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Abstract: In the present paper the authors will establish a double integral transform of Fox’s H -function
which leads to yet another interesting process of augmenting the parameters in the H -function. The result is of
general character and on specializing the parameters suitably, yields several interesting results as particular
cases.
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l. Introduction
Rainville [7, p.104], Abdul Halim and Al-Salam [1] have shown that the single and double Euler

transformations of the hypergeometric function Fq are effective tools for augmenting its parameters.

Srivastava and Singhal [10] and Srivastava and Joshi [11] have discussed some similar interesting properties of

. Fq in double H -function and double Whittaker transforms respectively.

In what follows for the sake of brevity, we have used the symbols (a,, ¢, ), A(r,a), A(r,ta), A((r,a,)) to
a a+l a+r-1

denote the set of parameters (a,, &), ...,(a,,,);—, yeens  A(r,a), A(r,—a) and
r r r

A(r,a),A(r,a,),..., A(r, ap) respectively.
The A -function is defined by Gautam and Goyal [5] and represented as

(a;,¢;) 1
AM xR = = [ (s)x°ds 1.1)
Where
[Ir@; +a;9)] [r@-b; - B;s)
f(S)I J'p:1 =L - 1.2)
H r(l-a, —ajs)H L'(b; + ;5)
j=m+1 j=n+1

fr
The integral on the right hand side of (1.1) is convergent when f >0 and |arg(ux)| < - where

m p n q
f=Re(Q o= a;+2 5= 2.
j=1 j=m+1 j=1 j=n+1
.
u=|le'| | 5" (1.3
j=1 =1
(1.1) reduces to H -function given by Fox the following relation

Ql-a,a;)
AMm Xl 1/ p =H™"| x
p,q|: 1(1_bjqu)q P
We shall use the following notations:
A*=(1-a,,2,),B*=(-b,,f,)

(@), ),
(b, B),
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A**=(1-c,,%,).D**=(1-d,?)
1. Main Result
In this section, we have established the following double integral transform of H -function:

If S,k and r are positive integers, then

ij“ YY) AR

] A [txsy (x+y)" Qi]dxdy =

1o

Yo Yer(ajew T2
A7 (s k)2

(1—D)( f +g—%u—lv

ZJ%D

(27)

Am+Dg ,N+p+Df

p-+p+DV,q+p+Du A((1-D1-A-Cy)),B* A(l—k-S 1-a— §),A(1-D 1~ A=Cy ;). A(1-D 1~ A-c,)

tsDPVW
X,D

A((1-D 1-A-D; )),A(1-5 1-),A(1-k 1 8), A% A(1-D 1= A=d{ 1 ) A(lD,lAdu)j| 1)

s°k”
(S+k)s+k)
0<Dg<Du<Dv<Du+qgq-p,u+v—-2g<2f <2v,0<n<p,p+q—-2n<2m<2q,

—d 1-b,
Re minﬂ+Dmin L1>Re(-A)>Re D(S—a k=p a|j+Ct—D—1
0, i S k
i1=12,..,f;j=12,...ml=L2,..nt=12..,9;u Re(minC + A)—v,
d;
+A]—uD+v+;D(Dv Du+1) > D(Dv - Du), Remax(S i kk'B,a,],
S

i

Where y = ,p=S+k,D=s+k+r,A=a+ f+o0,

1-
Re(max
. . 1 1
i=12,..,u;j=12,..,vl =1,2,...,u;|argﬂ|£[f +0 —EU—EVjﬂ'

o} :
‘J>O, i=12,...,m

]

1 1 . 1-
|argt|<| m+n-=p-=q |7,Re| a+s— |>0,Re| B+k
2 2 i p
And the double integral converges.
Proof: To prove (2.1), we start with the following known result [2, p. 177]

ﬁqﬁ(x +y)x“y” dxdy = B(e, ﬂ)T $(z)z*"dz (2.2)

Which is valid for Re(er) >0and Re(5) >0.
It is easy to prove by following the technique of reversing the order of integrations, that

1 1
0 0 . A . . Safik 2
”(p(x +y)X“y AT [tx Y (x+Y) Q*]dxdy =27 —7
00 (s+k) 2
[zt [ 62° [ Joe 3
0

Where S,k and I are positive integers,

sy, k
5—%,p=s+k,D=s+k+r, p+q<2(m+n),|argt|<(m+n—%p—%an,

’)>0,j=1,2,...,m

i i

1-b, 1-b
Re| a+s— |>0,Re| B+k
o ponfoe

In (2.3), taking
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#(2) =2°A!? [/12‘@:]

And evaluating the integral on the right hand side using [9, p.401] the result (2.1) follows.

1. Particular Cases

On choosing the parameters suitably in (2.1), several known and unknown results are obtained as
particular cases. However, we mention some of the interesting results here.

(a) Taking f =v=2,g=0,u=1¢, :%,l—d1 =v,1-d, =—V,0':/1+%,aj =p;=0;=y;=L1in

HE {

11 X+
Xy (x+y) 2 K, {—%MH Y)}Hén,’q” [oey (x+y)

(2.1), and using [3, p.216, (5)]

1 R 1
gbzl)]( bl)]_” ‘e ? Kb[_EXj’

We obtain

|

O sy 8

2 Jixay =

1

Le-p)

1
(27[)2 [+g_1u ]ZDAl\/_ s 2k 2
A9 (s k) 2

p+p+2D,q+p+D ﬂD

Where &, D and A have the same value as (2.1) and

(3.1
B*A((D, ——A)) A(k+s 1-a—f)

H m,n+p+2D {té‘DD

A((D 1~ A+v))A(sl a) Ak 1-f), A*:I

b. b.
A:,u+a+ﬁ+%;p+q<2(m+n),Re(a+sFJiv)>O,Re(,8+s—‘iv)>0,
i i
b,- 1 . ) 1 1
Rela+f+uxtv+D—+=(>0,j=12,...,m;Re(4) >0,|argt|<| m+n—=p—=q | 7.
ﬂj 2 2 2
(b) Further, replacing q,tand (1— a,, ap) by q+1,—tand (ap e ) respectively and then putting

m=1n=p,b =0,b,, =1-b;(j=12,...9), using the result [3,p. 215, (1)] and [3,p. 4, (11)], we obtain
an interesting result obtained by Srivastava and Singhal [10]:

[ gty st wg A O) 1 (@pap). £y 5,k r
”x y 7 (x+y) ?*a K, —E/l(x+ y) qu[(bq’ﬁq):tx y (x+y) }dxdy:
00

\/;F(a+ﬂ+yiv+;j

a+ﬁ+/1+1

A [(a+pf+u+l)

+k
S+k+r
p+3s+3k+2r Fq+25+2k+r |:t5[ ﬂ, j

B(a, p)

o A(s+k+r,a+ﬂ+yiv+£,),A(s,a),A(k,ﬂ),(ap,1)
2 : 3.2)
(b 1) A(s+k @+ B),Ak+$,0+ B+ p1+1)

_ 1
provided Re(u+a+ v+ E) >0,Re(a) >0,Re(p) > 0.

(c)Setting v=f =2,g=0,u=1c, =1-x,1-d, :%+V,l—d2 :%—v in (2.1) and using the known
formula [3,p.216,(6)]

www.iosrjournals.org 33 | Page



A Study Of Double Integral Transformation Of Generalized Ypergeometric Function

HZY {x

T

1 1
(E+m,l),(5—m 1)

We have
T a-1,,p- o 711(”}/) m,n s r|A*
[ Xy y)7e 277 W, LG Y)IHR [ 0¢y ()[4 Jixdy =
00
1 1
Loy _uinl s 2k 2

(27)? D 2 :
A9 (s k) 2

A(D,;—AJrv),A(s,l—a),A(k,l—ﬁ),A*:|

B* A(k+s1-ar—8),A(D,u—A) (33)

Hm,n+p+2D |:t5DD

p+p+2D,q+p+D /1D

Where
D, p,6and Aare given in (2.1);

p+q< 2(m+n),|argt|<(m+n—% p—%qjﬁ, Re(4) > 0,Re(a +sb; >0,

Re(k +sb;) >0, Re(m+n+a+ Db, iv+%)>o, j=12,...,m.

(d) Further, replacing ,tand (1— a,, ap) by g+1,—tand (ap , ap) respectively and then putting

m=1n=p,b =0b,, =1-b;(j=12,...,q) and using the result [3,p.215,(1)], (3.3) reduces to a result
due to Srivastava and Joshi [11,p.19,(2.3)]
é/1(X+y)

Jj Xa_lyﬂ_l(x + y)ae72 W#’V {ﬂ(X —+ y)} P Fq [EZ:’;:)): tXSyk (X + Y)r :|dXdy =
00

F(a+,6’+aiv+;j
AP (a+ f+o—u+1)

B(a, p)

A(s+k+r,a+ﬁ+o-iv+%,),A(s,a),A(k ,ﬂ),(ap ,1)
(bq ,1),A(s+k,a+ﬂ),A(k+s+r,a+ﬂ+a—p+l)

p+3s+3k+2r Fq+25+2k+r l:t55
(3.4)

Where

sk ._(s+k+rJs+k+r
(5+k)’ P

Re(a) > 0,Re(f) > 0,Re(A) >0, Re(a +f+o0tV+ %j > 0 and the resulting hypergeometric series

converges.

1 1
With £=0,v= J_rE and o = _E ,(3.4) reduces to the earlier results of Jain [6] and Singh [8].

(e) ChOOSing f = g =u :l1V:21C1 :1—k,1—d1 :%_'_M ,1—d2 :%_M ,aj :ﬂj :51 :7/1 :1|n
F[l +k+ m) .
(2.1) and using the known result H| 5 |@kD _\2 ) oy ()
1,2 (%Hn,l),(%fm,l) l"(zm +1) k,m ’

12.(x+y

We obtain X yA (X + y)Te 2

) m,n S r
My n[A+ WIH TR 6y (X + y)

- }dxdy =

Ot—38
O ey §
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1 1
1 1 “2" 2
520 _kea—= T'(2m+1) s 2k

(27)? D 1 T
F[k +m+ 2] A% (s 4 k)2

HmeDmpsD toDP A(D%—A—m),A(s,l—a),A(k,l—ﬂ),A(D,%—A+m)
p+p+2D,q+p+D ﬂ,D A(k+s1-a—p),A(D,k—A) '

(3.5)
Where D, p,6and Aaregiven in (2.1);

p+q <2(m+n),|argt|<(m+n—% p—%q]n, Re(1) > 0, Re(a +sb;) >0,
Re(S +kb;) >0, Re[a+,8+a+ Db; +m+%j>0, j=12,....m.

(f) Substituting f —1, g =u=0,v=2,1—d, = lv,l—dz __ 1, and using the result [3,p.216,(3)]
2

SVt

Héig X| 1 1 :JV(Z\/?)!
(3a)(-3+4)

(2.1) reduces to [ xy" 2 (x+ y)73, @A+ y)H o [ o y* [ ] dxdy
00

wl gl
2A-1 2 2

:m D S k .

AP (s + k)2

Mt p4D D D A(D,l—A—%v),A(s,l—a),A(k,1—/3),A*,A[D,1—A+%v)
H p+’p+2D,q+p to E B*A(k+s1-a—p) 3.6)

Where &, D, pand A have the same values given in (2.1);

p+q <2(m+n),|argt|<(m+n—% p—%q]n, Re(1) > 0, Re(a +sb;) >0,
Re(ﬁ+kbj) > 0, Re(a+ﬁ+a+%v+ Dbj)>0, j=12,...,m;

Re(a+pB+oc—D+ Dai),%,i =12,...,n

In view of the numerous properties of A -function, on specializing the parameters suitably, a large
number of interesting results may be obtained as particular case.
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