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I.  Introduction

The fractional Fourier transform (fractional FT) R* is an extension of the ordinary Fourier
transform and depends on a parameter o that can be interpreted as a sort of rotation by an angle o in the
position frequency plane Alieva & Barbe [1]. Pathak
[21-22] gave the comprehensive account of the Fourier transform on various spaces of distributions
including distribution of the compact support.

The theory of Boehmians was motivated by the concept of regular operator’s [15]. The notion of
convergence on the space of Boehmians and their properties are developed in [16]. Further, various types of
Boehmians are introduced and investigated in [7,8,9,10,11,12,13,14,18,19]. Integral transforms for several
of these Boehmians space are defined and their properties studied in [8,9,10,13,14,18].

We wish to mention that in the literature so far developed spaces of complex valued functions of a
real variable & their duals are generalized to the spaces of Boehmians and the classical theory of Fractional
transform was also extend. However, the images under the Fractional Fourier transform were invariably
classical spaces of distributions only.

On the other hand, Howell [3-6] introduces “new” theory of Fourier analysis, this presenting an
entirely a new approach. For this purpose, the space G, conceived by Howell [3] of rapidly decreasing test
functions is considered. The testing function space G consisting of entire functions. He also develops the

theory of FT on G and its dual G'’ in a series papers [4-6]. Howell, even proves that G is dense in S.
It is because of this that the theory of Fractional Fourier transform on G’ and hence also on

B(GC , A) is more general than the theory of Fractional FT on classical tempered distributions.

In this paper we introduce two spaces of Boehmians each of which contains the dual space G’
described above & extend the theory of Fractional Fourier transform. Moreover, this extended Fractional
Fourier transform can now be considered as a continuous linear isomorphic between these two spaces of
Boehmians.

In section 2 we shall recall various spaces of analytic functions and their duals available in the
literature. The definitions of Fractional FT, convolution of Fractional FT has been defined. We shall also
refer to the literature for all the results we require as preliminaries.

In section 3 we shall recall the general construction of Boehmians is given in [16]

We also introduce two spaces of Boehmians & investigate the convergence properties in these Boehmians.
Further, we also demonstrate how the classical dual space can be viewed as a dense subspace of both these
spaces of Boehmians.

In the section 4, we shall define the Fractional FT & prove that the two spaces of Boehmians are in
some sense isomorphic to each other under the Fractional FT.

Il.  Preliminaries
Throughout this paper, n will denote some arbitrary fixed positive integer and A will denote the Lebesgue
measure on R. We use N, Ny, R, ¢ to denote the positive integers, non-negative integers, real numbers and
the complex numbers respectively.
Two spaces of functions will be of special importance. They will be denoted by testing functions

spaces G & G° Here we shall recall the definition of testing function spaces G & G’ defined in [3-6].
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Let B, = {z € ¢:[Img < v}
DEFINITION 2.1: A function ¢ : ¢ — Cis an element of G if and only if it satisfies the two conditions.

(1) ¢ is an analytic function of each complex variable
(i) For every y>0,

#(2)|} <o

DEFINITION 2.2: A function ¢ : ¢ — Cis an element of G if and only if it satisfies the conditions, (i) f

is an entire function.
f|, = Sup{e_y‘R“W f (Z)|}
zeB,

From the above two definitions it is clear that G — G°. The topology on G is defined by the set of
seminorms

Where

DEFINITION 2.3: The Fractional Fourier Transform: The one dimensional Fractional FT with parameter

{Il, 7> = o}

lll, = sup {e”" |5}

sup {ey\Rez\
ZeBy

(ii) There is a fixed y >0 such that for each 6>0’

[RF () [(&)=F, (&) = j K, (x,&) f ()dx ——— (1)

o of f(x) denoted by R*f(x) [1], performs in linear operation, given by the integral transform

Where the kernel
K, (x,&) = (27Sin oz)_fl explia/ 2)exp( (0 + & )cosar - 2x§)]
This kernel can be written as

K, (x,&)=C,, exp (iCM ((x2 + 52)00504 - 2x§))

-C,, exp(iC,,X’Cosa)exp(iC,,£2Cosa Jexp (- 2iC,, X&)

i
2Sina

where C,, = (27iSin a)% exp(ia/2) and C,, = L )
2Sina
C,, = (2xisina)V? exp(ia/ 2)and

C,, = 1sin .
2

Ku(X,E) is the propagator of the non-stationary Schrodinger equation for a harmonic oscillator, which is
well know in quantum mechanics (where a=ot relates to time t and classical frequency o, and § is a
position at the moment t). Changing gradually the angle a the fractional FT permits to input function f (x)
to its Fourier image Fy,(&) for a=m/2, then to F (-x) for o= and to F,(-&) for a=3m/2.

The fractional FT at angle equal to 2zn (n is an integer) corresponds to the identity operator [1].
Remark [2]:

The formulae obtained from that of Fourier transform for the test functions in S, hold true for the
fractional FT with the parameter o, a ranging from 0 to n/2. Moreover, since S is dense in S’, these
formulae remain true for all functions in S’.

DEFINITION 2.4: Convolution: Let f, eG. The convolution of f & ¢ is defined as

And it is proved in [4] that (fx¢) isin G.

DEFINITION 2.5: Fractional FT of a convolution of generalized functions : If feS” & geS then
RY(Fxg)=Co(R*H(R™h)  ($eScL’)
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(f *#)(2) = o= [ F(z—Dp®)at

i.e. R%(fxg) = exp(-iCau&2cosa)) R¥[f] R“[h] where h= g / (C1,exp(iC,oX°coScr).
DEFINITION 2.6: Convolution theorem for distributions: Let feS’(R") & geE’(R").
Then fxgeS’ (R") & for O<a< /2, R*(fxg) = C’,(R*f) (R%g)
Where

=C. f.g

LEMMA 2.7: For any f, geG, for O<a< 1t /2

c, = 2%,
! (Cloc )
a) R[frg]=exp(-iCst” cosa) R[f] R* [h]
b) RU[f.g]=exp (-iCzq& cosa)(2m)™ R[f] R* [h].
Where h= g/ Cy.exp (iCooX? cOSQL).
DEFINITION: 2.8: Fractional FT on G: For each ¢ in G, O<a<r /2,
Where K(t, z) is the kernel of the transformation as given by (2). This transform is obviously will defined

$2) = RN = [$DK, (DA -~ (3).

f =(R*f),d =(R"Q)

on G.

T
THEOREM 2.9: For O<a < E' R” is continuous, linear, one to one mapping from G onto G.

LEMMA 2.10: For each f e G® there are finite positive constant C and » such that for
K f ¢>‘ SC||¢||y for all ¢ €G. Now, for each f € G°, ¢ €G, we define the mapping R“ on T by

o o 7[
(R*[f].¢)=(1.R [¢]>,0<0¢SE.
THEOREM 2.11: R“, abeing a parameter; 0 < o S% is the continuous linear, one to one mapping

from G° onto G°.

DEFINITION 2.12: A function f is said to be in Gnc (n=0,1,2....) if and only if it satisfies the conditions,
(i) fe G°

(ii) Forevery ¥ >0, | f ||n’y = iqu{efn‘ReZ‘ |f (Z)|} is finite.

Itis clear that G, — G; ... and GC:U G, with the family of semi norms given by
0

{||||n Y > O} Each GE is a Frechet space and hence G° is a testing function space.
DEFINITION 2.13: A sequence of functions { fn} in G° is said to converge to a function fin G° if there

exist integer No and m such that for every n> N0 , T, farein G; & f, converge to fin an .

DEFINITION 2.14: A sequence {fn} inG converges to f in G if there exists C, for n=1,2,--- with
Ch—0 a Nn—oo and ¥ >0 such that for all ¢ €G, ‘( fn—f)(gé)‘SCn ||¢||7 Here after

convergence in G’ means the above convergence only unless stated otherwise.
DEFINITION 2.15: For ue G & ¢ €G we define their convolution product as (u*¢)(z)=u (Tﬁ)

where 5(t) = ¢(—t) and (Tz¢)(t) = ¢(t — Z).
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THEOREM 2.16: Letue G' & ¢ €G. Then u*¢ e G°.
Proof: See [6] for a detailed proof.
LEMMA 2.18: Let uy,—»(Q as N—o0 in G'& ¢ G be any fixed element. Then U, *¢ —>0 as

n—ooin G°.
PROOF: Since U, —>0 as n—o in G’ there exists (Cn)—>0 as N—o and y>0.

2. () <Cilll,, (#eo) ()

Choose mel] such that m> . We shall now prove that (un *¢) isin G, . Consider

Ju, *41,,,, =supe ™ |(u, +4) (2)
€By

-m|Rez]

=supe

ZeBﬂ

. (T.9) by (4)
<supe "*IC_|IT.4 ‘
zeBy /4

<supC, ey

ZeBﬂ

<Cy[dl,..,
in which ||¢||;/+ﬂ <00 and C,—>0 as n—>oo. This proves that (u, *¢)eGy, and (U, *¢#)—>Oas

n—>o inG,,.

LEMMA 2.18: 1ff .—>0 as N —> o0 inG® thenf,—>0 as n > G'.
PROOF: Since f,—» 0 asn—> o0 in G° there exists m such that fne(;ﬁ1 for largen & f,—> Q asn— oo

inGy,. Forall ;/>O,|| fn”m,y —0 as n—oo. Fix ¥ >0 and let C sothat C,—> (Q asn—>o0.

n=|fam.r

We have ‘ f (Z)‘ <C, e"r* (5)

fn((/ﬁ)‘sj fn(x)¢(x)‘dx£jcnem‘x‘ #(x)|dx by (5).
Since  €G, ‘¢(x)‘ <e /M ||¢||/), :

m—p)|X 2 .
Hence| f (¢)| < .[Cne( P ||¢||ﬁ dx<C, ||¢||ﬂ [—ﬂ - mj <C, ||¢||ﬁ
R

Choose #>M&¢@ €G. Then

: 2
Where C, =C,_ (ﬁ—j—)O as N —>oo. This proves thatf,—0 as N — o in G’.
—m

I11.  Construction Of Boehmians & Its Convergence Properties
A general reference for this section can be seen in [9,16,17]. In this section we recall the

constructions of Boehmians for two classes B(G°,A) and B(G',A') from [6]. Consider the two spaces

G° and G . To each pair of elements f € G® and ¢ €G, the convolution product (f *¢) defined by
(f *¢)(Z)= f(Tﬁ) is an element of G® (see [6]). Thus we have a mapping * such that

*:G°xG — G°.
It is easy to verify that this convolution product satisfies the following conditions.
(i) If @, eGthen p*x@peGand p*xp=@*¢.
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(i) 1fffeG°&ppeGthen (fxg)xp="Tx(gxp).
(i)  1ff,ge G and peGthen (f+g)*xg=(f*¢)+(g*g).

Consider a class A of sequences (§n) in G satisfying the following conditions:

J.5n(x)dx=1 0]

n

I&n(x)‘dxs M (1)

n

lim (e”*‘—l) 5,(x)dx=0,vy>0&e>0 (i)

‘X‘Ze
We shall show that the class of sequence A satisfies the necessary properties of “Delta sequences”.

Towards this, we shall prove a few preliminary results, which will help us in obtaining the required
properties.

THEOREM 31: Let (&,)eA. For each fixed »>0&e>0, the condition
lim (ey‘x‘ —1) 5n(x)‘dX:O is equivalent to lim (ey‘x‘ —1) 5n(x)‘ dx=0.

nN—o0 N—oo
‘X‘Ze 4

PROOF: It suffices to prove that for each fixed y >0& >0, lim (ey‘x‘ - 1)‘5n (X)‘dx: 0 tend to

n—o
‘X‘Ze

lim (e7‘x‘—1> 5n(x)‘dx=0. For |X|<77,(ey‘x‘ —1)<(ey’7—1) and (e”’—l)—>0 as 7—0.

N—oo
S

€
Hence we can choose 77 such that (ey‘x‘ —1) < m with M as in (I1). Thus

I(ey‘x‘ —1)‘5n(x)‘dx: 'f (ey‘x‘ —1)+ j (ey‘x‘ —1)

R ‘X‘<1] ‘XZ?]‘
I (ey‘x‘ —1) 5n(x)‘dx<§ by the choice of 7 and I (ey‘x‘ —1)
<n Xz

8, (x)|dx=0.

8, (X)|dx in which

5n(X)‘dX—>O asn —oo by

hypothesis. Hence lim (ey‘x‘ —1)

nN—oo
R

THEOREM 3.2: If fe G°® & (&, ) € A then f*5, — f as n— o0 in G°.
PROOF: We have to prove that there exists m such that (f *&5, — f)eG and |f*5, - f| —0
m,y

as N —oo for each y > 0. Since fe G°, feGﬁ for some k. With M as in (Il) choose m, k'>k and

R such that e ™" < (6)

3M
A=iz2€eB :|[Rez|<NR!,
Given ¥ >0 let { =5 | | }
B={zeB,:|Rez|>%R}.

€
As f is uniformly continuous on every compact subsets of By, given N there exists 77 >0 such that

€
< —_—

2M
Fix this 7. For |t| =17, we have el r1<K (ek‘t‘ —1) (8)

whenever |t| <n,trealandze A. ‘f (Z—t)— f (Z)‘ )
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2
1—e7

-m|Rez]

Where K= as can be easily checked. Consider

(f5,-)(2) £supe’m‘Rez‘I f(z—t)-f(z)||s

-t)-1(2)

|f o, - f”m,y = fque (t)‘dt

(z-t)-f(2) ‘dt+supe m‘R‘”‘I

R

< supe m\Rez\J’
zeA

s, (t)jdt

=J,+J, (say)
Hence |f *5, — f||m’7 <J,+J, 9)

Now the integral in J; can be split as a sum of two integrals say I;+1, where I; denotes the integration over

€
|t| <7 and I, denotes the integral over |t| 21. Using (I1) and (7), it can be easily shown that ||1| < E

We shall now consider I,. As fel“ﬁ, for each ze A we see that |I2| is dominated by

m\Rez\ k\Rez ] +ek\Rez\ ” ” ‘dt
I )
Hence
||2| < e(k—m)\Rez\ ” f ”kyy J‘ (ek\t\ +1)‘5n (t)‘ dt < e(k—m)\Rez\ ” f ”IW J' K (ek'\t‘ _1)|5n|dt by (8)
ftiz [tz
<ke“ "™ ¢, [ (-1, (D]t <K T, [ (e 1), (0)]et (10)
ftl=n [t|>n

€
Which can be made less than E for sufficiently large n by property (111) of the family A. Thus J;— 0
asnN — o0,

Also it is easy to see that J, is dominated by supe m‘REZ‘J‘( ghRe(z-tl | gklRed )|| f ||k | |dt

zeB R

Hence for n large
J, <supe" m‘ReZ‘I( kM+1)|5 |dt<supek m‘REZ‘I( ekl 1+2)|5 t)|dt
RN R

s(siM(M +2M)j=e by (6), (111) lemma 3.1 Thus J,—s 0 as N —> oo (11)

The theorem now follows from (9), (10) & (11).

THEOREM 3.3: Letf,gel'* & (5,) € A.If f =5 =g*5,,Vn then fagin G°.

PROOF: Allowing n to tend to oo on both sides & using theorem above 3.2, we have the result.
THEOREM 3.4: Let (¢n ),((on) be any two sequences in A. then (¢n *gon) is also a sequence in A.
PROOF: We shall proving (1)

.[( * gy ) (X)dx = ”¢ @, (x—t)dtdx .

The i

e, (x—t ‘dth is finite as ¢, @, are in G. Hence we can use Fubini’s

theorem and get I(¢n £, )(X)dx = .”.(ﬁ @, (x—t)dxdt = ”(é (y)dydt where y=x-t
R

=1las (¢n),(gon)eA.

@, (X)|dx <M, .

X)| dx < M, &I
m

www.iosrjournals.org 62 | Page



Fractional Fourier Transform of Boehmians

As before we have ﬂ *(pn (X)‘dx <MM, =M.

To prove property (IlI) we shall use lemma 3.1. Let I<e7‘x‘—1)|¢n(x)|dx=Cn and
m

_[(e7 g —1>|(pn (X)| dx =d,. Yet another application of Fubini’s theorem gives
%

\j(efx ~1)(4, *¢, ) () < ‘j(efx -1) \
< ﬂgon (t)dt‘i(eyX —1) ¢, (x—t)[dx < :J[‘(pn (1) dti(e“’“ —1) . ()

R
< ”(pn (t)| dtj(eV\t\ (ey\t\ _1) + (ey\t\ _1))|¢n (y)| dy , where y=x-t. The above integral is easily seen to
R R

(x=t)p, (t)|dt

dy

be dominated by (dn + MZ)Cn +d,M,, where M, &M, are as before. This completes the proof of

theorem 3.4.
Theorem 3.3 & 3.4 prove that the elements of A satisfy the required conditions for “Delta
sequences”. Hence the elements of A can be called Delta sequences in the sense of [16]. Now in a

canonical way can use G and A to constant a Boehmians space which we denote by B(GC,A

We now consider yet another product between elements of G"and G as follows. Let ue G'. The product
between u & f is an element of G’ defined as (uf) ¢ = u(f @), V¢ €G.

Let Abe the class of sequences (O'n) from G such that A" = {(o-n) .o, =6,,Vn, where, (6,)e A} :

Here Sn(z) =R*[X](2) = Ié’ t z dA where 0<cr < - >’ , K, (t,z) is the kernel of the
‘R
transformation as given by (1).

THEOREM 3.5: Forue G’ and (o, ) € A',uo, —>U asn—o0 inG'.
PROOF: Asue G’ by lemma 3.1 of [5] there are positive constants C and » >0 such that for all ¢ €T,

u(#)|=<Clgl, (12)
Choose [ > y. hence by (12) we can write
(uo, —u)(¢)|=|u(c.—¢) <Clo.g-4|, (13)

Denoting the constant function 1(z)=1 by (4) we have

||O_n¢_¢”y =Squey\Rez\ (Gn¢—¢)(z)‘ =sque}"ReZ‘ ¢

Hence from (13) we have ‘(Udn —u)(¢)‘ <

(r-P)ReZ]

2)||(e, 1) ()| < supe

14

(O-n _1)(2)"

(o, —1)(2)‘ then ‘(UUn —u)(¢)‘ <cC, ||¢||ﬁ (14)

(r-P)ReZ

supe
s ZeBy

If we take C = supe IR

ZeB

We shall now prove that C, —0 as N —> . as (0, ) €A’, 0, = 5An for some (&, ) € A. hence using
(1) at the appropriate place,
We have C_ =supe R

ZeBy

(Sn—l)(z)‘SSUpe(y‘mRezi 5, (1)K, (t.z)-1dA @5)
2¢B,

N2 5[ "
Let R be such that for a given €>0 (with Mas in (I1))

(r-P)R < i (16)
3M

e
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Let A and B is defined as in Theorem 3.2. In A (a compact set) e is uniformly continuous. Hence given

ﬁ , there exists 77> 0 such that whenever |t| < n,‘Ka (t, Z)—].‘ < ﬁ ze A (17)

Since B ) is the disjoint union of A & B for our purposes it is enough to show that the supremum over both
A&Btendsto0asn—>o0.

1 1
Putl,=—=— | |o, (V)||K, (t,2)=-4dA and |, =—= | |5, (t)||K, (t,2)-2dA.
= Sl Ot 2o 1= [, ), (.2)-4
In view of (17) and property (1) |, <§ (18)

For ze AcC By,‘Ka (t, Z)—l‘ < (e‘s‘t‘ +1) <K (eﬂw —1) for a suitable constant K & f' >y as

before. Then by property (111), I2 <§ for large n. 19
By (18), (19) and the fact that < /3 we have
SUEe(V—ﬁ)\ReZ\ %j 5, (V)||K, (t.2)-1dA <e (20)
e R

28,6 T [ls, (VK (t.2)-1dA <e" " 2= [|5, (t)]|K, (t.2)-dA
Now for @ " \/Z "

8, (D™ +1dA.

(-pr 1
<e —_—
Nzl

As before we write &’ +1=e"" —1+2 and in view of (20), Property (I1) of the class A we see that the

€
above expression in less than or equal to M (M +2M) =€

(r-B)Rez 1
Hence for large n, supe o, (1)K, (t,z)-4dA <e (21)
up o [ (K. (1)
Form (15), (20) & (21) we have C, =0 asn— (22)

Combining (14) & (22) we have Uo, > U as N — o0 in G'.

THEOREM 3.6: Letuvel & (an) eA . Ifuoc, =vo,,Vn thenu=vinG’.
PROOF: Allowing n to tend to oo and using theorem 3.5 we get result.
THEOREM 3.7: If (¢, ),(B,) € A'then (&, 8, ) € A

PROOF: Since (an ) : (,Bn) € A’ there exists (¢n),(¢n) € A such that o, = ¢?n & B, =¢,, Vn. Hence
by lemma 5.2 in [6] we get

aB, =0 = R[4, IR [0, ]=R* [hx 0, ]=[4, 2 0] s (4).(2n) €D, (d70,) e
by theorem 3.4 this proves that (anﬂn ) eA.

Theorem 3.6 & 3.7 prove that the elements of A’ satisfy the required conditions for delta sequences. Hence
the sequences of A’ can be called “Delta sequences” in the sense of [16]. UsingG' & A", we can construct
in a canonical way a Boehmians which we denote by B(G',A'). We shall now obtain some of the
convergence properties of sequences in

G&G'.
THEOREM 3.8: Let f, — f as n—>00 inG® & ¢ €Gisany fixed element. Then f *¢ — f *¢ as

n—o0inG°.
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PROOF: Since f, — f as n— o0 in G, there is an me N such that fe G|, and f,e G, for large n
and ||fn—f||m’7—>0 as N—>o0 in G¢ , for every ¥ >0 (23)

As ¢ €T, we can choose £ <M such that ‘gﬁ(t)‘ <e /M ||¢||ﬂ

Consider |(f,~ )¢ = supe ((f.-1)*4)(2) (24)
((f= )=o) (@) <[[(f = D) (z-t)lg (vt < "™, ~ 1], Jo ()]

<e"™ | f,— 1], Je"|p(t)]de<e™ £ g, et
R R

—m|Rez|

Letk=[e™Mdt then |(( f, - F)*g)(z)| < Ke"™™|f,— | 4], (25)
m

Combining (23),(24) & (25) We have [((f,—f)*¢)(2)| <K]f,—f] [4], >0 asn—>co.
, ,

m,
This proves the theorem.

THEOREM 3.9: Let f, — f asn—>o0 inG°AND (5,) € A then f, 5, - f asn—>o0inG".
PROOF: Since f > f as n— oo in G* (23)  hold. Also
(f,*5,)(z)—f (Z)z(( f - f)*5n)(z)+(f #6,—f)(z) . By theorem 32 , f*f — f as

N — oo. Hence to prove the required result it is enough to prove that ( fn —f )*5n —>0 as N—ooin

((f,- f)*én)(z)‘sﬂ[\( f,— f)(z-t)||5, (1) dt
< i el § g ||m’y |5, (t)|dt < e"Redl | £ — f ., { I (emm _1)|5n (t)|dt+ £|5n (t) dt}

R

GC

< em\Rez\ ” f—f ”m'y {J‘(emt _1)|5n (t)| dt+M } by property (I1). Hence

R

" (£, £)%3,)(2) <M'[[f, — [, where M"=M + [ (™ ~1)}5, (t)]dt <oo.
R

—m|Rez|

Thus ‘

(f,—f)=5,

72?585)6 ((fn—f)*5n)(z)‘sM’||fn—f||myy—>0 as N—oo by

m,

(23) hence the theorem.
THEOREM 3.10: Let U, —> ¥ asN—>o0 in G & @ €G is any fixed element. Then U@ — U@

asn— o inG .
PROOF: Since U, — U asn—> o0 in G, there exists y>0&C. —0 asn — oo such that for every

¢ G, |(up—up)(¢)<C, |4, (26)

(U@ —up)(¢) =|(u, ~u)(¢¢) < C, g, by 23
<C, ||(p||y ”¢”7 <C/ ”¢”7 , Where C! =C, ||(p||y —0 asn—oo. This proves that U@ =U@

Hence

asn—o inG .
THEOREM 3.11: Let U, —>U asn—o inG , &(o, ) € A’. Then U 0, —>U asN —> 0 in G .

PROOF: Since U, —>U asn—» o0 in G, (26) holds. As u€ G, there exists C such that for every ¢ €G,

u(g)|<c|4,. (27)
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Now |(u,0, —u)(8)|<|(u, —u)(c,8)|+|u(c.8—2)- (28)
Also in the proof of Theorem 3.5, we have ||0n¢ _¢”7 <C, ||¢||y for f>y>0 &

Hence ||c7n¢||7 < (Cn +1)||¢||ﬁ . Thus from (26),(27) & (28) we have

(.0, —u)(4) <C, lowgl, +Clong -], <d,[¢],, where d, =(C,(C, +C+1))[4], >0

asn — oo. This proves the theorem

V. Fractional Fourier Transform:

A

Let {i}e B( G®,A).Since f e G° and ¢ €G, form [4,7] we know that f, =R*[f, ]e

n
n

G and ¢ =R” [¢,]€ G. As (¢n)eA,((3n)eA’. Also % is a quotient in B( G°,A) implies

that f *xg =1 *4 ,VYmnell.N Taking the fractional FT on both sides we have
R*(f,*4,)=R*(f *¢,),Vmnel NinG (see[23])

e, C.R“(F,)R“(d) =C.R“(F,)R“(¢h,), ¥m,n €[] Nwhere C. = 222% _ (ee [7)

i(C,)

Re(f) f ,
This proves that M: > isaquotientin B( G ,A").

RY(4,) 4,

Hence whenever {%} eB(G°.A), {%} e B(G°,A).

Now we are ready to define the fractional Fourier transformon B( G°,A) .

f .
DEFINITION 4.1: Let x={—”} e B( G°,A). The fractional Fourier transform X = R“[X] of x is

n

A

, o .o
defined, as Boehmians in B( G ,A") by X:{A—”} where f_, ¢, are the classical fractional FT of

n
f .4 inG , G respectively.
THEOREM 4.2: The fractional Fourier transformon B( G°, A) is well defined.

PROOF: Let {i}:{&} in B( G°,A). Then f_*¢p =g, *¢_ ,Vmnell.N and taking

n n

Fractional Fourier transform we have R” [ f gon] =R“[g, *¢,]

C.R[f,IR*[¢,]=C,R“[9,IR"[#,]
C, fu,=C,8,8, inG, Vmnel Nie. .4 =4

This proves that {L} = {%} in B( G ,A).

4

A

n7m:*

n

THEOREM 4.3: The Fractional Fourier transform from B( G°,A) toB( G, A") is one-one and onto.
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n

o | f ~ ; -
PROOF: If Fractional FT X:{T”} =0 in B( G ,A’) then f =0,Vn in G, which implies that

f =0,V ninG .Thus f *¢ =0inG®, foreverynin B( G°,A),
f f *x¢ f ) ¢ ) )
L= L2 | Hencex=| -~ |=0in B( G°,A). This proves that the transform is one-to-one.
¢n ¢n *¢n ¢
9,

Let y={—} € B(G,A").Sinceg, € G , thereexists f € G such that

n

A

n

~

f .
g,="f,, ¥V n. Hence y:{—”}. Since f.e G and @, € G, (fn*(pn) is in G° and hence

A

®n

xz{f”*ﬂ‘}e B(G°,A).Now X = fn—(en = L =Y in B( G'7A’)-
Pn * @, PnPn

n

Hence for a given Yy = qn € B( G ,A’), there exists X:{ fy *(0”}6 B(G*,A)
) Pn Py

(with f =g, ) suchthat X =y . This proves that fractional FT from B( G°,A) to
B( G ,A) isonto.
THEOREM 4.4: The fractional FT from B( G°®,A) to B( G ,A") is an extension of the classical

n

fractional FT on G .
PROOF: Ue G = U=R“[u]€ G (see[7]). By theorem uc G can be identified with the Boehmians

n

{uz‘é‘n} in B( G°,A) where (5 ) is any delta sequence in A.

A
A

u*xo . uo, R C,
Let X:{ 5 ”} Then X = R“[X]:{ S"} which is identified with G in B(G ,A") by theorem 4.1

n

n
this proves the theorem.

Note: G can be considered as a subspace of both these spaces.
THEOREM 4.5: The fractional FT is linear transform from B( G®,A) to B( G ,A").

PROOF: Take x= {%} and y :{&} in B(G*,A).

n n

Then x+y={(f”*¢")+(g”*¢")}e B(G* A).
B * Py
N pa _ pa (fn*¢n)+(gn*¢n) _Ra(fn*gon)_'_Ra(gn* n)
Now [x+y] =R (X+y)—R { 4 *o, = Ra(¢n*(on)
— Ra(fn)Ra(¢n)+Ra(gn)Ra(¢n) :[ fn@nA+gAn¢3n:|:[L:|+|:$:| :)‘(_i_)"/ in B( G',A’).
Ra(¢n)Ra(¢n) ¢n(bn n (pn

Let ¥ €[] and consider 7X:{7/¢—f”} in B( G*,A)

n
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8 f fol .
(7x)" =R“(yx)=R” {%} = % =X in B(G ,A"). This shows that Fourier transform is
n

linear transform from B( G°,A) to B( G ,A").

n

n

DEFINITION 4.6: Let x{i} in B(G®,A)and p € G.

f =
The convolution of x and ¢ is defined in B( G°,A) as X* ¢ :{ "¢ ¢}_
n

THEOREM 4.7: Let Xxe B( G°,A)and ¢ €G be any fixed element. Then (X>1<¢))A =X@ in B(
G ,A’) where ¢ is the classical fractional FT of ¢ in G.

PROOF: Ifx:{%} in B(G®, A) then X*go:{ f“*w}.

n n

Hence (x*)" = R (x*) = R (X)R* () = f;” - ;_ p=1p inB( G A).

THEOREM 4.8: Let (Xn) be a sequence of Boehmians o — converging to x in

B( G °,A). Then (X,) is a sequence of Boehmians & — converging to Xin B( G,A") ie
Fractional FT is a continuous map form B( G, A) to B( G, A).

PROOF: Since X, — X as N—>o0 i.e. B( G, A), there exists a delta sequence (5k)e A such that
(X, *6,),(x*8,)e G* and X, *S —> X*5, asn—>o0 inG" Vkell.N

By the definition X *&, — X*J, asn—o0 inG Vk el.N

since (X, *6, ),(x*5, ) e G°

(%, %6, ),(x*5,)e G

As  fractional FT is  continuous in G', (see [7D. We  have
(%, %6, ) =R*(x,*8 ) >R*(x*6,)=(X,*5,) asn—>o0inG Vkell.N

By theorem 4.5 we have % 5, — %5, as N —>0 inG vk e[].N
Which proves that & —2—>X as n—>o0 B( G ,A’).

V.  Conclusion:

In this paper we introduced two spaces of Boehmians each of which contains the dual of a certain
space of entire functions. Both these spaces of Boehmians are shown to be isomorphic to each other under
the Fractional Fourier transform. We extended the theory of the Fractional Fourier transform on this new
Boehmians space.
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