coordinate system, we may assume that @ = b = 1. Let ky = tan— ,and
sincekqks = —1s0k, = —cotZ,and 4 = cosZ , B = sin <, so that fundamental forms are
@ 2 . ﬂc.':l a7 ' @ E.'IJ a7
I = cosc—du*+ sm-;a:*-,” = sin S cos< (du” — dv-) (4.8)
It follows from (4.2) that
0o oW 0 o
Wy = COS— du, wy = sin— al,win = sin— au,wnn = —cus—al . (4.9)
Thus we get
, @ @
Qg = 3 Mgy = —sin—cosauhar, (4.10)
27 | Page

in view of the Gauss’s equation. And from equation (4.4), we have
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) 1/8%p 8%
diga = E[E 5:"‘)au Mdr. (4.11)
From equations (4.10) and (4.11) it follows that
F—?—i@f= -2 sinﬂmsﬂ. (4.12)
du-  du- 2 2
drp ¢
o ouz e @19

We call (4.13) the Sine-Gordon equation in analogy with the classical Sine-Gordon equation (1.1). Since we
have ' = 1, then v = sinh f.Let ¥ = —@ " /2, so equations (3.18), (4.4), and (4.9) gives

1. - @ . @ e @

5@y — @y )sinh & = —cos sin—-—cosh & sin 5 cos—,

< - - - - 4 4.14
1. _ L w P . P (419
5@y — @) sinh @ = —sin cos—-—cosh & cos< sin—-.

We call equations (4.14) the Backlund transformation.
Theorem (4.1): Suppose a . s5.spacelike congruence associated with spacelike focal surfaces Mand M “in
Ef.Then both Mand M*have constant Gaussian’s curvatured = +1, and the angles @wand @ “between their

asymptotic directions are both solutions of the Sine-Gordon equation (4.13), and they are related by the
Backlund transformation (4.14). }
Proof. Recalling the definition of the vectorial product in E", we have

bd | =

bd | =

e; X e = e; % (xye; + x,e; —coshfe;)

Substituting (4.14) into (4.18), we have

= sinh & (cosye, + sinye,). (4.15)
Then the vector t is tangent to both Mand M*. On the other hand, since (4.14)
L (. 9 ¢ ¢ ¢
5 @y — Qo) sinh 6 = 3 @, [_xsmgsm? —coshé CDSE cus?) +
1 ./ ¢ ¢ @@
Ecp,, _x—msE cus? + cosh& smE sm?)J (4.16)
Y 1 (@ ¢ e g
wu — Wi, sinhd = 3 @, [_x—msE cus?+ mshf:'fsmE sm?)+
L (. ¢ ¢ ¢ @
S ¢u|sing sin— + cushﬁfcus;cusT) (4.17)
.. 1 Q0 @
—mdugsmh{i:;.m — @, ,l —cus—cus—+cushu§fsm—5m7)
1. Q@ @t W w?
= v, — @ ,l[sm—sm——cushuffcus cos— |. (4.18)
2 2 2 2
: v e (P w w @
2@, — @, )sinh~§ = [sm; cos—- +coshd cos smTJ x
[" & v h @ si @ 'f.ﬂ')
R—CDSECDS?-F COS. smgsm? +
[" v o w h & si & '1.-5")
_x—cus;sm?—ms smgms? by
w @t @ @0
sin< sin—-— cnsh{icus? CGST) : (4.19)
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It reduces to

drp ¢
Gz uz e
In a similar form, we can prove that ¢7 “satisfy the same Sine-Gordon equation, i.e.
A A
EE R

This complete the proof of the theorem.

(4.20)

(4.21)

For a p. 5.spacelike line congruence, as we stated near a non-umbilical point on a spacelike surface M, we have

a local frame field in which e1, e2 are along the principal directions. In addition, we have other local frame

fields {p; t,t—,e3}. Also we have a local frame field {p*;t*,t*—,e;} on M", where

t*:=—t=—cosye —sinye,,
. . : . (4.22)
t-:=t"xe; =coshft-—sinhfe;.
Denote {11,773} the dual forms to {p*; t*,t*~,e;} on M*. By (3.16) and (3.18), we have
, v W (gt v
dp* = [ COsS— oy — Sin— )t —rcothd [ COS— (Ugq — sm_—mng)t—
\ 2 2 - \ 2 2 °
(g -
+r [_xcns? gy — sm?wgg ) es . (4.23)
Since ¥ = sinh &, we have
, v & e e
Ny = —=dphtt == cOs—-cos7 du —sin—-sin< dv, (4.24)
and
weow - &,
N, ==dp ,t—" == — cos—-sin-du — sin—-cos-dv. (4.25)
To find out 7734, and 773> we take the differentiation of (3.13), and get
dej = —sinh 8 {wy, + dy)t —coshé (wyyey + wiqe,)
o
+sinh & [ sm—m 31t cus—mn-Je- . (4.26)
Therefore, we get
- - & weoe
N3q = —= deg,t” == sin—-cos5 du + cos—-sinS dv, (4.27)
- e P @ &
N3y =< deg,t™ >= —sin—sin< du + cos—-cos5dv. (4.28)
Consider the local frames {p*; e;, e3,e3}and {p*; t*,t *=,e5} on M~are related by:
t‘=ccs%e~i+sin§eé, }
i @ R (4.29)
t— = —smE e; + CDSE e;, J
and denote its dual by {cu], @3 }. Then, we get
ty = cos4 Ny —sino 1, =co s—au, }
. - (4.30)
ey = sinony +cosZn; = — 51n—al . }
and
@ @
gy = cos;?;a'i — sm—.ﬂaq = sm—au, )
P “m (4.31)
3, = Sin5 73y +CosT Nz, = cos—al J
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Comparing the above formulas with (4.1), we see that &;, and &3 are the principal directions on the surface
M*and its fundamentals forms become:

. L L@
= = COS~—- du- + sin- = duvT,

o o o (4.32)
= sinj CGS'T du- —dvr=).

This means that 1, t"are Tschebyscheff coordinates on M “and @ *is its Tschebyscheff angle.
As a Minkowski version of integrability theorem, we may therefore state the following theorem:
Theorem (4.2): Suppose Mis a spacelike surface with Gaussian curvature & = 1 in E;". For any given real
number & = 0, we can construct a p. 5.spacelike line congruence suchthat the solution of the completely
integrable equation (4.14) is the Tschebyscheff angle ofthe corresponding surface M.
Proof. Let {1, 77) be the Tschebyscheff coordinates on M. Then equation (4.14) is completely integrable by
Theorem (4.1). Let @ *be the solution of (4.14) such that @{1g, 1) = @ {145, vg)Put + = sinh & ,then (4.9)
hold. Let
i’ i’
t =cos—e; —sin—-e;, (4.33)

and
p*=p+trt. (4.34)

We shall prove that p~ is a spacelike surface and the above congruence is a . 5.spacelike line congruence
associated with Mand M “Suppose that

¢ W © W ©
el = sinh & [_sin'_—) ey + cos—- e:}l —cosh & eg . (4_35)

By differentiation of (4.34), we get

(g0, — @ fop,, — @k s @* o
dp™ = — sinh & [— [_%jldu+ [_%jld:*] [_sin'_?ei -+ COS._TE":‘:I
i w” w”
+ sinh & [ccs'_Tws-l — sin— wggjles + oy ey e g, (4.36)
Then, we have
= dp’e; ==10, (4.37)

in view of (4.9) and (4.14). This mean that e; is a normal vector of M*from (4.35) we have
< ej,e; == —1,1.e. M" is a spacelike surface in E}. Moreover, << 3,3 == coshf = const., hence the
line congruence is a 1. 5. spacelike line congruence. By Theorem (4.2), @~ is the Tschebyscheff angle of
M*.This completes the proof of the theorem.

According to the above results, to construct a family of spacelike surfaces with & = 1from a known spacelike
surface with & = 1, we only need to solve the completely integrableequations (4.14).
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