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Abstract: In this paper, we prove common fixed point theorem for semi-compatible mappings on intuitionistic
fuzzy metric space with different some conditions of Park and Kim ([10], 2008). This research extended and
generalized the results of Singh and Chauhan ([14], 2000).

The concept of fuzzy set was developed extensively by many authors and used in various fields. Several
authors have defined fuzzy metric space Kramosil and Michalek(([5],1975) etc.) with various methods to use
this concept in analysis. Jungck (([3],1986), ([4],1988)) researched the more generalized concept compatibility
than commutativity and weak commutativity in metric space and proved common fixed point theorems, and
Singh and Chauhan ([14],2000) introduced the concept of compatibility in fuzzy metric space and studied
common fixed point theorems for four compatible mappings.

Recently, Park et. al. ([7], 2006) defined the upgraded intuitionistic fuzzy metric space and Park et.al.
(([8], 2008), ([9], 1999), ([11], 2007), ([12], 2005)) studied several theories in this space. Also, Park and Kim
([20], 2008) proved common fixed point theorem for self maps in intuitionistic fuzzy metric space.

l. Introduction:

In this paper, we prove common fixed point theorem for semi-compatible mappings on intuitionistic
fuzzy metric space with different some conditions of Park and Kim ([10], 2008). This research extended and
generalized the results of Singh and Chauhan ([14], 2000).

We give some definitions and properties of intuitionistic fuzzy metric space. Throughout this paper, N will
denote the set of all positive integers.

Let us recall Schweizer and Sklar (see ([13], 1960)) that a continuous t-norm is a binary operation™ :

[0, 1] x [0, 1] — [0, 1] which satisfies the following conditions:

(@) *is commutative and associative;

(b) *is continuous;

(¢ a*1=aforallae]l0,1];

(d) a*b<c*dwhenevera<candb<d(a,b,c,d e [0, 1]).

Similarly, a continuous t-conorm is a binary operation ¢: [0, 1] x [0, 1]—[0, 1] which satisfies the following
conditions :

(@) ¢ is commutative and associative;

(b) ¢ is continuous;

(c) ad0=aforalla e [0, 1];

(d) a0b>c0dwhenevera<candb<d(a,b,c,d e [0, 1]).

Also, let us recall (see [6] that the following conditions are satisfied :

(@) For any any ry, r; € (0, 1) with ry > r, there exist r3, r; € (0, 1) such thatr; *rs>r,and r; Oy < g ;
(b) For any rs € (0, 1), there exist rg, r7 € (0, 1) such that rg * rg > 15

and r; 0 ry <rs.

1.1 Definition:- (Park and Kwun ([7], 2006)). The 5-tuple (X, M, N, *, 0) is said to be an intuitionistic fuzzy
metric space if X is an arbitrary set, * is a continuous t-norms, ¢ is a continuous t-conorm and M, N are fuzzy
setson  X?x (0, ) satisfying the following conditions; for all x,y, z € X, such that -

@ M(xy,t)>0,

(b) M(x,y,)=1 < x=v,

© M(xy )=M(y, x1),

d MX Yy )*M(,z,s)<M(, zt+5),

() M(x,y,.): (0, 0) —>(0, 1] is continuous,

(H Nxvy1)>0

@ NKxy.1)=0< x=y,

(h) Ny, ) =Ny, x 1),
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i) NXY,)ON(Y,zs)=>N(X zt+5),

) NV, .):(0,x) — (0, 1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric on X. The functions M (x,y, t)and N (x, vy, t)
denote the degree of nearness and the degree of non-nearness between x and y with respect to t, respectively.

1.2 Definition:- (Park and Kwun ([12], 2005)). Let X be an intuitionistic fuzzy metric space. Then (a) A

sequence {x,} — X is convergent to x in X if and only if for each £ > 0, t > 0, there exists n, € N such that M (x

X ) >1-¢ N (X, X t) <e forall n >n,.

(b) A sequence { x,} — X is called Cauchy sequence if and only if for each £ > 0, t > 0, there exists no € N
such that M (X, Xm, t) > 1 - &, N (X, Xm, t) < & for all n, m >ny,

(c) Xis complete if every Cauchy sequence in X is convergent.

1.3 Definition:- (Park and Kim ([10], 2008)). Let A, B be mappings from intuitionistic fuzzy metric space X
into itself.
(@) (A, B) are said to be compatible if and only if
limn —» oo M (ABX,, BAX,, ) = 1, limn —» oo N (ABX,, BAX,, t) =0, for all t > 0, whenever {x,} c X
such that lim N — 90 Ax, = lim 1 — %0 Bx, = x for some x e X.
(b) (A, B) are said to be semi compatible if and only if
limn —> oo M (ABXy, Bx, t) = 1, limn — oo N (ABX,, Bx, t) = 0, for all t > 0, whenever {x,} < X such
that lim N —> 00 Ax, = lim N —> 0 Bx, = x for some x e X.

1.4 Lemma:- (Park[10],2008)). Let A, B to be self mappings on intuitionistic fuzzy metric space X. If B is
continuous, then (A,B) is semi-compatible if and only if (A,B) is compatible.

1. Main Result
2.1 Theorem:- Let P, Q, Sand T be self maps of complete intuitionistic fuzzy metric space X with t - norm*and
t — conorms (defined by a*b = min {a, b} and a(b = max {a, b}, a, b € [0, 1], satisfying
@ (P, S)and (Q, T) are semi-compatible pairs of maps,
(b) SandT are continuous,
(€) PP cT (%), Q" (x) = S* (X),

(d) M (P Q% kty >=Min {M (S5, T,,1),M (P}, S, 1),
M (QY, T!,t), M(P?, T at),
M (Qy, S%. (2-a)t)},
N (P5, QF,kt) <max{N(S;, T, t), N (P},S;.1),
N(@QY, T, N(PE, T at),
N(Qy. S5, (2-a)t)}.

(e) limt>o M vy, t) =1,
lim t >0 N(x vy, t)=0

forallx,ye x,a €(0,2),t>0andp,q,s,teN.
Then P, Q, Sand T have a unique common fixed point in X.

Proof. Let X, be an arbitrary point in X. we can inductively construct a sequence {y,} < X such that
Yoni = Ton1 = PPXanz,, Yon = S%on = QMXona forn=1,2, 3, ...
First, we prove that {y,} is a Cauchy sequence, from (d) with o = 1, we have.
M (Yons1, Yons2, Kt) = M (PPan, Q%ni, Kt)
> min {M (SSXZn: Ttx2n+1| t): M (PpXZny SSXZny t),
M (Q%en+1, Thenet, 1), M (PPian, Thanet, 1),
M (qu2n+l: SSxZn: t)}
>Min  {M (Yan, Yons1, 1), M (Yans1, Yon, ), M (Yanez, Yons1,t),
M (Yan+1, Yons1, 1), M (Yans2, Yon, )}
>Min  {M (Yan, Yons1, ), M (Yonsz, Yonsa, 1), 1}
N (Yon+1, Yons2, Kt) = (PPan, Qani1, K't)
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< max {N (SSXZm Ttx2n+1: t): N (pr2ny SSXZny t),
N (Q%ens+1, Thanst, £), N (PPxan, Thanst, 1),
N (qu2n+1: SSXZn: t) }
<max  {N (Yon, Yon+1, 1), N (Yonss, Yon, 1),
N (Vans2, Yone1,8)s N (Yons, Yonsess 1),
N (an+2, y2nx t)}
S MaX {N (Y2n, y2n+1x t): N (y2n+21 y2n+ly t), 0}
which implies
M (YZn+1, Yon+2, k t) >M (Y2n, Yon+1, t),
N (YZn+1, Yon+2, k t) < N(YZm y2n+1|t),
Generally, M (Vn, Yn+1, kK t) > M (Vn-1, Y 1),
N (Vn, Yn+1, kK1) <N (¥n-1, Yoo D).
Therefore,

M (ynn Yn+1, t) >M (Yn-ly Yns %)

>

EM (y01 ylr ktn )

Taking limitn — oo thenittendsto — 1 as

N (Yn. yn+lx t) < N (Yn-ly Yny %)

<..

<N (Yo, Y1, kt”) >0 asn — o

Hence for t > 0and ¢ € (0, 1), we can choose n,e N such that
M (yl"lv yl"|+11 t) > 1_81 N (Ym yl"l+11 t) <g

for all n > n,,
Suppose that for m,
. M (Ym Yn+m t) >1-¢, N (Ym Yn+m t) <g
for all n > n, and for every m e N.
Then

M (Yn, Ynems1, £) = min {M (¥n, Ynem, % ) M (Ynem, Ynemets % 3}
>1-¢,
N (Yo, Ynemes, £) <max {N (yn, Yn+m, % ) N (Vnems Yosmea, % 3

<e.

Therefore {y,} < X is a cauchy sequence.
Second, we prove that PP, Q%, S°, and T" have a unique common fixed point.
Since {y,} converges to some point x from completeness of X,

P?Xan = X, S%2n-X, Q an1 - Xand Thona X
Since S is continuous, hence

S° (P’Xzn) — S°(x)

Thus fort>0and € € (0, 1), there exists an n, e N such that

M (S° (PP Xan), S%(X), % Yy>1-¢g

N (S° (PP Xzn), S(X), % )<e

for all n > n,. Also since (P, S) and (Q, T) are semi — compatible pairs, by Lemma 1.4, (P, S) and (Q, T) are
compatible pairs.
Therefore (P?, S°) and  (QY, T) are compatible pairs for all P, g, s, t € N. From (a), we have

Lim N—>00 M(P® (S° Xz0), S° (PP Xan), %): 1
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Lim N —>90 N(P® (S° Xan), S° (P"2n) %)= 0

Hence,

M (S° (PP Xzr), S° (X), t) > min {M (PP (S° Xzn), S° (PP Xan), %), M (S° P (Xzn), S, %)}
> 1-¢,

N (S (P" Xzn), S (X), ) <max {N (P” (S° Xzn), S° (PP Xan), %), N (S* P (xan), S, %)}

<g

for all n > no.
Therefore lim N —> 00 (PP $° x,,), = S° x.
Also since lim N —> 00 QY x,,; =, and T is continuous,
lim N —0 (QUen1) =T,
Thus for t > 0 and g€ (0, 1), there exists an n, € N such that
M (T' (Q%an1), T (X), 1/2) >1-g, N (T'(Q%0n1), T" (X),1/2) <&
for all n > n,,
From (a), We have

lim 1% M (QF (THn), T Q" Xan), 12) = 1

lim M=% N (@ (T%n1), T(Q Xena), 112) = 0

Hence

M (Q% (T™zn-1), T, t) = min {M (Q® (TXzn-1), T' (Q% Xon-1), ¥/2), M (T' (Q% Xznt), T'X, )}

>1-¢
N (Qq (TtXZn_l), TtX, t) S max {N (Qq (TtX2n_1), Tt (Qq X2n_1), UZ), N (Tt (Qq X2n,1), TtX, t)}
<eg

for all n > n,,
Therefore [imN —> 90 qa (pty, =Tty
Using (d) with o = 1, we have
M(P® (S%zn), Q (Tzn-1), K t) = Min{M (S° (S° Xzp), T' (T" Xan1), ), M (P° (San), S°(S° Xon), 1),

M )(Q‘; }(T‘XZn.l),T‘(T‘ Xon-1), £), M (PP (S%zn), T'(T" Xon-1), 1), M (Q" (TXama), S° (S°
Xon), t

|\T(Pp (S%an), QY (TXzn.1), K t) <Max { N (S° (S Xzn), T' (T" X2n-2), £), N (PP (S*X2n), S°(S® Xan), 1),

N ()Qq)grtXZn-l): T (T Xana), £, N (PP (S%zn), TH(T Xant), ), N Q% (TXzna), S (S°
Xon), t

Taking limit as 1 — 90 and Using above results,
M (S%, Tx K1) = min {M (S, T, t), M (S, S, ) M (T, Ty, 1),
M (S°, Ty 1), M (T, S, )}
> M(Sy Ty 1)
N (S’ T'y, K) < Max {N (S% T'y, 1), N (S, S 1), N (T, T'y, 1),
N (S T 1), N (T, S )}
< N(S% Ty b).
which implies  S% = Ty
Now from (d) with o = 1,
M (PPy, Q% (T'Xzn), k ) = min { M (S T' (Tna), 1), M (PPx S, 1),
M (Q" (T%zn1), T' (TXana), 1), M (Py, T (Tzn0), 1), M (Q (T%z02), S 1)}
N (PPy, Q% (T%an), k ) <max { N (S T' (Tzna), 1), N (P’ S% 1),
NQ* (Tan1), T' (TXan), 1), N (PP T' (TXzna), 1), N (Q (TXzna), Sk D}
Taking the limit as 1 — 90 and using above results
M(P’y, T'x, K ) =2 min{M (T'y Ty t), M(P’x Ty, t), M(T'y, T'y 1), M(P" T 1), M(T'x T'y )},
>M (PP Ty, 1)
NP’y T'y, k t)<max {N(T'y, T'y, t), N(P", T, t), N(T'x Ty ), N(PPy, T, ), N(T' T'y, )}
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< N(PPy, Ty, 1)
Which implies PPy = T' . Also since
M (prl Q%, K t)>M (P, Q, t), N (P%, QqX, kt) <N (PP, qu, )
Hence PPy = cax. Therefore P’y = Q% = S% =T},
Furthermore using (d) with o = 1, we have
M (PPy 20, Q% K t) 2 min { M (San, T'y, ), M (PPxan, San, 1), M (Qy, Ty 1),
M (Pp)(Zny Tt)(, t), M (Qq)(r SSme t)}
N (PPyan, Q% K 1) <max { N (San, T, 1), N (PPyan, S'yan 1), N (Qy Ty, 1),
N (PpXZm Tth t)! N (QqX1 SSXZI‘H t)}
Taking limitas 1 —> 0 we have
M(X, QqX’ Kt) 2 l’l’lln{M (X, Qle t), M(X, Qqu t)v M (Qq X, Qqu t)v M (X! QqX! t)v M (Qqu X, t)}
2 M (X, Qle t)x
N (x, Q%, K't) < max { N (x, Q%, 1), N (x, Q%, t), N (Q%, Q%, 1), N(x, Q%, 1), N (Q%, x, )}
< N (x, Q% 1).
Which implies x = Q%
Therefore x = Q% =P, =S% =T
That is, x is a common fixed point of P?, Q% S*and T". Let z be another common fixed point of maps. Then from
(d)witha=1
M (pPy, Q%z, k) > Min { M (S T', 1), M (PPy, S, 1), M (Q%, T', 1),
M (P’ T'z, 1), M (Q%, S°, )}
>Min {M (x,z, 1), M (X, x, 1), M (z, Z, ), M (X, 2, 1), M (z, x, 1) }
>M (X, z,t)
N (PP, Q% K1) <Max{N (S Tz 1), N (P, S, 1), N(Q% T 1),
N (Pva Tth t)’ N (Qq21 Ss)(! t)}
Max{N (X, z,1), N (X, x,t), N(z,z,t), N(x, 2, 1), N(z,x, 1) }
N (x,z,1)
Which implies X=Z.
Hence x is a unique common fixed point of maps.
Third, we prove that this point x is a common fixed point of P, Q, Sand T.
Since Py =P (P"y) = P (Py) and Py =P (S°) = S° (Py)
from (@), hence Py is a common fixed point of P” and S°. Also since Qy = Q (Q%) = Q" (Qy) and Qy — Q (T'y) =
T (Qy) from (a), hence Qy is a common fixed point of Q% and T'. Now letting x = Py and y = Qy and a=1 in (d),
we have M (Px, Q, Kt) =M (P° (Py), Q% (Qy), K1)
> Min {M (S° (Py), T' (Qx), t), M(PP(P,), S* (P, 1),
M(Q7(Q), T (Q), ), M(PP(P,), T' (Q), 1), M (Q% (Q), S (P,). 1) }
= Mln {M (Px, QX! t), M (PXv PX! t)r M (QX! QX! t)v M (PXI QX! t)! M (QX! PX! t)}
EM (Px, QX! t)
N (P, Qx k1) =N (P (P,), Q" (Qy), K1)
> Max {N (S® (Py), T: (Q: 1), N (P” (Py), S° (Po), 1), N (Q% (Q), T' (Q)), 1),
N (PP(Py), T'(Q), 1), N (Q7(Q), S* (P, 1) }
= MaX{N (Px, QX! t), N (PXv PXv t), N (QX1 QX1 t)v N (PXI QX! t)! N (QX! PX! t)}
2 N (PXI QX! t)
Therefore P, = Q, .
Also from (d) with o = 1, we have
M (Sx T KB) =M (S°(S)), T' (T, KY)
>Min{M (S° (S,), T' (T, ), M (P° (Sy), S° (Sx), 1), M (Q (T, T' (T, 1),
M (Pp (SX)I Tt (TX)v t)v M (Qq (TX)! SS (SX)I t)}
= Min{M (S, Ty, t), M (Sy, Sy, 1), M (Ty, Ty, 1), M (Sy, Ty, ), M (T, S, 1) 3
2 M (SXl TX! t)
N (Sx Tx K) =N (S°(S), T' (Ty), K1)
<Max {N (S° (Sx), T' (Tx), t), N (P (S,), S° (Sy), t), N (Q (T,), T' (T, ),
N (PP (Sy), T (T, 1), N (Q* (Tss,), S°(S,), ) }
= Max {N (Sy, Tx, 1), N (Sx, Sx, t), N (Ty, T, ), N (Sy, Ty, 1), N (T, Sy, 1) }

<
<
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>N (S, Ty 1)

Therefore, Sx = Tx . Since x is a unique common fixed point of P?, Q% S°, T'. Hence Px = Qx is a common
fixed points of PP, S* and Sx = Tx is a common fixed points of Q% T'. Hence x = Px = Qx = Sx = Tx. That is, X is
common fixed point of P, Q, Sand T.
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