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Abstract : We define the primal and dual linear programming problems involving interval numbers as the way
of traditional linear programming problems. We discuss the solution concepts of primal and dual linear
programming problems involving interval numbers without converting them to classical linear programming
problems. By introducing new arithmetic operations between interval numbers, we prove the weak and strong
duality theorems. Complementary slackness theorem is also proved. A numerical example is provided to
illustrate the theory developed in this paper.
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l. INTRODUCTION

Linear programming is a most widely and successfully used decision tool in the quantitative analysis of
practical problems where rational decisions have to be made. In order to solve a Linear Programming Problem,
the decision parameters of the model must be fixed at crisp values. But to model real-life problems and perform
computations we must deal with uncertainty and inexactness. These uncertainty and inexactness are due to
measurement inaccuracy, simplification of physical models, variations of the parameters of the system,
computational errors etc. Interval analysis is an efficient and reliable tool that allows us to handle such problems
effectively.

Linear programming problems with interval coefficients have been studied by several authors, such as
Atanu Sengupta et al. [2, 3], Bitran [5], Chanas and Kuchta [6], Nakahara et al. [20], Steuer [26] and Tong
Shaocheng [31]. Numerous methods for comparison of interval numbers can be found as in Atanu Sengupta and
Tapan Kumar Pal [2, 3], Ganesan and Veeramani [8, 9] etc.

By taking maximum value range and minimum value range inequalities as constraint conditions, Tong
Shaocheng [31] reduced the interval linear programming problem in to two classical linear programming
problems and obtained an optimal interval solution to it. Ramesh and Ganesan [24] proposed a method for
solving interval number linear programming problems without converting them to classical linear programming
problems.

The duality theory for inexact linear programming problems was proposed by Soyster [27-29] and
Thuente [30]. Falk [7] provided some properties on this problem. However, Pomerol [23] pointed out some
drawbacks of Soyster’s results and provided some mild conditions to improve them. Masahiro Inuiguchia [14]
et al has studied the duality of interval number linear programming problems through fuzzy linear programming
problems. Bector and Chandra [4] introduced a pair of linear primal-dual problems under fuzzy environment
and established the duality relationship between them. Hsien-Chung Wu [12,13] introduced the concept of
scalar product for closed intervals in the objective and inequality constraints of the primal and dual linear
programming problems with interval numbers. He introduced a solution concept that is essentially similar to the
notion of nondominated solution in multiobjective programming problems by imposing a partial ordering on the
set of all closed intervals. He then proved the weak and strong duality theorems for linear programming
problems with interval numbers. Rohn [25] also discussed the duality in a interval linear programming problem
with real-valued objective function. In this paper, we attempt to develop the duality theory for interval linear
programming problems without converting them to classical linear programming problems.

The rest of this paper is organised as follows: In section 2, we recall the definitions of interval number
linear programming, interval numbers and some related results of interval arithmetic on them. In section 3, we
define the interval number primal and dual linear programming problems as the way of traditional linear
programming problems. We then prove the weak and strong duality theorems. Complementary Slackness
theorem is also proved. In section 4, a numerical example is provided to illustrate the theory developed in this
paper.

Il. PRELIMINARIES
The aim of this section is to present some notations, notions and results which are of useful in our further
consideration.
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Let IR={&=[a,,a,]:a,<a,anda;,,a,eR} be the set of all proper intervals and

IR={a= [a,,a,]:a, >a, anda,, a, € R}be the set of all improper intervals on the real lineR. If a=a, =a, =a,
then a=[a, a]=a is a real number (or a degenerate interval). We shall use the terms “interval” and “interval
number” interchangeably. The mid-point and width (or half-width) of an interval number are defined as

The mid-point and width (or half-width) of an interval number & =[a,, a,] are defined as m(d) = (Lzazj and

w(é):(%j. The interval number &can also be expressed in terms of its midpoint and width as
d=[a,,a,]= (m(a), w()).

2.1. A New Interval Arithmetic

Ming Ma etal.[18] have proposed a new fuzzy arithmetic based upon both location index and
fuzziness index function . The location index number is taken in the ordinary arithmetic, whereas the
fuzziness index functions are considered to follow the lattice rule which are the least upper bound and
greatest lower bound in the lattice L. That is for a,b e L we define av b =max{a,b} and a Ab =min{a,b}.
For any two intervals a=[a,, a,], 6=[b1, b,]€IR and for*e{+,—,-,+}, the arithmetic operations on dand b
are defined as:
a*b=[a, a,]*[b,, b,1= (m(@),w(@))*(m(B),w(B)) = (m(@) *m(B), max {w(@),w(B)}).
In particular
(i). Addition:a+ b= <m(§),w(é)>+<m(6),w(6)> = <m(a)+m(6), max{w(é),w(B)}>.
(ii). Subtraction:a-b= <m(é),w(é)>—<m(6),w(6)> :<m(a)—m(6), max{w(a),w(B)}>.
(iv). Multiplication :ax b = (m(@), w(&))x(m(b), w(B)) = <m(€1)xm(5), max{w(é),w(B)}>.
(v). Division:a+b= <m(é),w(é)>+<m(6),w(6)> =<m(é) +m(6),max{w(é),w(6)}>, provided m(b) # 0.

1. Main Results

Now we are in a position to prove interval analogue of some important relationships between the
primal and dual linear programming problems. We consider the primal and dual linear programming problems
involving interval numbers as follows:

Consider the following linear programming problem involving interval numbers

P) maxz ~ i C;X;
=1
subjectto ¥ &,X; < b, i=1,2,3..m (3.1)
=
andX;=0forallj=12,3,.......,n,

where &, &,%;,b, €IR,i=1,2,3,.....m and j=1,2,3,......n.

We call the above problem (P) as the primal interval linear programming problem, and it can be
rewritten as

(P) max Z~&X subjectto AX < b and %0, (3.2)

~ L - Let
where A, b, & X are (mxn), (mx1), (Ixn),(nx1) matrices involving interval numbers. ¢

X={%=(%,X,%;....X,): AX=< b, X =0} be the feasible region of problem (3.1). We say that X'is a

feasible solution to the primal problem (3.1), if X" € X . A feasible solution X" € X is said to be
an optimum solution to the primal problem (3.1), & =&k for allxeX, where

Now we consider the following linear programming problem involving interval numbers:
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(D) minw ~ ' b,9,
i=1
subject to i y =€, i=1,23..n
dj/ foralli=123,........m, (33)
where a;, C;, X. EIRI 1,2,3,.....m and j=1,2,3,.......,n

ij? jr e M
We call the above problem (D) or (3.3) as the dual interval linear programming problem of the primal
problem (P), and it can be rewritten as

(D) min W ~by subjectto Ay = & and y>0, (3.4)
where A b, & ¢ are (mxn), (1xm), (nx 1), (m x 1) matrices involving interval numbers.
Let Y={y=(§/l, Vor Voo o V) AV =G, ¥ = f)} be the feasible region of problem (3.3). We say that §*is a

feasible solution to the dual problem (3.3), if §¥" Y. A feasible solutiony* €Y is said to be an optimum

solution to the dual (3.3) if by’ < by for ally Y, where by = Zb ¥, =b,y, +b,9,+b,y,+---+b,y, and

b=(b.b,b,.....b,).

Standard Form:
For the general study, we convert the given interval number linear programming problem into its standard form

as max Z~&xX subjectto Ax~ b and %>0, where A b,¢& x are (mx n), (mx1), (1xn), (\x1) matrices
consisting of interval numbers.

Definition 3.1. Let X = (X;,X,,X5,..,X,) solves Ax~ b. Ifall X; =[-a;,0;] for somea; >0, then X is said to be
a basic solution. If )”(l-ae[—aj,aj for some ; >0, thenx has some non-zero components,
say X, X, X; ...... X, , 1<k <n. Then Ax~ b can be written as:

6~l1)~(1 +é2$(2 +é3)~(3 +"'+ékf(k +ak+1[-Bk+l’Bk+l]+ék+2[_Bk+2’Bk+2]+“'+én[_Bn’Bn] ~b
If the columns &,,4&,,3,,...,8, corresponding to these non-zero components X,, X,, X,,.....,X, are linearly
independent, then X is said to be a basic solution.

Remark 3.1. Given a system of m simultaneous linear equations involving interval numbers in n unknowns
(m<n) Ax~Db,belR™, where A is an (mx n) interval matrix and rank of A is m. Let B be any (mx m)

interval matrix formed by m linearly independent columns of A .

Let X, =B™0=(%,,%,,%;...%,)" or simply %5 =B"D=(%,%,,%,...%,) and X=(%,%,,%,,...%,,,0,0,...,0) is
a basic solution. In this case, we also say that X; is a basic solution.

Theorem 3.1. Consider AX~ b. where A= @)man» & €IR. Then X = B'D is a solution of A~ b.
Theorem 3. 2 (Weak duality theorem) If X =(%,,X,,%,,...,X,) is any feasible solution to the primal interval
linear programming problem (3.1) and y:(yl, Voo ¥au oo o ym) is any feasible solution to the dual interval

linear programming problem (3.3), then &x < by or iéjf(j =< %Biyi.
j=L i=1

Proof. Since x is a feasible solution to the primal interval linear programming problem (3.1), we have

iax < b, % >=0i=123"-,m

%( (8))(m(%) w(x,)) < (m(B).w(B,)), % =0 =123 - m

Multiplying the i" (i = 1, 2,3, -+, m) primal constraint by ¥, =(m(¥;),w(¥;))and adding we have
§<m(éu)’w(éij)><m(ij)'W(XJ)><m(y) w(y,)) < < 5 > (m(3),w(y,)), i=123: -, m
5 5 (m(a,).w(,)){m(x,)w(%;))(m(5:).w(5,)) §< <6 Jow(B,))(m(5,) w(y.>>

2 2(m(a,).w(a,))(m(%,).w(,))(m(s,).w(5,)) < 255, ~By. @5)
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Multiplying the j" (j=1,2,3,...,n) dual constraint by %, = <m(>?j),w($<j)> and adding we have

i%a”yixj = &%, j=1,2,3,..,n

> (m(a,).wi(a, ))(m(3).w(s))(m(%, ) w(x,)) = (). w(e))(m(x,). w(x,)), §=1.2.3..n
,21 2 (m(a) w(a, ) (m(z.). w(s, ><m()?j),w(>?j)>§§<m(6j),w(6j) (m(x;).w(%))

& $ (e, o) (55 (5, w(5) = & (e o, ()

,_gl §1<m(5u)'w(au)><m(f’i)’W(i’i (m(%;).w(,)) = éé,&(j —&%. (3.6)

5 (m(e,).w(,))(m(%,)w(%;)) < & %(m(3,

=1 i=1 j

Proposition 3.1. Suppose thatX" = (X,,X,,%s,...,X,)) and §* =(yl, Voo Vg o0 ym) are feasible solutions to
the primal (3.1) and the dual (3.3) respectively, such that & ~by", then X" and ¥" are optimal solutions to
the primal and dual problems respectively.

Proof. Let &X" ~ by*. From the weak duality theorem, we have &%" ~by* > &x for all xe X = & > &x for
all xeX. Similarly, by" ~&" forall ¥* =(¥,, ¥,, ¥a -+, V)€Y = by <by forall y" e.
Proposition 3.2. Iféx~by, then there exist X" eXand ¥ eYsuch that &X*>=¢cxfor all
% e Xand by* < by for all y* Y. Thatis X" is an optimum solution to the primal problem (3.1) and ¥* an
optimum solution to the dual problem (3. 3).

Proof. Since &X—by=~0,there exist XeXand §*eYsuch that &X
immediately from proposition (3.1).

~ by*. Then the results follow

Theorem 3. 3 (Strong duality theorem)

If X=(X,%,,%;,...X,)is an optimal solution to the primal problem (3.1), then there exit a feasible
solution ¥ = (¥,, Y5, ¥s,-..¥,,) tothe dual problem (3.3) such that & ~ by.
Proof: We convert the primal problem (3.1) to its standard form by adding slack variables as follows:

maxZ ~ ¢, subjectto Y&, +X,, ~b;, i=12,..,m and ;> 0 (3.8)
= j=1

forall j=12,..,n, n+1,..,n+m, where X_,; are slack variables.

That is max Z~&x subjectto Ax~b and %X =0, (3.9)
where A, b, €& % are (mx (n + m)), (mx1), @x(n+m)), (n+m)x1) matrices consisting of interval
numbers. Let %, =B"Db is an optimal basic feasible solution to (3.8), where B is the corresponding basis

matrix, €z is the cost vector corresponding to X;. We know that Z; = C.¥; so thatij =I§’1éj.
B, for j=1,2,3,..n.

Also (Z.-€) = (Eg¥.-C.) = _ -
P B (€;B7€,-0), for j=n+L,n+2,n+3,..,n+m

Since X, =B™b is an optimal basic feasible solution to (3.8), we have (z;—¢;) =0 for all j. So that
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1 ~

fos]]
I

(z;-¢) » 0 = (c;B"a,-¢) = 0 and (€,B7'¢;-0) =0.
= (g B'a (":)56 d &B* » 0 = (€;B"A-¢;) » 0 and ¢;B* » 0.
:CB'A ¢ and € B > 0.

Suppose that § = (”:B ! then § = 0and ¢,B" 'A-E=JA =& = Ay - & = V is a feasible solution to the dual.
Also by =yb =¢,B™b =¢,B ~ &%, when ever % is an optimal solution to the primal (3.8). Hence &% ~ by.
Theorem 3.4. (Complementary Slackness theorem)

If X" =(%,%X,,%5,..,%,) is a feasible solution to the primal (3.1) and ¥y =()71, Voo Vg o0 ym) is a
feasible solution to the dual (3.3), then they must satisfy the so-called complementary slackness conditions:

(i). If ¥ =0, then Z&,J~T~b (ii). Zé %: < b, then ¥’ ~0.

i
(iii). If ~*>0 then Za”yI ~C;. (|v) If Za.,Y. - C;, then Xj ~0.

~

Proof. If X* is a feasible solution to the primal (3.1) and y* is a feasible solution to the dual (3.3), then from

o*

the strong duality theorem %" is an optimal solution to the primal (3.1) and ¥ is an optimal solution to the dual
(3.3) such that from equation (3.7), we have

ééij ~ gl Eéijf(’;y;* ~ i%fh??-
i.e Jzn::l<m((~3j), W(CJ—)> <m()~(j), W()~(J)> g‘i §<m(éij), W(é’ij)><m()~(]f), W(XT)><m()~/T), W(y;")> Now
= 2(m(B). w(B)) (), w(yi)) (3.10).

i=1

from equation (3.10), we have

m

= >3 (m@,), w@))(mx;), wE) ) m;), w) ~ X (m,), wb, )><m(vr>,w(yz‘)>.

i=1j=i i=:

U
MB

m

i(m(au) w(@;))(mx}), wig)) (), wi:)) -2 (m,), (b, >><m(y) w(y))) ~0
((m@,), w@))(m&;), wix;)))-(me,), w(bd )>}< 57, W)
(m

Il
-

U
M3
M:

T
N
T

:{%(( @), w(a,,) m(x) W(X] )>) m(b) w(b) } v, W(y)

= 3((m(@,). w(@){mei). wis)))~(m(6), (b)) ~0 (on) <m(yi),w(yf)>z
= 3 (m@,), w(@))(m;), wg) = (m,), w)) ©n) (M), wy;))=
Dgéijf(] ~b, (or) § =0

So, (i) if §;~0, then 3.a,% ~b,and (ii) if %&% <bj, then ¥~

That |s§ §<m(au) w(@) ) (m(;), w(g))(m(g), w(;)) = §<m(c) w(E)) (m(x;), wig)))
= 5 3:(m@), w(E) (M), (i) ) (m(g), w)) - (me). i) (), wiss)) =0

So (iii). If x>0, then Y&,§ ~¢, and (iv). If 24,9 > ¢, then X ~0.
i=1 i=1
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V. Numerical Examples
Example 4.1. Consider the following interval number linear programming problem:
P) Max z =[29, 31], +[22, 24]X, +[28,30]X,
subject to constraints 6%, + 5%, + 3%, <[25,27] (4.1)
4%, +2X, +5%X, < [6,8]
We  call

and X;,X,,X;> 0.
the above problem as the

primal problem. Then the corresponding dual problem is given by

(D) Minw =~ [25, 271y, +[6,8]y,
subject to constraints 6y, +4y,> [29,31] 4.9
5, +27,> [22,24] (42)
3y, +5Y, > [28,30]
and §,, ¥, 0.

(i). Optimal solution to the primal interval number linear programming problem:
Let us apply the interval version of simplex algorithm and the new interval arithmetic to solve the primal
problem. The standard form of the given primal interval number linear programming problem based upon both
location index (mid point) and fuzziness index function (width) as:

Max Z z<30,l> X, + <23,1>>”(2 + <29,1>>~<3 +05, +05,

subject toconstraints 6%, +5%, + 3%, +3, +05, ~( 26,1)

4%, + 2%, +5%, +05, +5, ~(7,1)
and  %,,%,,%,5,5, 0.

Initial iteration: Initial basic feasible solution is given by §, =(26,1), 5, =(7,1).
0

¢, (30,1)  (23,1) (291 0
EB yB )?B )?1 XZ )?3 Sl §2 0
0 5 (260) 6 5 3 1 0 (4331)
0 3 (7.1) (4) 2 5 0 (L.75.0
Z, 0 0 0 0 0
(Z;-€) (-30,1) (-231) (-291) O O

Since (Z;-C;) < 0, for some j, the current basic feasible solution is not Optimal.
First iteration: Here §, leaves the basis and X, enters in to the basis

¢, (30,1) (231)  (29.) 0 0
6B yB )?B )~(l )?2 )?3 §1 §2 6
0 § (1551) 0 2 -4.5 1 15 (7.75,1)
(30,1) %, (L752) 1 0.5 1.25 0 025  (351)
Z, (30,1) (151) (3751) (0,0) (7.51)

z;-¢) (0,0) (-81) (851) (0,0) (7.51)
Since (Z;-C;) < 0, for some j, the current basic feasible solution is not Optimal.
The improved basic feasible solution is given by §, =(15.5,1), %, = (1.75,1).
Second iteration: Here X, leaves the basis and X, enters in to the basis

¢ (30,1) (231) (29.3) 0 0
EB ya )~(B )~(1 )~(2 )~(3 §1 §2 0
0 5, (851 -4 0 -9.5 1 -2.5
(231) %, (351) 2 1 25 0 05
Z, (46,1) (231) (57,1) (0,0) (1151

Z;-¢) (161) (0,00 (2851) (0,0) (1151)
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Since (Zj-éj)gf) for all j, the current basic feasible solution is optimal. The optimal solution
is§, =(8.5,1), X, =(3.5,1) and maxZ =(80.5,1).

Hence the optimal solution for the given primal interval number linear programming problem is
X, =[0,0], x, =[2.5,4.5] and maxZ =[79.5,81.5].

(ii). Optimal solution to the dual interval number linear programming problem:
The standard form of the given dual interval number linear programming problem based upon both location
index (mid point) and fuzziness index function (width) as:

min W~ (26,1)¥, +(7,1)¥, + 03, + 05, +05; + MR, + MR, + MR,

subject to 6%, +4y, -5, +03, +03, +R, +0R, +0R, ~ (30,1)
5§, +2, +05, -§, + 05, +O0R, +R, +OR; ~ (23,1)
3§, +5¥, +05, +05, -5, +OR, +0R, + R, ~ (29,1)

(D)

and ¥,,9,.5,,5,8, -0

Initial iteration: Initial basic feasible solution is given by R, =(30,1), R, =(23,1)and R, =(29,1).
b, (26,1) (7.1) 0 0 0 M M M
éB ?B )~(B yl yz §1 §2 §3 é1 FNQZ Iia 0
M R, (30,1 6 4 14 0 0 1 0 0 (51
M R, (231) ) 2 0 -1 0 0 1 0 (461)
M R, (291) 3 5 0 0 -1 0 0 1 (9671
W 14M 1M M M M M M M
(W,-b,) (14M-26,1) (1IM-71) -M -M -M 0 0 0

Since (\ij—Bj) >0, for some j, the current basic feasible solution is not Optimal.

First iteration: Here R, leaves the basisand ¥, enters in to the basis

b, (261 (7,1) 0 0 0 M M
éB yB XB 371 yz §1 §z §3 Fél Ii2 0
M R (241) 0 1.0 -1 1.2 0 1 0 (151)
(261) §, (461 1 0.4 0 0 0 0 (1157)
M R, (1521) 0 38 0 0 40 1 (41)
W,  (261) (54M+1041) -M (18M-521) ‘M M M
(W,-b) (0,0)  (54+341) -M (18M-521) -M 0 0

Since (\ij—Bj) >0, for some j, the current basic feasible solution is not Optimal.
The improved basic feasible solution is given by R, =(2.4,1), ¥, =(4.6,1), R, =(15.2,1).

Second iteration: Here R, leaves the basis and ¥, enters in to the basis

b,  (261) (7.1) 0 0 0 M
G Ve o % A 5 5, $ Ry 0
(11 'y, (151 0 1 -0.62 0.75 0 0 ..
(261) 'y, (41 1 0 0.25 -0.5 0 (16,1)
M R, (951) 0 0 2.37 -2.25 -1 (4,1)

0
1
W, (261) (7.0) (237M+2121) (-225M-7.751) -M M
(W,-b;) (0,0) (0,0) (237M+2121) (-225M-7.751) -M 0O

Since (\ij—Bj) >0, for some j, the current basic feasible solution is not Optimal.
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The improved basic feasible solution is given by ¥, =(1.5,1), ¥, =(4,1), R, =(9.5,1).

Third iteration: Here R, leaves the basis and §, enters in to the basis

b, (26,1 (71) 0 0 0
EB yB )~(B yl 372 §1 §2 §3 0
(71 9, (43 0 1 0 0.16 -0.26
(261) 'y, (31) 1 0 0 -0.27 010  (2857,1)
(0,00 § (4,1) 0 0 1 094 042
W, (26,1) (7,) (0,0) (-591) (0.88,1)

(W,-b;) (0,0) (0,0) (0,0) (591) (0.881)
Since (\ij—Bj) >0, for some j, the current basic feasible solution is not Optimal.
The improved basic feasible solution is given by ¥, = (4,1),¥, =(3,1),5, = (4,1).
Fourth iteration: Here §, leaves the basis and §, enters in to the basis

b, (261) (711) 0 0 0
EB yB )~(B yl yz §1 §2 §3 0
(11) 'y, (11511) 250 1 0 -0.5 0
(0,0) 5 (2857,1) 952 0 0 -2.57 1
(0,0) 5  (16.02,1) 4 0 1 -2.02 0
W, (1751 (71) (0,0) (351 (0,0)

(W;-b,) (851 (0,0) (0,0) (351 (0,0)
Since (W, —Bj) <0, for all j, the current basic feasible solution is Optimal. The optimal solution is
Y, :<11.51,1>, 5 :<28.57,1>, 5 :<16.02,1> and minw = <80.5, 1).
Hence the optimal solution for the dual interval number linear programming problem is
y,=10.,0], ¥,=[10.5,12.5], ¥, =[0,0] and minw =[79.5, 81.5].
From the optimal solutions for the primal and dual interval number linear programming problem, we see that
Primal : maxz =[79.5, 81.5] and Dual: minw =[7%, 81.5].
Hence Primal : maxZ =[79.5, 81.5] = Dual: minw

We see that both primal and dual problems have optimal solutions and the two optimal values are equal. Also
both optimal solutions obey the strong duality theorem.

1. CONCLUSION

We introduced the notation of primal and dual linear programming problems involving interval
numbers as the way of traditional linear programming problems. We discuss the solution concepts of primal and
dual linear programming problems involving interval numbers without converting them to classical linear
programming problems. Under new arithmetic operations between interval numbers, we have proved the weak
and strong duality theorems. Complementary slackness theorem is also proved. These results will be useful for
post optimality analysis. A numerical example is provided to show that both primal and dual problems have
optimal solutions and the two optimal values are equal.
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