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Abstract: We know that the smallest positive integer f such that a ' = 7 mod m is called the exponent of ‘a’
modulo m and is denoted by expna. We say that ‘a’ is a semi-primitive root mod m if exppa = @ In this
paper we discuss the properties of the semi primitive roots and examine for which prime 2 is a semi-primitive
root. If S is the sum of semi-primitive roots less than p then we proved thatS = ,u(pT_l) mod p .Also we

proved that if ‘a’ is a semi primitive root then ‘a’ is a quadratic residue, converse need not be true. It was
established that whenever a is a semi-primitive root mod p where p is of the form 4n+3 then —a is a semi
P

-1
primitive root and if p = 4n+1 then exp, (-a) = T .We establish that 2 is semi-primitive root for mod p

whenever ‘p’ is of the form 2q+Iwhere ‘q’ is an odd prime of the form 4n+3 and if 4n+1,8n+3 are primes

then —2 is a semi-primitive root mod 8n+3 by using Gauss Lemma [1].

Definition: Suppose ‘a’ is any integer and m is a positive integer such that (a, m )= 1.

We say that a is a semi-primitive root mod m if expy, a = ¢(m)/2. From the definition

#(m)
Itis clear that a,a’,....a 2 arein congruent mod mand they forma cyclic sub group of
reduced residue system mod m.
¢(¢(m))
2

Theorem 1: If m has a primitive root then there are exactly semi primitive roots given by

S= {a 1<n<¢( ) (n, ¢(m)) 1}

Proof: If a is a semi-primitive root then

exp . a=exp, a" _¢( )Q(n,@):l

So every member of S is a semi-primitive root mod m. Conversely, if ‘g’ is a semi-primitive root then

exp, a“ =exp g—¢( )for1<k<¢( )

m
Lk 2y
2
Now we find the sum of semi-primitive roots less than ‘p’.
Theorem 2 : If p is an odd prime and S is the sum of semi-primitive roots less than p then
-1
s=u(® 5)mod p

Proof: Suppose ‘@’ is a semi-primitive root mod p, then a" is a semi-primitive root mod p.
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o (n,pT‘l) _1
> a"mod p
Ln<p -1
But »a"= Ya" > u(d)= > u(d)™
1P 1P gnga /P a/Pt
2 2 2 2
= > (") > u(d)
(Rp—l d/p—7l
2d 2
p-1_°%" 5
=P hat Y)Y ud)
2 s<P1 d/p =
2d
p-1,_"* a (apz_1 1)
=u(t—>a? o+ > u(d) —
2 = 1
2
p-1
_ 2 _ _
since d /P 1and 2 . is an integer we have S =,u(p—1) mod p.
2 a -1 2

If p is a prime of the form 8n+1,then ,u(pT_l) =u(4n)=0...S=0

We know that ‘a’ is quadratic residue mod p if x*=a (mod p) has a solution.

Theorem3: If ‘a’ is semi-primitive root mod p then ‘a’ is a quadratic residue mod p. Proof: A is a semi
p-1
primitive rootmodp = a 2 =1mod p

Since p is an odd prime p has a primitive root say g.

Now (a, p)=1we have a=g* mod p;1<k < ¢(p)

p_

=p-1 divides k. —— > since g is a primitive root mod p.

——isanintegeri.e —=m
2 2

~.a=(g")*(mod p)
— g™ isasolution of .. x> =a(mod p) Therefore a is a quadratic residue mod p.

¢(4(p))
2

However converse is not true as there are semi-primitive roots and quadratic residues.
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Theorem4: If “a’ is a primitive root mod p where p =4n+3,then —a is a semi primitive root mod p.

Proof: Let ‘a’ be a primitive root mod p.

Then a”* =1mod p = (—a)"* =1mod p
Pl Pl
a’=Ilmodp=(a? +1)(a? —1)=0modp
Pt
=a 2 =-1mod pas ais a primitive root mod p.

Pl
=(-a) 2 =1mod p

Suppose expn, (-a) = f

p-1
2

p-1 :
Thenf|T,1sfs pie 2f<p-1

Since expn (-a) = f we have (-a) % = 1(mod p)

= a %"= 1(mod p) which is a contradiction since ‘a’ is a primitive root mod p.

p-1

Therefore f= ——
2

Hence —a is semi-primitive root mod p.

Similarly we can prove that if ‘p’ is of the form 4n+1 then expn, (-a)= p-1/4 when n is
odd.

Theorem5: If 8n-1 and 4n-1 are primes then 2 is a semi-primitive root mod 8n-1.
Proof; Let p = 8n-1 and g= 4n-1.Then p-1 = 2q.
From Gauss lemma we have

2 Pl

(3) =22 (mod p)
And

2 p?-1 (8n-1)%-1 , p-1

(S)=(-1) 8 =(-1) & =(-1* > =1ie2 2 =1(mod p)
Y
p-1
-2 2 =1(mod p)

Suppose exp,2 = f then 2'= 1(mod p) and f divides p-1/2 i.e f lq
Since q is a prime we have f =q.

Thus 2 is a semi-primitive root mod p.

Theorem 6: ‘2’ is a semi primitive root mod p, where p =2q+1, q being an odd prime of
the form 4n+3.
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Proof: Let p = 2g+1 then p-1/2 = q where q = 4n+3

2 p?-1 (2g+1)%-1 49°+4q 4(4n+3)+4(4n+3) )
(=D =D * =D T =y P =T
p-1
-2 2 =1(mod p)

By Gauss lemma,
Suppose exp,2 = f then 2'= 1(mod p) and f divides p-1/2 i.e. f lq

Since q is a prime we have f = q.

Thus 2 is a semi-primitive root mod p.

Theorem?7: If 8n+3 and 4n+1are primes then —2 is a semi-primitive root mod 8n+3.
Proof: let p=8n+3and g=4n + 1 So p-1/2 = 4n+1.

By Gauss lemma

) p2-1 (8n+3)%-1 ,
(_) — (_1) 8 _ (_1) 8 — (_1)8n +6n+l _ (_1) (4n+1)(2n+1) _ -1
Y
L LE}
.. 22 =-1(mod p)hence(-2) 2 =1mod p

Suppose exp, (-2) = f then (-2)'= 1(mod p) and f divides p-1/2 i.e f | q
Since g is a prime we have f=q
Thus -2 is a semi-primitive root mod p.
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