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Solution of some stochastic differential equation
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Abstract: In this paper we study the method of solution of some stochastic differential equations of first order
by using the ito integral and ito formula
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l. Introduction:

Consider the simple population growth model

d—IZ =a(t)N(t) ,N(0) = Ny(constant) (1)

d
Where N(t), is the size of population at time t and a(t) is the rate of growth at time t.  a(t) Is not
completely known
a(t) = r(t) + noise term where We don’t know the exact behavior of the noise term, the function r(t) is
assumed to be non random
How do we solve (1) in this case??
In this paper we discuss the method for solving similar of the above example.
(2)The basic concept of stochastic differential equations

1-probability space:
The triple (2, F, P)is called probability space.

2-stochastic process:
A stochastic process is a collection of random variables
{X.}icer, Xi: 2 > R™ Defined on (2, F, P).

3-Brownian motion:

A Brownian motion is a random variable satisfies the following:
1-B(0) =0

2-B(t)is continuous functions of t

3-B(t) Has independent normally distributed increments

2-1to integral:
Consider the example

dN
T (r(t) + noise term )N (t)
Or
z—f = b(t,X,) + o(t,X,).noise term 2
Where w, the white noise X, is the stochastic process
By integrating example (2) from kinto k + 1 we get
k+1 ax k+1
fk T fk b(t, X,)dt + o(t, X,). (noise) dt
Xk+1 _Xk = b(tk,Xk)Atk +O'(tk,Xk)WkAtk (3)
3 Aty =ty — b
X = X(tj),wk =W,
We replace wy At in (3) byAV, such that E(V,),sis stochastic process .let V, = B,
3= X, = Xo = L% b(4, % )85 + XiZ5 o(6, % )08, (4)
Then apply the usual integration notation we should obtain

X, =Xy = [ b(s,X)ds + [, a(s,X)dB; (5)
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The last formula (5) is the ito integral.

The other definition of ito integral:

For functionf € V ,V = V(s, t) be the class of functionsf (t,w): [0, o[ X 2 — R we define the ito integral
1(HW) = [ f(t,w) dB,(w) (6)

Lemmal-2 :(( the ito isometry):

If@(t,w) is bounded and elementary (if @eV is called elementary if it has the form
(D(t, W) = Z] e] (W) 'X[tj,t]-+1](t) )

Then E [( J; o(t,w) dB, (w))z] =E [} ot w)?at] (7)

Proof:
See page 26 in[1]

Definition (ito process):
The 1-dimention ito process:
LetB, be 1- dimensional Brownian motion on (£2, F, P) An ito processes is stochastic processX, in of the form
X, = Xo + [, u(S,w)dS + f, v(S,w)dBs  (8)
Where v € wy, so that

t
PU v(S, w)? dS < o Vt20]=1
0

Examplel-2:
Prove directly from the definition of ito integrals that:

J, SdB; =tB, — J, B,ds
Solution:
Using the notation Ax; = x;,q — x;

J
D ASB) =D 5B + ) Bads
j j j
D AGB) = Y 5B + ) BaAg
j j j

t t t
LA(@@):L SdBS+jOBSds
tB, = [ SdBs + [ BgdS
J, SdBs =t B, — f, Bs dS

There fore

By integrating

Example2-2:
Prove from the definition of ito integral that

t 1 t
f B2dB; = =B} —f BsdS
0 3 0

BEZZAB]_3=ZB]_3+1_B]_3
j j

3
=2;(Bis1 — B) +3B%uB — 358,
=2(Bs B B)) +3%,Bj41 B (B~ B)
BY = 3,(8B)" + 33, B BAB
1 1
) B BAB; = 5B —5%,(45)
1
%, BBAB; = 3B = %,(AB;)" dy,
2
Where ¥;(AB;)" - B,
_1p3
There fore ), B;BAB; = gBt -2 B dg
By integrating the last equation from 0 into t we get

Solution:
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t

2 1 3 '
BS dBS :§Bt - BS as
0

3)ito formula:

Theorem1-3:
The 1-dimensional ito formula
Let X, be an ito process given by
dX, = udt + vdB,
Let g(t,x) € C?([0,0[ X R), then
Y, = g(t,X,) is also an ito process and

av, =% (¢, X,)dt + 2 (¢, X,)dX, +
Where (dX,)? = dX, X dX,

2
=22 (6, X)(dX)? (9)
dt xdt =dtdB, =dB, xdt =0
dB, X dB, = dt
Proof:
See page 44in[1]
Examplel-3:
Use ito formula to write the stochastic process

On the standard form
dY, = u(t,w)dt + v(t,w)dB,

Solution:
By the 1-dimentional ito formula:
Since Y, = B?

There fore d(B?) = 2B, dB, + dt
d(B?) = dt+2B, dB,
Where u(t,w) =1, v(t,w) = 2B,
Example2-3:
Use the ito formula to write the stochastic process
Y, =Q2+t+eb)
Solution:
By the 1-dimensional ito formula:
ag ag 19%g
dY, = Edtﬂ-&dlgt +EW
1
dY, = dt + eP dB, +EeBt dt
av, = (1+1e%)de + e™dB,
Where u(t,w) = (1 +%er) ,v(t,w) = et
The multi-dimensional ito formula:
Let B, (t,w) = (B, (t,w), ..., B,, (t,w))
Denotes m-dimensional Brownian motion.
If each of the processes u; (t, w) , v; (t, w) satisfies equation (9) then we can form the following n-ito processes
{Xm =wudt +vy1dB; + -+ vy, dB,,

(dB,)?

: (10)
dX, =u,dt + v,1dB; + -+ + v, dB,,

Or in matrix notation simply

dX(t) = udt + vdB,

X, (t) Uy Vip ot Vig dB,
Where X(t) = au=|\: o=t - i | ,aB, =
n (t) Un Unt " VUnm de

Theorem2-3 (the general ito formula):

Let dX(t) = udt + vdB,

Letg(t:X) = (gl(t:X)' gZ(t'X)""' gp(t:X))
Be €2:[0,00[ X R" - R?

Then  Y(t,w) =g(t, X))
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The general ito formula is

gk Z_ 1
ay, = (t X)dt + t X)dX, +2 aX aX

(t, X)dX,dX;

Where dB;dB; = §;;dt,dB;dt = dtdB; = 0
Proof:
Seepage49in[1]

Example3-3:
Use the general ito formula to write the stochastic process Y,on the standard form

dY, = u(t,w)dt + v(t,w)dB,
IfY, = (B, (t) + B,(t) + B3 (t), BZ(t) — B, (t) — B5(t))

Solution:
9 dg 9
dax, ) =29 dt+67gd31(t) 3y 4B + gy g 5 4B (0)
=dB,(t) + de (t) + dB; (t)
X, (t) = gdt+ 99 4B, (t) + °9 B2 +29 ap.
2 0X, 20,27 Toax, ?

1
Or in matrix form

dB; (t)
dx, 0 1 1
ax, = 4 ] []dt+[ ] dB, (t)
B;(t) 2B,(t) —B(t
5O 25,0 -BEO)| 20
4-Solution of stochastic differential equation:
The solution of stochastic differential equations
S5 =b(t,X,) + o(t, X)W, ,b(t,X,),0(t, X.)eR (12)
VI4 Is the 1-dimentional white noise
Is X, = X, + f, b(s,X,)ds + f, o(s,X,) dB,
Or in differential form
dX, = b(t, X, )dt+ o(t,X,)dB,
Examplel-4:
Verify that the given processes solve corresponding stochastic differential equation: X, = e?t Solves dX, =
~X,dt + X,dB,
Solution:
Let X, =g
Use the 1-dimentional ito formula
dy, = 99 alt+a dB, +1a (dB,)?
at oX 20X?

We get, dX, = e®dB, +e” (dB,)’
=dX, = X,dB, +X,dt
=dX, =X, dt+X,dB,
Example 2-4:
Verify that the given processes solve corresponding stochastic differential equation
(X1, X3) = (cosh(B,), sinh(B,))
Xm _ 1 Xl] Xz]
Solves dXz] =2lx, dt + X, dB,

Solution:
We use the general ito formula

gk 1
dy, = (t X)dt + E —(t X) dX; +2 aX aX (t, X)dX,dX;
6g dg 16 5
Xm—a—dt'i'&dX +26X2(dX)
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= sinh(B,) dB, +; cosh(B,)(dB,)?=

1
= XpdB, +5 X,dt

1
= Edet + XZdBt
dg dg 19%g 1
X, = Edt + a—X dX, + Eml(dxt)z = coshB,dB, + ESll’lh B, (dBt)z
= Edet + deBt
Therefore, the given processes solves the given stochastic differential equation s

Example3- 4:
( exponential growth with noise )

Solve the following stochastic differential equation
dX, = X,dt + dB,

Solution:

Multiply both sides with the integrating factor e~*
Thus,

e tdX, = e ' X, dt + e 'dB,
On the other hand applying the stochastic rule
d(X.Y,) = X.dY, + Y, dX, + dX.dY,
We have
d(e™'X,) = X, de* + e7tdX, + de~tdX,
= —e X, dt+ e tdX, — e * (X, dt + dB,)

= —e X, dt + et (X,dt + dB,)X, — e *dt(X,dt + dB,)
=—e X, dt + e ' X, dt + e "tdB, — e"'X,(dt)* + e tdt dB,
=e 'dB,
Integrating both sides, we have
t t
J dle™*X,) = J e 'dB,
¢ 0 0
e_tXt _XO = fO e_tdBt ,XO = C
e e =C+ fote_fd B,
X, =Cet +et fote_det
We have the expected value
t
E[X,] = E[Ce'] + E[efj e‘tdBt]
0

=Cet

1. Conclusion:

The above method of solution of some stochastic differential equations is a good method for the
equations which contain the random variable and their solution depends on the given an ito integral and an ito
formula which shows above .in the next papers | will discuss the solution of second order stochastic differential

equation also discuss the solution of partial stochastic differential equations.
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