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Abstract.: The object of this paper is to evaluate an improper integral involving generalized Kampé de Fériet 

function and then make its application to solve a boundary value problem on heat conduction. Expansion 

formula for generalized Kampé de Fériet function has also been obtained. A few interesting special cases along 

with the application of one of them in the radial wave function for the hydrogen like atoms have also been 

discussed. 
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I. Introduction 
   Appell’s functions and the functions related to them have many applications in mathematical physics 

[1, 2, 3]. Singh [4] evaluated some integrals involving Kampé de Fériet function and one of them was employed 

to obtain a solution of a problem in heat conduction given by Bhonsle [5]. Bajpai [6], Shrivastava & Mishra [7] 

have also determined the similar type of problem on heat conduction in terms of Fox’s 𝐻 -function. In 

continuation of the above study, the present paper is inspired by the frequent requirement of various properties 

of special functions which play a vital role in the study of potential theory and other allied problems in quantum 

mechanics. In this paper we evaluate an integral involving generalized Kampé de Fériet function and employed 

this to obtain a solution of a problem in heat conduction given by Bhonsle [5]. 

 We recall the definition of generalized Kampé de Fériet function [8]: 

𝐹𝑙∶𝑚  ;𝑛
𝑝∶𝑞  ;𝑘  

 𝑎𝑝 :  𝑏𝑞 ;  𝑐𝑘 ;

 𝛼𝑙 :  𝛽𝑚  ;  𝛾𝑛  ;
  𝑥,𝑦 =  

  𝑎𝑗  𝑟+𝑠

𝑝
𝑗 =1

  𝑏𝑗  𝑟
𝑞
𝑗 =1

  𝑐𝑗  𝑠
𝑘
𝑗 =1

  𝛼𝑗  𝑟+𝑠

𝑙
𝑗=1   𝛽𝑗  𝑟

𝑚
𝑗=1   𝛾𝑗  𝑠

𝑛
𝑗 =1

∞

𝑟 ,   𝑠=0

 
𝑥𝑟𝑦𝑠

 𝑟 !  𝑠 !
,                (1.1) 

where, for convergence 

(i) 𝑝 + 𝑞 < 𝑙 + 𝑚 + 1,    𝑝 + 𝑘 < 𝑙 + 𝑛 + 1,      𝑥 < ∞,        𝑦 < ∞,   or 

(ii) 𝑝 + 𝑞 = 𝑙 + 𝑚 + 1,    𝑝 + 𝑘 = 𝑙 + 𝑛 + 1,    and 

 
 𝑥 1 (𝑝−𝑙) +  𝑦 1 (𝑝−𝑙) < 1, 𝑖𝑓 𝑝 > 𝑙,

max  𝑥 ,  𝑦  < 1,             𝑖𝑓 𝑝 ≤ 𝑙.
  

  Although the double hypergeometric function defined by (1.1) reduces to the Kampé de Fériet function 

[9] in the special case: 𝑞 = 𝑘 and 𝑚 = 𝑛. The generalized Kampé de Fériet function defined in (1.1) can be 

specialized to be expressed in terms of generalized hypergeometric series, among other things, as following 

instances: 

𝐹𝑞∶0 ;0
𝑝∶0 ;0  

𝛼1 ,⋯ , 𝛼𝑝

𝛽1 , ⋯ , 𝛽𝑞

;   𝑥,𝑦 = 𝐹𝑞𝑝  
𝛼1 ,⋯ , 𝛼𝑝

𝛽1 , ⋯ , 𝛽𝑞

;   𝑥 +  𝑦 .                             (1.2) 

𝐹0∶𝑞 ;𝑠
0∶𝑝 ;𝑟

 
⋯ ; 𝛼1 ,⋯ ,𝛼𝑝 ; 𝛾1 ,⋯ , 𝛾𝑟
⋯ ; 𝛽1 ,⋯ , 𝛽𝑞 ; 𝛿1 ,⋯ , 𝛿𝑠

;𝑥,𝑦 = 𝐹𝑞𝑝  
𝛼1 ,⋯ , 𝛼𝑝

𝛽1 , ⋯ ,𝛽𝑞

;  𝑥 𝐹𝑠𝑟  
𝛾1 , ⋯ , 𝛾𝑟
𝛿1 ,⋯ ,𝛿𝑠

;  𝑦 .      (1.3) 

For more details, see Srivastava and Karlsson [10, pp. 28-32]. 

 

II. An Infinite Integral 
  Here we establish the following integral to be used later in obtaining the solution of the heat conduction 

problem and expansion formulae. 
 

 z2ρe−z2
ℋ2ν z  Fl∶m ;n

p∶q ;k  
 ap :  bq ;  ck ;

 αl :  β
m
 ;  γ

n
 ;

  xz2h , yz2h  

∞

−∞

dz 

= 22νMν
h Fl+h∶m ;n

p+2h∶q ;k  
 ap , Δ 2h, 1 + 2ρ :  bq ;  ck ;

 αl , Δ h, 1 + ρ − ν :  β
m
 ;  γ

n
 ;

  xhh , yhh ,              (2.1) 
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where  

(i) ρ = 0,1,2,⋯ and, h is a positive integer, 

(ii) ∆ k, a  represents 
a

k
,

a+1

k
,⋯ ,

a+k−1

k
  

and 

Mν
h = (2π)

1
2
 1−h 

hρ
 Γ  

1 + 2ρ + j
2h

 2h−1
j=0

Γ  
1 + ρ − ν + j

h
 

.                                       (2.2) 

  To establish the integral (2.1), we first expressing generalized Kampé de Fériet function involved in its 

left-hand side in the series form (1.1) and then changing the order of integration and summation which is 

permissible under the conditions given, evaluating the z-integral with the help of  
 

 z2ρe−z2
ℋ2ν z dz =

 π. 22(ν−ρ)Γ 2ρ + 1 

Γ ρ − ν + 1 

∞

−∞

 , ρ = 0,1,2,⋯                               (2.3) 

and multiplication formula for gamma function. The formula (2.3) follows by multiplying both sides Lebdev 

equation [11, p. 74 (4.16.1)] by e−z2
ℋ2ν(z), integrating with respect to z from −∞  to  ∞ and using the 

orthogonal property of Hermite polynomials [12, pp. 192-193].  

 

III. Heat conduction and Generalized Kampé de Fériet function 
   Hermite polynomials have been utilized by Kampé de Fériet in solving a heat conduction equation. He 

has obtained four theorems which are of the nature of existence theorem. Bhonsle [5, p. 356-360] has employed 

Hermite polynomials in solving the partial differential equation 

𝜕𝜙

𝜕𝑡
= 𝐾 

𝜕2𝜙

𝜕𝑧2
 −  𝐾𝜙𝑧2 ,                                                             (3.1) 

 

where 𝜙(𝑧, 𝑡) tends to zero for large value of 𝑡 and when |𝑧|→ ∞, this equation is related to the problem of heat 

conduction given by  Churchill [13, p. 130]: 

𝜕𝜙

𝜕𝑡
= 𝐾 

𝜕2𝜙

𝜕𝑧2
 −  ℎ1 𝜙 − 𝜙0 ,                                                       (3.2) 

 

provided  that 𝜙0 = 0 and ℎ1 = 𝐾𝑧2. 
 

  The solution of (3.1) to be obtained here is 

𝜙 𝑧, 𝑡  

=  
2𝑟−

1
2𝑀𝑟

ℎ𝑒− 1+2𝑟 𝐾𝑡−𝑧2 2 

 𝜋 (𝑟)!
𝐹𝑙+ℎ∶𝑚  ;𝑛

𝑝+2ℎ∶𝑞  ;𝑘  
 𝑎𝑝 , Δ 2ℎ, 1 + 2𝜌 :  𝑏𝑞 ;  𝑐𝑘 ;

 𝛼𝑙 , Δ  ℎ, 1 + 𝜌 −
𝑟
2
 :  𝛽𝑚  ;  𝛾𝑛  ;

  𝑥ℎℎ ,𝑦ℎℎ 

∞

𝑟=0

𝐻𝑟 𝑧 .  

(3.3) 

where the conditions of validity being the same as given in (2.1).  

 
Proof : 
  If we take into account all the physical considerations as given in Churchill [13, p. 130], the complete 

solution of (3.1) given by Bhonsle [5, p. 356-360] is 
 

𝜙 𝑧, 𝑡 =  𝑄𝑟  𝑒− 1+2𝑟 𝐾𝑡−𝑧2 2  𝐻𝑟 𝑧 .

∞

𝑟=0

                                                (3.4) 

 

When 𝑡 = 0, let 

 

𝜙 𝑧, 0 = 𝑓 𝑧 = 𝑧2𝜌𝑒−𝑧2
𝐹𝑙∶𝑚  ;𝑛

𝑝∶𝑞  ;𝑘  
 𝑎𝑝 :  𝑏𝑞 ;  𝑐𝑘 ;

 𝛼𝑙 :  𝛽𝑚  ;  𝛾𝑛  ;
  𝑥𝑧2ℎ ,𝑦𝑧2ℎ  .                     (3.5) 

 

Now by virtue of (3.4) and (3.5), we have 
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𝑧2𝜌𝑒−𝑧2
𝐹𝑙∶𝑚  ;𝑛

𝑝∶𝑞  ;𝑘  
 𝑎𝑝 :  𝑏𝑞 ;  𝑐𝑘 ;

 𝛼𝑙 :  𝛽𝑚  ;  𝛾𝑛  ;
  𝑥𝑧2ℎ ,𝑦𝑧2ℎ  =  𝑄𝑟  𝑒−𝑧2 2  𝐻𝑟 𝑧 .

∞

𝑟=0

                  (3.6) 

 

Multiplying both sides of (3.6) by 𝐻𝜇  𝑧 , integrating with respect to 𝑧 from −∞ to ∞, on the left hand side using 

(2.1) and on the right hand side using orthogonal property of Hermite Polynomials [12, pp. 192-193], we obtain 

 

𝑄𝜇 =
2𝜇−

1
2𝑀𝜇

ℎ

 𝜋 (𝜇)!
𝐹𝑙+ℎ∶𝑚  ;𝑛

𝑝+2ℎ∶𝑞  ;𝑘
 

 𝑎𝑝 , Δ 2ℎ, 1 + 2𝜌 :  𝑏𝑞 ;  𝑐𝑘 ;

 𝛼𝑙 , Δ  ℎ, 1 + 𝜌 −
𝜇
2
 :  𝛽𝑚  ;  𝛾𝑛  ;

  𝑥ℎℎ ,𝑦ℎℎ  .                (3.7) 

  Substituting 𝑄𝑟  from (3.7) in (3.4), we arrive at the result (3.3). 

 

IV. Expansion Formula 
  The expansion formula to be established here is 

 

𝑧2𝜌𝑒− 
𝑧2

2 𝐹𝑙∶𝑚  ;𝑛
𝑝∶𝑞  ;𝑘  

 𝑎𝑝 :  𝑏𝑞 ;  𝑐𝑘 ;

 𝛼𝑙 :  𝛽𝑚  ;  𝛾𝑛  ;
  𝑥𝑧2ℎ ,𝑦𝑧2ℎ   

=  
2𝑟−

1
2

 𝜋 (𝑟)!
 𝑀𝑟

ℎ  

∞

𝑟=0

𝐹𝑙+ℎ :𝑚  ;𝑛
𝑝+2ℎ∶𝑞  ;𝑘

 
 𝑎𝑝 , Δ 2ℎ, 1 + 2𝜌 :  𝑏𝑞 ;  𝑐𝑘 ;

 𝛼𝑙 , Δ  ℎ, 1 + 𝜌 −
𝑟
2
 :  𝛽𝑚  ;  𝛾𝑛  ;

  𝑥ℎℎ ,𝑦ℎℎ  ℋ𝑟 𝑧 .   (4.1) 

 

The conditions of validity are the same as specified for (2.1).  
 

Proof : 
  The expansion (4.1) follows immediately from (3.6) and (3.7).  

 

Deductions 
In (4.1), if we take p = l = 0, then the double hypergeometric function on the left breaks up into the product of 

two generalized hypergeometric functions as (1.3), thus we have  

z2ρe− 
z2

2 Fqp  
α1 ,⋯ , αp

β
1

,⋯ , β
q

;  xz2h Fsr  
γ

1
,⋯ , γ

r

δ1 ,⋯ , δs

;  yz2h  

=  
2r−

1
2

 π (r)!
 Mr

h  

∞

r=0

Fh∶m ;n
2h∶q ;k  

⋯ , Δ 2h, 1 + 2ρ :  bq ;  ck ;

⋯ , Δ h, 1 + ρ −
r
2
 :  β

m
 ;  γ

n
 ;

  xhh , yhh  ℋr z ,     (4.2) 

 provided that the conditions easily obtainable from (2.1) are satisfied. 

If, we put y = 0, in above special case, then equation (4.2) yields 

z2ρe− 
z2

2 Fqp  
α1 ,⋯ , αp

β
1

,⋯ , β
q

;  xz2h  

=  
2r−

1
2

 π (r)!
 Mr

h Fq+hp+2h  
Δ 2h, 1 + 2ρ , α

1
,⋯ , αp

Δ h, 1 + ρ −
r
2
 , β

1
,⋯ , β

q

;  xhh ,             (4.3)

∞

r=0

 

 

which exists under conditions given in (2.1) with p = l = y = 0.  

 
V. Expansion of radial wave function 

 We know from Anantharaman [14, pp. 299-301], that the normalized radial part of the wave function 

for the Hydrogen atom is  

Rn,l γ = −  
2z

na0

 
3  n − l − 1 !

2n  n + l ! 3
 

1
2

 e
− 

zγ

na0   
2zγ

na0

 
l

 Ln+l
2l+1  

2zγ

na0

 ,                        (5.1) 

 where the minus sign is introduced for convenience to make the function positive for small values of  𝛾  and   

𝐿𝑛+𝑙
2𝑙+1 𝑧   is the associated Laguerre polynomials of degree (𝑛 − 𝑙 − 1). 

  Further, changing the associated Laguerre polynomials in (5.1) into the confluent hypergeometric 

function, we obtain 
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𝑅𝑛 ,𝑙 𝛾 = −  
𝑧

𝑛2𝑎0

 
1

𝛾2
 

 𝑛 + 𝑙 !

 𝑛 − 𝑙 − 1 !
  

𝑒
 
𝑧𝛾
𝑛𝑎0

 2𝑙 + 1 !
  

2𝑧𝛾

𝑛𝑎0

 
𝑙+1

 𝐹1  −𝑛 + 𝑙 + 1; 2𝑙 + 2;
2𝑧𝛾

𝑛𝑎0

 .1
   

(5.2) 

             

   Now setting 𝑐 = 0,𝑝 = 𝑞 = ℎ = 1, 𝑎1 = −𝑛 + 𝑙 + 1,𝑏1 = 2𝑙 + 2,𝜌 = 0;  replacing 𝑧2  by 𝑡  and   

𝑥 𝑏𝑦 
2𝑧

𝑛𝑎0
   in (4.3), we get with the help of (5.2): 

 

𝑅𝑛 ,𝑙 𝑡 = −  
𝑧

𝑛2𝑎0

 𝑛 + 𝑙 !

 𝑛 − 𝑙 − 1 !
  

𝑒
 𝑡 

1
2

 − 
𝑧

𝑛𝑎0
 

 2𝑙 + 1 !
  

2𝑧

𝑛𝑎0

 
𝑙+1

 𝑡𝑙   
2𝑟−

1
2  𝑀𝑟

1

 𝜋 𝑟 !

∞

𝑟=0

 

 

•  𝐹2  
−𝑛 + 𝑙 + 1,

1
2 , 1;

2𝑙 + 2,1 −
𝑟
2 ;

 
2𝑧

𝑛𝑎0

 𝐻𝑟 ± 𝑡 ,                            3
                    (5.3) 

 

where 𝑛 ≥ 𝑙 + 1. 
 
  The normalized radial wave functions have been calculated in Table-1 for different values of the 

principal quantum numbers 𝑛, each of which allows the azimuthal quantum number 𝑙  to range from 0 to 𝑛 − 1. 

 
Table - 1 

RADIAL WAVE FUNCTIONS  𝑹𝒏,𝒍(𝒕) FOR HYDROGEN - LIKE ATOMS 

𝑛 𝑙 𝑅𝑛 ,𝑙 𝑡  
 

1 

(k shell) 

 

0 

(1s orbital) 
−  

𝑧

𝑎0

 
3/2

𝑒
 𝑡 

1
2

 − 
𝑧
𝑎0

 
 

2𝑟+
1
2  𝑀𝑟

1

 𝜋 𝑟 !

∞

𝑟=0

 𝐻𝑟 ± 𝑡  

 

2 

(L shell) 

 

0 

(2s orbital) 

−  
𝑧

𝑎0

 
3/2

𝑒
 𝑡 

1
2

 − 
𝑧

2𝑎0
 
 

2𝑟−1  𝑀𝑟
1

 𝜋 𝑟 !

∞

𝑟=0

 𝐹2  ;
𝑧

𝑎0
2,1−𝑟/2
−1,1/2,1  3

  𝐻𝑟 ± 𝑡  

 

2 

(L shell) 

 

1 

(1p orbital) 

 

−  
𝑧

𝑎0

 
5/2 𝑡

 3
𝑒

 𝑡 
1
2

 − 
𝑧

2𝑎0
 
 

2𝑟−2  𝑀𝑟
1

 𝜋 𝑟 !

∞

𝑟=0

 𝐻𝑟 ± 𝑡  

 

 

3 
(M shell) 

 

0 
(3s orbital) 

 

−  
2𝑧

3𝑎0

 
3/2

𝑒
 𝑡 

1
2

 − 
𝑧

3𝑎0
 
 

2𝑟−1  𝑀𝑟
1

 𝜋 𝑟 !

∞

𝑟=0

𝐹2  ;
2𝑧

3𝑎0
2,1−𝑟/2
−2,1/2,1

 3
 𝐻𝑟 ± 𝑡  

 

 

3 

(M shell) 

 

1 

(3p orbital) 

 

−  
2𝑧

3𝑎0

 
5/2 𝑡

3
𝑒

 𝑡 
1
2

 − 
2𝑧

3𝑎0
 
 

2𝑟−1/2  𝑀𝑟
1

 𝜋 𝑟 !

∞

𝑟=0

𝐹2  ;
2𝑧

3𝑎0
4,1−𝑟/2
−2,1/2,1

 3
 𝐻𝑟 ± 𝑡  

 

3 

(M shell) 

 

2 

(3d orbital) 

 

−  
2𝑧

3𝑎0

 
7/2 𝑡2

15
𝑒

 𝑡 
1
2

 − 
2𝑧

3𝑎0
 
 

2𝑟−
5
2  𝑀𝑟

1

 𝜋 𝑟 !

∞

𝑟=0

 𝐻𝑟 ± 𝑡  

 

 

VI. Conclusions 
 It may be of interest that on reducing, the generalized hypergeometric functions on the left-hand side of 

expansions (5.2) and (5.3), yields some very interesting results. This fact is established in the light of the results 

[12, p. 105-106]:  
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𝐹3  

𝑎
2 +

𝑏
2 ,

𝑎
2 +

𝑏
2 −

1
2 ;

𝑎,   𝑏,     𝑎 + 𝑏 − 1;
  4𝑥 =2

 𝐹1  
− ;

𝑎 ;
  𝑥 0

 𝐹1  
− ;

𝑏 ;
  𝑥 0

  

and 

𝐹3  
𝑎 ,    𝑏 − 𝑎    ;

𝑏,
𝑏
2

,
𝑏
2

+
1
2

;
  
𝑥2

4
 =2

 𝐹1  
𝑎 ;

𝑏 ;
  𝑥 1

 𝐹1  
𝑎 ;

𝑏 ;
 − 𝑥 1

 . 

By proper choice of parameters, 𝐹10
  can be reduce to Bessel function or transformed to  𝐹11

  by Kummars 

second theorem [12, p. 126]. Further  𝐹11
  can be reduced to Whittaker function 𝑀𝑘,ℎ(𝑥), Hermite polynomials 

𝐻𝜇 (𝑥) and generalized Laguerre polynomials 𝐿𝑛
𝛼  𝑥 , thereby providing us with such results as may be used in 

various problems encountered in Harmonic oscillator, Collision problem and Hydrogen atom [14]. 

  It may be further remarked that generalized Kampé de Fériet function not only reduces to generalized 

hypergeometric function, but it also yields several other special functions [10]. 
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