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Abstract: The present paper is devoted to the study of the compositions of operator of generalized
function G, ,, ,,[a, z] defined in [1] and their applications. The compositions with Riemann-Liouville fractional
integral and differential operator are also derived. As applications of our main-results some known results for
generalized Mittag-Leffler function due to Kilbas et al.[2]are cited. The results involving the R-function [3] are
also obtained as special cases of our main findings.
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I.  Introduction and definitions:
The Riemann-Liouville fractional integral 1&, and fractional derivative DZ, of order « are defined by

[4], [6]:

(12, ¥)(x) = r(la) I (xi"t()?_a dt, (aeC, Re(a) > 0) (1)
And
08 M=) e ), (12)

Where (aeC,Re(a) > 0;n = [Re(a)] + 1) respectively. The special G and R — Function are defined by
[2,p.15,eqn.(10.1);4,p.1,eqn.(1.2)] (see also [3]:
_ grpen-lys _Oale?
Gpvﬂ.r [a,Z] =z P Z7’l=0 F(np+pr—r]) n
At r=1, and z replaced by (z — c) it reduces to
Ry la,c,z]=(z—c) 171 %
The generalized Mittag-Leffler function defines by [4]:

© ) z"
Eg’ﬂ (2) = Yo F(pykii)k! ,(p, i, yeC, Re(p) > 0, .(1.5)

Where at y =1, E,},ﬂ (z)  coincides with the classical Mittag-Leffler function E, ,(z) and in particular
E;1(z) = e” and when p = 1 it coincides with Kummer’s confluent hyper geometric function @(y, u; z) with
the exactness to the constant multiplier [ I () 1™

Re(pr —n) >0, .(1.3)

w laz=c)PT"

n=0 F(nP+P—T')) !p 2 0;p Z 771 (14)

Il.  Some properties of function G,,,[a,z]

For p,n,y,w,0,q,aeC, (Re(p), Re(n), Re(q), Re(a) > 0) and n € N there hold the following properties
for the special function G, ,[a, z] defined in (1.3).

pmny
Property-1
d n

(g) [Gony (@ 2)]= Gppiny(w,2), ~(2.2)
Property-2

Jo Gopylw, 0 = D] G, plw, tldt = G, ,1q,10lw,x], (22)
Property-3

14( Gy, = D))= Gyl (x = @], (& > ), (23)
Property-4

Dg+( Gppylo, (t — a)])(x)z Gppsaylw, (x —a)], (x > a), . (2.4)

I11.  Compositions of the operator (G y,y,w;a+¥)(X) and the Inversion formula

Let p,n,y, w,0,q,aeC, (Re(p),Re(n),Re(q), Re(a) > 0) then the following results hold for ¥ € L(a, b).
Result-1

prn,y,w;a+[(t —a)f () = 1) Gpy-pylo, (x = all, -(3.1)
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Result-2

Ig-l— Gp n,y,w; a+l‘u Gp,n—a,y,w,a+lp = Gp,n,y,w;a+1g+lp ’ " (32)
Result-3

Da+ Gopywia+? = Gonraywar¥ -(3.3)
Holds for any continuous function ¥ € C[a, b].
Result-4

Gp,n,y,m;a+ Gp,q,o,w;a+lp = Gp,n+q,y+a,w,a+lp ! . (34)
Result-5

—_ 1—(n+q)

Gonywiat Gogywar®? =1y W, .. (3.5)
Result-6
Let G, ., .0:a+ IS invertible in the space L (a, b) and for ¥ € L(a, b),

(Gpr]yw a+"u)(x) f(x) a<x<bhb, then

{[Gonywas] £} @) =D (Gppyras N, . (36)
Outline of proof:
To prove the result in (4.1), we denote its LHS by A, i.e.

Ay= Gp,n,y,w;a+[(t - a)ﬁ_l](x)
Now making use of definition (1.2) and (1.3) and then term-by-term integration and with the help of Beta
integral we at once arrive at the result (3.1) on using (1.3) therein.
To prove the result in (3.2), we denote its LHS by As i.e. As = (I% G, 0.0 ¥) ()
Use the definition (1.1) and (1.3) and applying Dirichlet formula for x > a we have:

a5 = I ({18 Gy Lo, 7]} G0 = ) w0t
Now on using the relation (2.3) we at once arrive at the desired result in (3.2).The second relation of (3.2) is
proved similarly.
To prove the result in (3.3), we denote its LHS by Aq i.e. Ag = (Dgy G, 5 100+ F) (%)

Now using the definition (1.2) and the result in (3.2) we have A; = ( ) (Gpy—n+ary,wa+P)()
On applying (1.3) and (2.1) we at once arrive at the desired result in (3.3) in accordance with the definition

To prove the result in (3.4), we denote its LHS by A; i.e. A7 = (G, ) wat Gogomwar?)(X)
Now using the definition (1.3) we have
A, = fax [fox_t Gopylo,x—t—11G,, ,[w1] d‘r] Y(t)dt
On evaluating the inner integral with the help of (2.2) and then with the help of (1.3) we at once arrive at the
desired result in (3.4).
The result in (3.5) is obtained by taking ¢ = —y in (3.4) and in view of the relation (1.3).
To prove the inversion formula in (3.6), let (G, v+ ¥) () = f(x)
Operating G, ; _y,»;q+ ON both the sides we have:

(Gp,q,—y,a);a+ Gp,n,y,w;a+ql)(x) = (Gp,q,—y,a);a+f)(x)
On using the result (3.5)

(17 9) () = (6, gy )
Now on operating D, ("+") on both the sides, it gives

(D210 w) 00 = (D06 e f) () e,
Y(x) = {[ Gp.n,y,w;a+]_1f} x) = (D;-En+q)6p.q.—y.w;a+f) (x)
Which is the result in (3.6).

-1 —
Now let {[ Gymyiat] f} (x) = (D AR a+f) (x), then
-1 - —

([Gonyar] [Gonywmaslf} ) = DI PO f () = £(2)

This completes the proof of inversion formula (3.6).

IV.  Applications
If we replace n by py — u and q by po — v in the results (2.1) to (2.4) these reduce to the known result [2,pp.
36-39, egs. (2.10),(2.21),(3.1),(3.2)] respectively which in turn at p = 1 provide the known [2, pp.36-39, egs.
(2.12), (2.25), (3.6), (3.7)] respectively.
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If we replace n by py — nand q by po — v in the results (3.1) to (3.5) these reduce to the compositions for the
fractional integral operator(EpV_u_w;a +'1’)(x) for generalized Mittag-Leffler function in the kernel [2,pp.42-
47.eqs.(4.15),(5.1),(5.5),(6.1),(6.5)]

Respectively which in turn at p = 1 provide the known [2, pp.43-47, egs. (4.17), (5.3), (5.12), (6.4), (6.9)]
respectively.

If in results (2.1) to (2.4) we take y = 1,0 = 1 ,these results deduced to the following results involving
R, »[a, 0, z] function defined in (1.3).

(£) [ Ronl@,0,2]] = R, unlw,0,2], . (41)
Jy Roplw,0,x —t] R, [w,0,t] = G, 1, [w,x], (4.2)
I,‘{+( R, ,lw,a, t])(x): R,y —olw, a,x], (x > a), .. (4.3)
Dg+( R,,lw,a, t])(x): R, pielw,a,x], (x > a), . (4.9)

If in results (3.1) to (3.4) we take y = 1,0 = 1 ,these compositions deduce to the following compositions for the
integral operator R defined in (1.2)

pMY,w;at+
[(t—a) | (x) = T(B) R, ,—plw,0,(x —a)], ..(4.5)
Rp,r],w;a+"u = Rp,r]—a,w,a+ql = Rp,n,w;a+1g+lp! -.(4.6)
Day Rppwia+? = Rppiawar? -(4.7)
Rﬂ.Q.w;a+"U = Rp,r]+q,2,w,a+ql ..(4.8)

If we replace n by p — u and q by p — v in the results 4.1) to (4.8) these reduce to the known results [2,pp.36-
47.e0s.(2.11),(2.24),(3.4),(3.5),(4.16),(5.2),(5.10),(6.3)]
Respectively.
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