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Abstract: As generalization of the fractional Cosine transform (FRCT), the Canonical Cosine Transform
(CCT) has been used in several areas, including optical analysis and signal processing. For practical purpose
half canonical cosine transform is more useful. Hence in this paper we have proved some important results
Differentiation property, Modulation property, Scaling property, Derivative property, Parseval’s Identity for
half canonical cosine transform (HCCT).
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l. Introduction:

The idea of the fractional powers of Fourier operator appeared in mathematical literature as early in
1930. It has been rediscovered in quantum mechanics by Namias [5]. He had given a systematic method for the
development of fractional integral transforms by means of Eigenvalues. Later on numbers of integral transforms
are extended in its fractional domain. For examples Almeida [ 2 ] had studied fractional Fourier transform, Akay
[1] developed fractional Mellin transform, Sontakke, Gudadhe [8] studied number of property of fractional
Hartley transform, Gudadhe, Joshi[3] studied number of property of generalized canonical cosine transform etc.
These fractional transforms found number of applications in signal processing, image processing, quantum
mechanics etc.

Recently further generalization of fractional Fourier transform known as linear canonical transform was
introduced by Moshinsky [ 4 ] in 1971. Pei, Ding [5] had studied its eigen value aspect.
Linear canonical transform is a three parameter linear integral transform which has several special cases as
fractional Fourier transform, Fresnel transform, Chirp transform etc. Linear canonical transform is defined as,

= e Lamy? .
[LCTF (t)](s) = /2—1bj ez(b) 2™ gt () o, for b0
m —00
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Where a, b, ¢, and d are real parameters independent on s and t.
Pei and Ding [6] had defined canonical cosine transform (CCT) as

[CCTF (O](s) = /ﬁl-b - Te;[bjsz o) -cos(ts)tj f(t) dt,

1. Testing Function Space & :
An infinitely differentiable complex valued function ¢ on R" belongs to & (R"), if for each compact

set, | =S, where SO[ ={t:e Rn, ‘t‘ <a,a>0} andfor K eR",
sup, .
7§1k¢(t)=tel‘D #(t)| < 0.

1. Half Canonical Cosine Transform:
2.1 Definition:
The Generalized Half Canonical Cosine Transform f € fl(R”) can be defined by,

{HCCT f (O} (5) = < f(t), K nc (t, s) > where,
i a
t

s A s
K|_|C(t,s)=\/;-e2 b e co{gt]
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Hence the generalized half canonical cosine transform of T € 51(Rn) can be defined by,

{ HCCTE (t) Is) = \F jcos( jeéﬂilzf(t) dt,

Since the range of integration for the half canonical cosine transform is just [ 0, o ] and not for
(-0, 0) using half canonical cosine transform is more convenient than using the canonical transform to deal
with the even function.

2.1.1 Inversion theorem for Half Canonical Cosine Transform:
If {HCCT f(t)}(s) half canonlcal cosine transform of f(t) is given by,

(HCCT (1)} (s) - / j cos( t] )P 2.1.1)
then £ (t) \r je 9 cos( j{HCCTf(t)}(s) ........... (2.1.2)

Proof: The half canonlcal cosine transform of f(t) is given by

{HCCT @)} (s) = / j cos(ts)tj elo) (1) dt
F.(s)= /i eﬁs jeE (6)° cos( jtf(t)dt
HC - ) b
Frc (s)\r 2 I %7 f(t) cos(b Jdt

~.C,(s) =I g(t) -cos(btjdt
where, C, (s) = F,. (S)E.e_;[ijsz and g(t)= ei(g)tz - (1).
0 S o0
C,(s) = j 9(t)-cos(: 1) dt = j g(t)-cos(it) dn.
0 0

S 1
—|=n,.dp==ds
(2)-nan-

By using inverse formula,  q(t) = 'fcl (s)-cos(nt) dn
0

ifa),e o —ifd)
ef[Bj -f(t):jF(s) \/@e ls) -cos(nt) dn
f(t)=e g jFHC(s) \/7 2 cos(i7t) d.
f(t):e_;[z]tzze_lz[b]SQ @ Fic (s)cos(b jbds
f(t):elz(zjtz\/g Ielz[bjs2 cos[;tj F,c (s)ds

f(t)=\/% .e’é[s}“ Iei(bjsz cog(%t]{HCCTf(t)}(s).ds

where,
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1. Some Operational Results
3.1.1 Differentiation property of half canonical cosine transformations:
If {HCCT f(t)}(s) denotes generalized half canonical cosine transform of f(t), then

{HCeT (1 @)fs) =i ( j{HCST f(O)}s) - {bj {HCCT t.f (t) )(s)

Proof: We have,

{HCCT f1(t)}(s) =\/ze;[b]527 e2l)”. cos[b j F1(t)dt

0
By integration by parts, we get,

{HCeT fl(t)}(s)\/gei[zjsz{{e;(bt cos( jf(t)} h gt[e;(;)a cos(;tn-zfl(t)dt”
_ ;b.eiz[ijsz{m-I {{—sin[itﬂ.(;je;@tz +cos(gtj% (e;@‘zj}f(t)dt}

_ % .e%[%lsz {_I {_e;[:]tz Sin(;t}[;jﬂos(ztj .eé[gj‘z .;(ij] f(t)dt}
:i{\/z@j(—i)ze;[ y sm( ]f(t)dt \f ( Ife; (b cos( j(tf(t))dt}

{HCCT (f l(t))}(s) = |( ){HCST f ()}(s) —|(bj {HCCT t.f (t)}(s)

3.1.2 Modulation property of half canonical cosine transform:
If {HCCT f(t)} (s) denotes generalized half canonical cosine transform of f(t) then,

i
—— (db)z?
2" ](s+bz

{HCCT cos zt.f (t) }(s) == o [HeeT f(t),eidsz](s—bm)}

{[HCCT f(t)-e

Proof: We have,

{HCCT cos zt.f (t)}(s) = \/7 ! w I z cos[;tj.cos zt- f(t) dt

{HCCT cos zt.f (t)}(s) = ,/ ) gcos[itj-cos 2t- £ (t) dit

{HCCT cos zt.f (t)}(s) —\/7 ’ Tel a (cos[ + z)t+cos(b—z) j f(t) dt

e%[:jtze 28 seoar g-itstg 2™ cos(tsJ + th- f(t)dt+
e%[;)tz elz[ j(s bz)* el idsz e Z(db)z2 COS(; - ZJt-- f (t) dt
¥ o s o1,

|
0

2 Te;@tz e%[%)(m)z cos(S —bbz jt.eidSZ f(t)dt
0

{HCCT cos zt.f (t)}(s) =

J
- 0
0

{HCCT cos zt. f ()}(s) = =

-i(db)zz

{HCCT cos zt.f(t)}(s):ezz{[HCCT f(t)-e“sz](s%:)zp [HceT f(t)_e_msz](s—sz)}

3.1.3 If {HCCT f(t)} (s) denotes generalized half canonical cosine transform of f(t) then,
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- (d b)z*

{HCCT sin 2t.f (1) )(s) = (-i) ](Lbbz

{[HCST f(t)-e o )—[HeCsT (t).e““](s_bbz)}

Proof: We have,

{HCCT sin zt.f (t)}(s) = / o cos(;tj sin zt- f (t) dt
{HCCT sin zt.f (t)}(s) = 1/ gcos(gtj-sin zt- f(t)dt
{HCCT sin zt.f (t)}(s) ==, /ieE[E)S jez(bjt .(sin(E + zjt —sin(E — zjtj f(t)dt
7ib : b b
1 Wb I e g g 2 si”(;Jr th. f(t)dt
{HCCT sin zt.f (t)}(s) == )
2 e tz l g (s—bz)z o Hapye? S
—w/fj.ez b e2 b g% e 2 sin(b—zjt..f(t)dt
t2 ' (s+bz) . (s+bz i
¥ dp)22 t.e ' f(t)dt
e (db) I)W/ Ie sm( 5 J e (t)
E (i) j (e il [ szt SRIOL
— (i g2 cos e
b

e
{HCCTsinzt.f ()}(s) =(_I)e2{[HCST f(t)- e-'dSZ](S*; by _ [HesT f(t)_eidszks;bz)}

{HCCT sin zt.f (t)}(s) =

3.1.4  Scaling property of half canonical cosine transform:
If {HCCT f(t)}(s) denotes generalized half canonical cosine transform, then,

{HCCT [ (kt)]}(s) = % L) [HCCT{ f(t) ) H(bik)

Proof: We have,

{HCCT f (kt)}(s) :\/Z-e;[bjsz]ge;[z t cos(b ) f (kt)dt

Putting, kt=T = dt = idT

- i_ez[bjse I[ ] ZTEI s "I(aJTzeI[bijz.cos(bsij f(r)d%

LR 2 SR o e Mfm & @éﬂfﬂdt
{HCCT[f(kt)]}(s)_—( Jeli) [HCCT{f(t)-e[k_lj;baktz}](ﬁ)

3.1.5 Derivative property of half canonical cosine transform:
If {HCCT f(t)}(s) denotes generalized half canonical cosine transform, then,
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%[{HCSTf }s)]= i{s.(g)(HCCTf OHOE %{HCST[t. f (t)]}(s)}

Proof: We have,

%{HCCT f(t)}(s)zjs{ ;.eéﬁb}“feé(ijtz cos(;tJ f(t)dt}

4 gucer 1op9- 2 Ie;(z% ;S[ei[ij“.co{;tj Jf(t)dt
i} Jg Ie;[:}z [_(;JGLKU*,Sin(;t)ﬂ(i}s_e;(ilsz COS(;tJ]f(t)dt
Z Ie;(zlﬂ{—il& eiz(ﬁ]“.sm[;t){‘;)s.eiﬂ?)* o tnm)dt
e 5 om0 ol
~ i Z[HCST f (OTHO) + s{%}{HCCTf (O}s)
HCSTRO}O)]- i{s.[‘;jmccw (1)~ {HCSTL (t)]}(s)}

V. Parseval’s Identity for half canonical cosine transform:
If f(t) and g(t) are the inversion canonical half cosine transform of Fic(S) and Gpc(S) respectively, then (1)

[f®).00) dt :(—i)% [Fuc(9)Guc(s) ds and @ [ (1) " dt = (—i)% [IFuc(s) " ds
0 0 0 0

Proof: By definition of HCCT_, _

{HCCT g(®)}(s) = \/g'ez[bjsz Iez[bjtz cos(;tj'g(t) dt

Using the inversion formula of HCCT

g(t) = \/g.elz(bjlz Te;[b] ! cos(;tj G (s)ds

Taking complex conjugate we get,

@ = \/;Zi-elz(thZ Ie;[b)sz cos(%tj G, (s) ds
I f(t).9(0) dt = I f (t)d{ - Zﬂb ) Teé(bjsz cos[%tj G (s) dsJ

0
Changing the order of integration, we get,

If(t).g(t) dt = ,/-;’;IGHC B) ds\/%[\/z J26)e IeZ(b]SZ cos(;tj f(t)dtj
7ib
[f®.90) dt= (—i)% [Grc(5) Fuc (s)ds

T f(t).g(0) dt = (—i)% T F..(5).Ge (5) ds
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Hence proved
(ii) Putting f (t) = g(t) in equation (4.1.2), we get

o0

[1f® [ dt=(—i)%I|FHC(s) ” ds

Table for half canonical cosine transform

S.N Frc(s)
f(t)

.[S [ a
£1(t) "(Bj {HCST f(t)}s)—i (Bj {HCCT t.f (t)}(s)

2 L (ab)e?
coszt.f(t) | e 2

3 ] —i(db)zz
sin zt. f (t) . e?

(=) {[HCST f(t) -e“"“](s+—bbz) —[HesT (1) ~e‘d52](%)}

4 1)i(d).. La)2)e
f (kt) [ e f(t)-e["jz[ka (ﬁ)

V. Conclusion:
In this paper, brief introduction of the generalized half canonical cosine transform are given and its

Inversion theorem for half canonical cosine, Differentiation property, Modulation property, Parseval’s Identity,
Scaling property, Derivative property for half canonical cosine transform obtained which will be useful in
solving differential equations occurring in signal processing and many other branches of engineering.
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