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I.  Introduction

W. A. Dudek and X. Zhang ([2],[3]) studied ideals and congruences of BCC-algebras. C. Prabpayak
and U. Leerawat ([5],[6]) introduced a new algebraic structure which is called KU-algebras and investigated
some related properties. The concept of a fuzzy set, was introduced by L.A. Zadeh [8]. O.G. Xi [7] applied the
concept of fuzzy set to BCK-algebras and gave some of its properties. In [9], L.A. Zadeh made an extension of
the concept of fuzzy set by an interval-valued fuzzy set (i.e., a fuzzy set with an interval-valued membership
function). This interval-valued fuzzy set is referred to as an i-v fuzzy set. He constructed a method of
approximate inference using his i-v fuzzy sets. In [1], R. Biswas defined interval-valued fuzzy subgroups and
investigated some elementary properties. Recently S.M. Mostafa, and et al ([4]) introduced a new algebraic
structure, called KUS-algebra, They have studied a few properties of these algebras, the notion of KUS-ideals
on KUS-algebras was formulated and some of its properties are investigated. In this paper, using the notion of
interval-valued fuzzy set by L.A. Zadeh, we introduce the concept of an interval-valued fuzzy KUS-ideals
(briefly, i-v fuzzy KUS-ideals) of a KUS-algebra, and study some of their properties. Using an i-v level set of an
i-v fuzzy set, we state a characterization of an i-v fuzzy KUS-ideals. We prove that every KUS-ideals of a KUS-
algebra X can be realized as an i-v level KUS-ideals of an i-v fuzzy KUS ideals of X. In connection with the
notion of homomorphism, we study how the images and inverse images of i-v fuzzy KUS-ideals become i-v
fuzzy KUS-ideals.

Il.  The Structure of KUS-algebras:
In this section we include some elementary aspects that are necessary for this paper
Definition 2.1([4]). Let (X; *,0) be an algebra with a single binary operation (* ). X is called a KUS-algebra
if it satisfies the following identities:
(kusy) : (z*y) * (z*x)=y*x,
(kusp) : 0 * x=x,
(Kusg) : x * x=0,
(kusg) : x * (y *z)=y* (x*2z) forany X,y,z € X,
In what follows, let (X; *,0) be denote a KUS-algebra unless otherwise specified.
For brevity we also call X a KUS-algebra. In X we can define a binary relation (<) by: x <y ifand only if y
* x=0.
Lemma 2.2 ([4]). Inany KUS-algebra (X; *,0), the following properties hold: for all x,y, z €X;
a) Xxy=0andyx x=0 imply x=y,
b) y* [(y*z) *z] =0,
c) (0*x) * (y*x)=y*0,
d) x<y impliesthat y *z < x*z and z *x < z *y,
e) x<yand y<z imply x< z,
f) x*y<z impliesthat z*y< Xx.
Definition 2.3 ([4]). A nonempty subset | of a KUS-algebra X is called a KUS-ideal of X if it satisfies: for all x
Y, 2 e X,
(Ikus;)) (0 €el),
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(lkusy) (z*y)el and (y*x)e | imply (z*x)e I.

Definition 2.4([8]). Let X be a nonempty set, a fuzzy subset p in X isa function p:X — [0,1].
Definition 2.5([4]). Let X be a KUS-algebra and , a fuzzy subset p in X is called a fuzzy KUS-sub-algebra
of X if ux*y)>min {Wx), wy)}, forallx,y e X

Definition 2.6([4]). Let X be a KUS-algebra , a fuzzy subset p in X is called a fuzzy KUS-ideal of X if it
satisfies the following conditions: forall x,y,z € X,

(Fkusy) p(0)>p(x),

(Fkusp) p(z*x)>min {p(z*y), p(y*x)}.

Proposition 2.7([4]). The intersection of any finite sets of fuzzy KUS-ideals of KUS-algebra X is also a fuzzy
KUS-ideal .

Definition 2.8([9]). Let X be asetand p be a fuzzy subset of X, fort e [0,1],theset p, ={x e X|ux)=>

t} is called a level subset of p .
Theorem 2.9([4]). A fuzzy subset u of KUS-algebra X is a fuzzy KUS-ideal of X if and only if , for every t

[0,1], W, iseither empty or a KUS-ideal of X .

Definition 2.10([6]) .Let (X ; *,0) and (Y; * °,0°) be nonempty sets . The mapping

f :(X; *,0) - (Y; *°,0") is called a homomorphism if it satisfies

f (xxy)=f (x) x> f (y)forallx,y eX. Theset {xeX| f (x)=07 iscalled the Kernel of f andis
denoted by Ker f .

Definition 2.11 ([6]). Let f : (X; *,0) =(Y; *',0) be a mapping from the set X toaset Y.If p isa fuzzy
subset of X, then the fuzzy subset B of Y defined by:

£ L) :{ sup{u(x): x e f (y)} if £1(y)={xe X, f(x)=y}=g

0 otherwise
is said to be the image of p under f .
Similarly if B is a fuzzy subset of Y , then the fuzzy subset p=(Bo f) in X (i.e the fuzzy subset

defined by p(x)=p( f (x))forall x € X) is called the pre-image of p under f .

Theorem 2.12([4]). An into homomorphic pre-image of a fuzzy KUS-ideal is a fuzzy KUS-ideal .
Theorem 2.13([4]). An into homomorphic image of a fuzzy KUS-ideal is a fuzzy KUS-ideal .

I11.  Interval-valued fuzzy KUS-ideal of KUS-algebra
Remark 3.1([9]). An interval-valued fuzzy subset (briefly i-v fuzzy subset ) A defined in the set X is given

by A={(x [ La (x), La ()]} forall x e X . (briefly, it is denoted by A=[ Ls , Lp ]where Ws and
HX are any two fuzzy subsets in X such that },Lk (x) < HX (x) forall x e X.
Let }]A )= Mk (%), u},i ()], for all x e X and let D[0,1] be denotes the family of all closed sub-interval
of [0,1]. Itis clear that if },l,l,; (x) = },LX (X) =c, where
0<c<1,then rlA (X) = [c, c] inD[0,1] , then FlA (x)€[0,1] , for all xe X. Therefore the i-v fuzzy subset
Aisgivenby:

A={(x, Ho ()} forall xe X where [, : X— D[0,1].

Now we define the refined minimum (briefly r min) and order “ <” on elements
D,=[a;, b;] and D, = [a,, b,] of DI[O0, 1] as follows:
r min( Dy, D, ) = [min {a;,a,} , min {by,b,}], D; <D, & a;<a, and by <b,. Similarly we can define (>) and
).

In what follows, let X denote a KUS-algebra unless otherwise specified, we begin with the following
definition.

Definition 3.2. Ani-v fuzzy subset A in X is called an i-v fuzzy KUS-sub-algebra of X if FLA X *y)>r

min{ B (x), Ha ()} forall x, ye X.
Example 3.3. Let X ={0, 1, 2, 3} in which the operation (as in example (* ) be define by the following table:
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Then (X; *,0) is a KUS-algebra. Define a fuzzy subset p: X— [0,1] by

0.7 if x={0,1}
Wx) =

) . 1,={0,1} is a KUS-ideal of X. Routine calculation given that p is a fuzzy
0.3  otherwise

KUS-ideal of X. Define FLA (x) as follows:

~ [0309] if x={01} : -
Ly (X)= . . Itis easy to check that A is an i-v fuzzy
[0.1,0.6] otherwise

KUS-sub-algebra.
Proposition 3.4. If A isan i-v fuzzy KUS-sub-algebra of X, then FLA (0) > }IA (x), for all xe X.

Proof. For all xe X, we have ELA 0) = FLA (X *x) >rmin{ FLA (%), ELA )}

. L U L U . L U -~
=rmin{[ Ha (), Ba L [ Ha (9, Ha GOI}=rmin{[ s (x), Ha (0I}= Ha (¥) .0
Proposition 3.5. Let A be an i-v fuzzy KUS-sub-algebra of X, if there exist a sequence { X,} in X such that

lim i, (X,) = (1.1 then Hia (0)=[1, 1]

Proof. By proposition (3.4), we have FLA 0) > FLA (x), forall xe X . Then
ﬁA 0) > }]A (%) , for every positive integer n, Consider the inequality
(L1 = Ha @2 liM . (X,) =210 Hence [y @ =[L1].0

Definition 3.6.  Ani-v fuzzy subset A = {(X, FLA (X))}, x eX in KUS-algebra X is called an interval-valued
fuzzy KUS-ideal (i-v fuzzy KUS-ideal, in short) if it satisfies the following conditions:

(A) Ha (0> Ha (),
(Ay) FLA (z*x)=rmin{ FLA (z*vy), ELA (y*x)}, forall x,y,ze X.
Example 3.7. Let X={0, 1, 2, 3} as in example (3.3). Define flA (x) as follows:
By ()= { [030.9]if x :{_0’1} It is easy to check that A is an i-v fuzzy KUS-ideal of X.
[0.1,0.6] otherwise
Theorem 3.8. Ani-v fuzzy subset A= u,'; , MX ]in X'is an i-v fuzzy KUS-ideal of X if and only if M;
and },LX are fuzzy KUS-ideals of X.
Proof. If },Lk and HX are fuzzy KUS-ideals of X . For any x,y, z € X . Observe }]A (z*x) =
[ WA @2*%), Ha @*X)]
>[min{ Ha (z*y), Ha (¥} min{ Ha @*Y), Ha (y*X)}]
=rmin{[ Ha @*y), Ha @* )] [ Ha (*%), Ma (y* )]}

=rmin{ Ha (z*y), Ha (y*X)].
From what was mentioned above we can conclude that A is an i-v fuzzy KUS-ideal of X .

Conversely, suppose that A is an i-v fuzzy KUS-ideal of X . Forall x,y, z € X we have [ u,'; (z*x),
Ha (z*X)]= Ha @*x)=rmin{ Pa @*Yy), Ha (y*X)}
=rmind[ Ha @*y), Ha @*Y)L [ Ha (%X, Ha *X0]
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=[min{ ta (z*y), Ha (Y%}, min{ La (Z*y), Ha (y*¥X)}]. Therefore, Ly (2%x)>
min{ Wa (2*y), La (v*X)} and
Ha@*x) 2 min{ [a z*Y), fa (y* 0}

Hence, we get that H,I& and u},i are fuzzy KUS-ideals of X. o

Theorem 3.9. Let A;and A, be i-v fuzzy KUS-ideals of a KUS-algebra X. Then A;N A, is an i-v fuzzy
KUS-ideal of X.

Proof. Ha s, 0)=[ Ha a2 (©) Hasa, 0121 Ha np2 (). B, o, Q1= Fla o, ().

Suppose X, Y,z X suchthat (z*y) e Ay A, and (y*X) e AN A, .
Since A; and A, are i-v fuzzy KUS-ideals of X, then by the theorem (3.8), we get

Fa,ma, @* )= [ Ha a0 @* %), Ha o, 2% ]
= [Ming K, oaz @FY) . Ba raz 07903 Min{ HR (a @%Y), Ha. o, (V533
= [Mind KA a2 (Z4Y), 1S, @} ming K ap 07%X) . MR oa, (7% X))]
=rmin{ Haa, @*Y), Baca, (%030

Corollary 3.10. Let { Ai | ie A} be a family of i-v fuzzy KUS-ideal of X. Then
ﬂAi is also an i-v fuzzy KUS-ideal of X.

ien
Theorem 3.11. Let X be a KUS-algebraand A be an i-v fuzzy subset in X. Then A isan i-v fuzzy KUS-
ideal of X if and only if the nonempty set

U (A[6.,8:0):={ xe X | Ba (X) > [51,5,]} is a KUS-ideal of X, for every

[81, 8,]e D[0, 1] .Wecall U (A [8,, 8,]) the i-v level KUS-ideal of A.
Proof. Assume that A is an i-v fuzzy KUS-ideal of X and let [3,, 8,] € D[O, 1] be
such that (z*y), (y*x) e U (A;[81, 8] ), then

Bia (2%%) > rmin{ fla z*y), Fla (y* %)} =1 min{[5,, 8,1, [61, 61} = [1, 5] andso z#x) « U (A
[61, 85] ) . Then EJ (A; [84, 35] ) the i-v level KUS-ideal of A.

Conversely, assume that U (A; [01, 85] ) # @ is a KUS-ideal of X, for every
[64, 35] € DIO, 1] .In the contrary, suppose that there exist Xo, Yo, Zo € X, such that

ﬁA (2o* X) <rmin{ flA (Zo* Yo), EA (Yo* Xo)} -

Let ;lA (zo *Yo) = [v1 vl ﬁA (Yo*Xo) = [ys, 4] and E'A (2o* Xo) = [61, 82]. If

[61, 82] <rmin{ [y, v2], [va, yal} = min { min {y1, y2}, min {ys, v4}} .
So 6, <min {yy, y2}and &, < min{ys, y4} . Consider

1 - - ~
M1, 2] = E { Ha (Zo* Xo) +rmin{ Ua (2o * o)), Ha (Yo* Xo)}}

We find that

1
[, A2l = 7 {81, S2]+ rmin{[yy, v2l , [y, val}}

N
[EEY

= E {(81+ min{yy, ys}), (82+ min{yz, v4 }].

Therefore min {y;, vz} > Ay = E (81 min{yy, y3}) > 61
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1
min {yz, ya} > Ao = E (82+ min{yz, v4}) >, .

Hence [min {yy, ys}, min {y, ya}] > [A1, A2] > [81,82] = ELA (zo™ Xx0)
so that, (zo* X) ¢ D (A'; [Ag, A2] ) - which is a contradiction , since
Fa (zo* yo) = [rs, v2] = [minys, s} , min {2, 7] > D, 2ol
l?tA (Yo* Xo) =[ya, val = [min{y, va} , min {y2, v4] > [A1, X2] , imply that
(20%Ye) (Yo*xo) € U (A; i, 2a]). Then

}]A (z*x) 2rmin{ FLA (z *y), ELA (y*x)}, forallx, y,ze X. o
Theorem 3.12. Every KUS-ideal of a KUS-algebra X can be realized as an i-v level KUS-ideal of an i-v fuzzy
KUS-ideal of X.
Proof. Let Y beaKUS-ideal of X and let A be an i-v fuzzy subset on X defined by

EA (x) = [, ] if X.e y
[0,0] otherwise

Where oy o, € [0, 1] with oy <a, . Itis clear that C' (A [og, 02]) =Y . Weshow that A is an i-v fuzzy
KUS-ideal of X. Let x,y, z € X.
If (z*y), (y*x)eY,then (z*x) € Y, and therefore

Ha (2#%)=[og,0z] = rminf[ oy o Lo o]} =rmin{ Ha (z*y)), Ha (y*X)}.
If (z*y),(y*x)eY,then }]A (z*y)=1[0,0] = }:'lA (y*x) and so

Ha (z*)>[00] =rmin{[0,01[001} =r min{ [y (z*y), Ha (y*X)},
If (z*y)eYand (y*x) gY then M (z*y)=[os op Jand Hu (y*x)=[0,0] ,then M, (z*x)>[0,0]
=rmin{[ a1, 10,0} =rmin{ Ha (z*y), Ha (y*%)}.

Similarly for the case (z*y) ¢Y and (y*X) €Y we get
Ha @* ) zrmin{ [y (z*y), Ha (y*X)}

Therefore A is an i-v fuzzy KUS-ideal of X, the proof is complete. o
Proposition 3.13. Let X be a KUS-algebra, B be a fuzzy subset on X and let A be an i-v fuzzy subset on X

i ~ [o,,a,] ifxey
defined b X) =
Y Ha () { [0,0] otherwise

og,0p € (0, 1] with oy < a,. If A isani-v fuzzy KUS-sub-algebra of X, then B is a fuzzy KUS- sub-
algebra of X.

Proof. Clear .o

Theorem 3.14. If Alis an i-v fuzzy KUS-ideal of X, then the set

X, ={xe X Ly (X)= Ha (0)} is a KUS-ideal of X.

. Where

Proof. Let (z*y), (y*X) e X|\7|A . Then rlA (z*y) = FLA 0= rlA (y*x),and so

Ha @#x)=rmin{ B (2*y), Ha (y*}=rmin{ Ha 0), Ba ©}= Ha (0).
Combining this with condition (1) of definition (3.6), we get }TLA (z*x) = }TLA (0), thatis (z*x) e XMA.

Hence X|\7|A is a KUS-ideal of X. o

IV.  Homomorphism of KUS-algebra
Definition 4.1 ([1]). Let f :(X; *,0) —(Y; *',0") be a mapping from set X into a set Y. let B be an i-v fuzzy

subset in Y. Then the inverse image of B, denoted by f! (B), is an i-v fuzzy subset in X with the
membership function given by
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e )= Hg (f (x)), forall xe X.

Proposition 4.2 ([1]). Let f be a mapping from set X into aset Y , let m = [m-,m"],

and n = [n",n"] be i-v fuzzy subsets in X and Y respectively. Then

@ Frm=rf" 05 70,

@ f ms=[f m"), f m")].

Theorem 4.3. Let f be homomorphism from a KUS-algebra X into a KUS-algebra Y. If B is an i-v fuzzy
KUS-ideal of Y, then the inverse image f - (B) of B is an i-v fuzzy KUS-ideal of X.

Proof. Since B=[ M,Ig , },llé] is an i-v fuzzy KUS-ideal of , it follows that from theorem (3.8), that ( MIE";
)and ( Wg ) are fuzzy KUS-ideals of Y. Using theorem (2.12), we know f ~* ( ].LIE'; yand ' (g )are

fuzzy KUS-ideals of X. Hence by proposition (4.2), we conclude that f ™ (B) =[ f ™ ( ]JE ), F71 (Mg )l
is an i-v fuzzy KUS-ideal of X. o
Definition 4.4 ([9]).Let f be a mapping fromaset X intoaset Y . let A be aan i-v fuzzy set in X. then the

image of A, denoted by f (A), is the i-v fuzzy subset in Y with membership function denoted by :

~ SupZEf,1(y) Fl'A (Z) If fﬁl(y) #* (I)’ y € Y
Hta) ¥)= ) ,
[0,0] otherwise

where f 7' (y)={xe X| f (X) =y}
Theorem 4.5. Let f be a homomorphism from a KUS-algebra X into a KUS-algebra Y . If A isani-v
fuzzy KUS-ideal of X, then f (A) of A is an i-v fuzzy KUS-ideal of Y.

Proof. Assume that A=[ u,l,; , ui ] isani-v fuzzy KUS-ideal of X. it follows that from theorem (3.8), that
( Mk ) and ( Mi ) are fuzzy KUS-ideals of X. Using theorem (2.13), that the images f ( lvlj; yand f

( W ) are fuzzy KUS-ideal of Y. Hence by proposition (4.2), we conclude that f (A)=[ f ( M; ) f (A
is an i-v fuzzy KUS-ideal of Y .o
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