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Abstract: The aim of this paper is to introduce the concept of Intimate mapping in metric space and prove a
lemma and a common fixed point theorem for six mappings with Intimate mappings.
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l. Introduction

In 1976, Jungk [2] gave common fixed point theorem for commuting maps, which generalizes
Banach’s fixed point theorem. This result was further generalized and extended in various ways by many
authors. On the other hand Sessa [9] defined commutativity and proved common fixed point theorems for
weakly commuting maps. Further, Jungck [2] introduced more generalized commutativity, so called
compatibility, which is more general than that of weak commutativity.

Further, Kang-Cho-Jungck [4] and others extended the previous known results for commuting maps
using compatible maps. Further Jungck-Murthy-P.P. and Cho [3] introduced the concept of compatible
mappings of type (A) in metric space, which improved the results of various authors. Recently, Sahu, Dhagat
and Srivastva [10] generalized the concept of compatible mappings of type (A) so called Intimate mappings.

In this chapter we shall prove a fixed point theorem for Intimate mappings in complete metric space
which extend the results of Lohani and Badshah[5], Savita[11], Prasad[8], Pathak[7] and Jungck and Pathak .

Preliminaries:
Definition (1) : The pair (A, S) is said to be compatible if

limd(ASx,,SAX,) =0 whenever {X.} isa sequencein X s.t.

nN—o0
lim Ax, = lim Sx, =t for some te X.
n—oo n—oo

Definition (2) : The mappings A and S are said to be compatible of type (A) if
limd(ASx,,SSx,) =0 and

n—oo

limd(ASx,, AAx,) =0

n—oo

Whenever {X, }isa sequence in X, such that lim Ax, = lim Sx, =t for some te X,

n—oo n—o

Definition (3) : Let A and S be self maps of metric space (X, d). The pair {A,S} is said to be S-Intimate iff
od (SAX,,, SX,,) < ad (AAX,,, AX, ) wherear = lim sup or lim inf, {X }is a sequence in X such that

lim Ax, = lim Sx, =t for some te X.

n—o0 n—oo

EXAMPLE: Let X = {0, 1} with d(x,y) = ‘X - y| and A, S are self maps on X. Defined

1
Ax = and Sx = —1 forall x € [0, 1]

X+2 X+

1
Now the sequence {X,} in X defined by X, ==, n € N. Then we have
n

lim Ax, = lim Sx, =1, then |ASX, , AX, | —>% as n—oo and |SSX,, SX, | —>% :

n—oo n—oo
Then clearly we have
lim| ASx, — A, | < lim|SSx, —Sx,|.

N—o0 N—o0

Thus {A, S} is A-intimate.
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1
But |ASXn , SSXn| - 3 asn — oo
Thus {A, S} is not compatible of type {A}.

PROPOSITION (4): If the pair (A, S) is compatible of type (A) then it is both A and S-intimate.
Proof: Since

d(ASx,, Ax,) <d(ASx,,SSx,)+d(SSx,,Sx,) forneN.
Therefore
od (ASX,, AX,) < .0+ ad(SSX,,, SX,)

Implies od (SAX,, AX,) <d(SSx,,SX,),
Whenever {X,} is a sequence in metric space X such that lim Ax, = lim Sx, =t for somet € X.

n—oo n—oo
Thus the pair {A, S} is S-intimate.
Similarly, we can show that the pair {A, S} is A-intimate. But its converse need not be true.

PROPOSITION (5) : A and S be self maps of a metric space (X, d), if the pair {A, S} is S-intimate and At = St
=p € Xforsomet € X.
Then d(Sp, p) < d(Ap, p).

Proof : Suppose X,=t foralln>1
So AX,=Sx, > At=St=p.
Since the pair {A, S} is S-intimate then
d(SAt, st) = limd(SAx,,, Sx,)
n—oo

< limd (AAX, , AX,)

n—o0
= d(AAL, AY)
Implies d(Sp, p) <d(Ap, p).

Intimate mapping condition is more improved that the well known mappings conditions such as weakly
commuting (Sessa , compatible (Jungck ), D-compatibility, Semi-compatibility (Cho, Sharma and Sahu]) and
R-commutativity (Pant ). Infact, newly defined mapping is a generalization of the compatibility of type (A)
mapping condition considered by Murthy, Chag, Cho and Sharma[6].

The most important feature of intimate mapping condition is that for all the above said mapping pair, it
is necessary to commute at coincidence point but for intimate mapping condition such necessity is not required
i.e. the mapping pair does not necessarily commute at coincidence point.

Jungck([2]) introduced compatible mappings and obtained several fixed point theorems for them. Later
on Cho[1] , Murthy, Chang, Cho and Sharma[6], Jungck, Murthy and Cho[3] proved some common fixed point
theorems for compatible mappings of type(A). Intimate mapping is a generalization of compatibility of type (A).

In 2003, Savita[11] improves the results of Lohani and Badshan[5] and gave the following theorem for
four intimate mappings.

Theorem A : Let A, B, Sand T be mappings from a metric space (X, d) in to itself satisfying:

(1) AX)T(X)and B(X) < S(X)
(2)  The pair {A,S}is S-intimate and {B, T}is T-intimate,
(3)  S(X) is complete,

d(Ty, By)[1+d(Sx, Ax)]
1+ d(5x.Ty) + ALd(Sx, AX) +d(Ty, By)] +

yId(Sx, By) +d(Ty, A)]+6[d(Sx,Ty)]

(4) d(AxBy)< o

(5) Wheree, 5,7,06020, 0<a+2p+2y+ <1 Then A B, Sand T have a unigue common fixed
point in X.
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[1.2] MAIN RESULTS:
Firstly we prove a lemma:

LEMMA 1 : [Singh and Meade-(1977)]: For every t >0, y (t) <t, if and only if lim y" (t) =0 where
n—oo

y " denotes the n-times composition of y .

LEMMA 2 : Let A B, S, T, L and M be the six mappings from metric space (X, d) in to itself such that

(1.2.1) AX) < T(X) U L(X) and B(X) < S(X) u M(X)

. d(Ty, By)[L+d(Sx, AX)]
(1.2.2) d(Ax, By) < «; L+ d(Mx, Ly)] +a,[d(Mx, Ax) +d(Ly, By)]+
d(Sx, AX)[1+d(Ty, By)]

* [L+d(Ly,By)]
a[d(Mx, By) +d (Ax, Ly)]+ o,

+ o, [d(SX, Ty) +d(Ty, AX)] +

d(Ty, By)[1+d (Ax, Mx)]
[1+d(Ly,Sx)]

Forall x, y in X where o, &, o5, a,, a5 a5 20, and
O<a +o,+a,+a, +o, +o <1.
Then for any arbitrary point X, in X, by (1.2.1), there exists a point X, € X such that AX, =T X;= L X, and for
this point X, we can choosen a point X, € X such that B X, = SX, = MX, and so on.
Inductively, we can defined a sequence { Y, } in X such that
(1.2.3) Yon = X0, = X, = AX,, and
Yo = Koo =MX,, o =BX,,,, , for n=0,1,2,3,......
Then lmd (Y, Y,.1) =0and { y, }is a Cauchy sequence in X.

Proof : First, we show that limd(y,, Y, ) =0, where { y, }is defined in (1.2.3) for Let us suppose that
n—o0
dn =d (yn, yn+l) ,forn=0,1,2,3, ............... Now, we shall prove that the sequence {dn}is non-

increasinginR™,i.e. d , <d, forn=1,2,3,....

By using (1.2.1), we have
d2n = d (yZn ' y2n+l)

=d (AXZn ) BX2n+1)

u d(TXpp,10 BXop g JIL+d(SX,,, AX,, )]
- [1+ d(MXZn’ LX2n+1)]

+ 0{2 [d (MXZn ! AXZn) + d (LX2n+1' BX2n+1)] +

d (SXZn ! AXZn )[1 + d(TX2n+1' BX2n+1)]
1+ d(LX2n+l’ BX2n+1)

+ 0{4 [d (SXZn ’TX2n+1) + d (TX2n+1' AXZn )] +

3

0 (%5010 BXon. I+ A (AXy, , M, )]

as[d(MXZn’ BX2n+1)+d(AX2n, LX2n+1)]+a6 [1+d(|_x Sx )]
2n+1? 2n
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d(yZn ' y2n 1)[1+ d(yZn—la yzn )]
- p d ' J2n d nt Y2n+
O e ) LAWY A0 Yl

d(y2n_1, yZﬂ)[l+ d(yZn’ y2n+1)]
d ' J2n d nt' JY2n
B Ay Y]l Y G )l

d (yZn ! y2n+1)[1+ d(y2n ' y2n—1)]
[l+ d (yZn ' yZn—l)

as[d(Yongs Yon) +A(Yans You )l + g
< ald(yZn 1 y2n+1) +a2d(y2n 1 y2n+1)]+a2d(y2n—11 yZn) +a3d(y2n—l’ yZn) +
a4d(y2n—1l y2n)+a5'o+a6d(y2n ’ y2n+1)
<(ay +a, +ag)d (Yo, Yonu) + (0 + a3 +,)d(Y,04, Yon)
Q- —a, =) (Yo, Yon) < (@, + g +a)d (Yo gs Yaon)

(o, +az +a,)
(-a —a, —ay)

d(yZn! y2n+1) < d(yZn—l’ y2n)

(o +a; +ay)

n Q- —a, —a) o
d,, <hd,, , Where h = (0 +ay +a,) d,, ., Now
1-a, —a, —a)
d(Yn, You) <hd (Yo gr Yo) <o <h"d(y,, ).
S@A+h+h2 4o +h"Hd(y,,VY,..)
For every integer p>0, we get
d(yn ' yn+p) < d(yn ’ yn+1) + d(yn+1’ yn+2) Tt + d(yn+p—1’ yn+p)

<@A+h+h" 4., +h*HYd(y,,Y,..)

In general we have
n

h
d(yn’ymp)— d(yO’yl)
hn

d <———
" 1-h+

d, , which implies that if d,>0 then by lemma (1) we have

n

h
IIm1 (d,) =0. Therefore, it follows that

limd, =0, for d, =0

nN—o0

Since {d , }is non-decreasing, we have clearly

limd, = I|m d(yn, Y..1)=0.

n—oo

Now we shall prove that {Y }is a Cauchy sequence in X.
Since limd, =0, itis sufficient to show that a subsequence {Y,, } of {y, }is a Cauchy sequence in X.

N—o0
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Suppose that the sequence {an} is not Cauchy sequence in X. Then there exists a number € > 0 and stricktly

increasing sequence{m, }, {n, }of positive integers such that
d(Yan, Yo )2 L (1.2.4)

For each even integer 2k, let 2m, be the least even integer exceeding 2N, satisfying (1.2.4), i.e.

d (yan ’ y2mk72) >e and d (yan ) )/2mk ) >e (1.2.5)

Then for each even integer 2k , we have
€ < d(Yan,» Yom,)
<d(Yan, s Yom ) +AVam,+ Yo, ) A (Yom, ,» Yor,)

Then by (1.2.4) we have

d(Yan, 1 Yom ) > € ak—eo (1.2.6)
By the triangular inequality, we have

A Yany Yoy ) =4V s Yo, )| < AV, Yo, )

And

1A (Vo Yom ) =8 Van Yo )| S AYam,» Yom )+ (Van, + Yan, )

then by (1.2.5) and (1.2.6) we have as k—o

d((Yan, » Yom ) € and d(Ya »Yom )€ (1.2.7)

Thus by (1.2.2) we have

d (yka ) yznm) =d (AXka ) BXZnM)

- d (TXZHM ,BX,p Ni+d (Sx2mk s Ao, )]
ST e d(Mxg,, L, )]

+a,[d(Mx,, , Ay, ) +d(LX,, BX,, )]+

d (SXom, » A JIL+ A (TXyy, 2 BXy, )]

+a,
[+d(Lxy, ,, BX,p, )]

+a,[d(SX,y, \ TXy, ) +d(TXy, o Ay, )]

d (M 2 By L+ A (AXyy My, )]
[1+d(LX,, , SXom, )]

+as[d(MX,, , BXy, )+ d(AXy, LX)+ ag

2my
Or equivalently

d (yan ’ yZnH1 )[1+ d (yka,1 ’ yka )]

- + d ! m +d n ! n +
T G )]l Yen ) Yon )
d(yZm 1y2m )[1+d(y2n ,)’Zn )]
k-1 k Kk k+1 d Vo d Y
a3 [1+ d (yznK , y2nk+1 )] + 0!4[ (y2mk,1 y2 K ) + (yZ N y2 N )]

d (yan ! y2nk4r1 )[1+ d (yka ! y2mki1 )]
[1+ d (yan ’ yka,1 )]

+ aS[d (y2mH ’ y2nk+1 ) +d (yka ’ yan )] + g

Using (1.2.4), (1.2.6) and (1.2.7) and taking k — oo we have

el (y+a,+o,+a, +a,+0;) €
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Since (a, + @, +a, +a, +as +o) <1

Therefore

€<€ as k—o, which is a contradiction. Therefore {Y,,}is a Cauchy sequence in X and so is {Y,}.This
completes the proof.

Theorem 1 : Let A, B, S, T, L and M be mappings from a metric space (X, d) in to itself satisfying
(1.2.1),(1.2.2),(1.2.3) and the following:

(1.2.4) The pair {A,S} is S-intimate ,{B, T} is T-intimate and

(1.2.5) S(X) and M(X) are complete.

Then A, B, S, T, L and M have unique common fixed point in X.

Proof : By Lemma(2) we can observe that the sequence {yn}defined in (1.2.3) is a Cauchy sequence in X.
Since S(X) and M(X) are complete and {SX,, }and {MXx,, } is Cauchy.
Then it converges to a point p = Su = Mu for some u in X. Theny, — p and

Hence Ay s SXon s MX, BXp gy T, WX — P
Now from (1.2.2) we have
d(Au,Bx,,,,) <

d(TXyp,1, BXon.s )L+ d (Su, Au)]
[1+ d(MU, LX2n+1)]

+ aZ [d(MU, AU) + d(LX2n+1’ BX2n+1)] +

1

d (SU, AU)[1+ d (TX2n+l' BX2n+1)]
[1+ d (LX2n+l’ BX2n+1)]

+ Ol4 [d (SU'TX2n+1) + d (TX2n+1' AU)] +

3

d(TXy.1, BX;,,0)[1 +d (Au, Mu)]
[1+d(Lx,,,,Su)]

as [d(MU, BX2n+1) + d(AU, LX2n+1)] + Us
Taking limit as n—> oo we obtain

d(Au, p) <

d(p, p)[L+d(p, Au)] d(p, Au)[L+d(p, p)]
S0 [+ d(p, )] +a,[d(p, Au) +d(p, p)] + a, [+ d(p, p)] +

d(p, p)IL+d(Au, p)]
[1+d(p, p)]

a,[d(p, p) +d(p, Au)] + as[d(p, p) + d(Au, p)]+ a;

d(Au, p) < (a, + o5 +a, + a5 )d(Au, p)

<d(Au,p), since (o +a, +a;+a, +o; +a) <1
Which is a contradiction.
Hence Au=p.

Since A(X) < T(X) U L(X), there exist ve X such that
Tv=Lv=p

Hence from (1.2.2)
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d(p,Bv) =d(Au,Bv)

<a, d(Tv, Bv)[1+d(Su, Au)] + a,[d(Mu, Au) + d (Lv, BV)] + d(Su, Au)[1+d(Tv, BV)] N
[1+ d(Mu, Lv)] [L+d(Lv,Bv)]

d(Tv,Bv)[1+ d(Au, Mu)]
[L+d(Lv,Su)]

a,[d(Su,Tv) +d(Tv, Au)] + a;[d(Mu, Bv) + d (Au, LV)] + &,

d(p,BV)[L+d(p, p)] d(p, p)[L+d(p,Bv)]
S 4o, )] +a,[d(p, p) +d(p,BV)] +a;, L+ d(p.BV)] +

d(p,Bv)[L+d(p, p)]
[1+d(p, p)]

a,[d(p, p)+d(p, p)]+as[d(p, Bv) +d(p, p)]+ @

d(p,Bv) < (o, + @, + s + a5 )d(p, Bv)
d(p,Bv) < d(p,Bv), since (g +a, +a;+a,+o;+a,) <1
Which is a contradiction.

Hence, p=Bwv.
Since Au = Su = Mu = p and the pair {A,S}is S-intimate ,

We have d(SAX,,,SX,,) < d(AAX,,, AX,,)

d(Sp, p) <d(Ap, p).

Suppose Ap # p,
Then from (1.2.2) we have
d(Ap, p) = d(Ap, Bv)

<a, d(Tv, Bv)[1+ d(Sp, Ap)] + a,[d(Mp, Ap) + d (Lv, BV)] + d(Sp, Ap)[1+d(Tv, Bv)] N
[1+d(Mp, Lv)] [1+d(Lv, Bv)]

d(Tv, Bv)[1+d(Ap, Mp)]
,[d(Sp. TV) + d (T, Ap)]+ crs[A(Mp. BY) + d (Ap, L) + atg == =" e

d(p, p)[L+d(Sp, Ap)] d(Sp, Ap)[L+d(p, p)]
<oy [+ d(Mp. )] +a,[d(Mp, Ap) +d(p, p)] + a, L+ d(p. )] +

d(p, p)L+d(Ap, Mp)]
[1+d(p,Sp)]

a,[d(Sp, p) +d(p, Ap)]+ as[d (Mp, p) + d(Ap, p)]+ a;

d(p, p)[1+d(Ap, p)] d(Ap, Ap)[1+d(p, p)]
< L+ d(Ap. )] +a,[d(Ap, Ap) +d(p, P)] + [+ d(p. p)] +

d(p, p)IL+d(Ap, Ap)]
[1+d(p, Ap)]

a,[d(Ap, p) +d(p, Ap)] + as[d(Ap, p) + d(Ap, p)] + a,
d(Ap, p) < 2(a, +a5)d(Ap, p),

d(Ap, p) <d(Ap, p), which is a contradiction
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So, Ap=p
Hence Sp=p and Mp=p

Similarly, Since {B, T} is T-intimate. Then we have
d(TBX2n+1’TX2n+1) < d(BBX2n+1’ BX2n+1)
Taking limit N — oo d(Tp, p) <d(Bp, p)

Suppose Bp # p then from (1.2.2)
d(p, Bp) = d(Ap, Bp)

d(Tp, Bp)[1+d(Sp, Ap)] d(Sp, Ap)[1+d(Tp, Bp)]
<o [+ d(Mp. Lp)] + a,[d(Mp, Ap) + d(Lp, Bp)] + a, [+ d(Lp. Bp)] +

d(Tp, Bp)[L +d(Ap, Mp)]
[1+d(Lp,Sp)]

d(Bp, Bp)[1+d(p, p)] d(p, p)[1+d(Bp,Bp)]
<ay [+ d(p.Bp)] +a,[d(p, p) +d(Bp, Bp)] + a, [L+ d(Bp, Bp)] +

a,[d(Sp,Tp) +d(Tp, Ap)] + a5 [d(Mp, Bp) + d(Ap, Lp)] + a,

d(Bp, Bp)[1+d(p, p)]
[1+d(Bp, p)]
d(p,Bp) < 2(e, +a)d(p,Bp) ,since (o, +a, +o,+a, +as +0) <1

a,[d(p, Bp) +d(Bp, p)]+ as[d(p, Bp) + d(p, Bp)] + a,

(ay +a5) < %
d(p,Bp) <d(p,Bp), which is a contradiction

Therefore Bp=p. Hence Tp=pandLp=p
Hence p is a common fixed pointof A, B, S, T, L and M.

Now we prove the uniqueness of fixed point p.
Suppose g be another common fixed point of A, B, S, T, Land M

Then from (1.2.2), we have

d(p, q) = d(Ap, Bq)

<, AT BAL+AEP AN | i (Mo, Ap) + d (Lo, Ba] + @, TCP AR+ d (TG, BA)] |
[1+d(Mp, Lg)] [1+d(La, Ba)l

d(Tq, Bg)[1+d(Ap, Mp)]
[1+d(Lq,Sp)]

a,[d(Sp,Tq) +d(Tq, Ap)] + as[d(Mp, Bg) + d (Ap, La)] + &

d(p,q) < 2(a, +a5)d(p,q)
d(p,q) < d(p,q),

Which implies that p = g.
This completes the proof of theorem.
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