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On the Existence and uniqueness for solution of system Fractional
Differential Equations
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Abstract: In this paper we extend theorem of existence and uniqueness of fractional differential equations to n
system of fractional differential equations.

l. Introduction
Fractional differential equation is a generalization of ordinary differential equations and integrations to
arbitrary non integer order. For the past three centuries this subject has been dealt with by mathematicians and in
the last years this essential to under stand the solution of many application in various fields of sciences like
physics and engineering [1,2], chemistry and computer hard disc by control by [3,4], also nuclear energy science
by [5,6] and dynamic systems [7]. This study is deals with existence and uniqueness of solutions for n system of

fractional differential order equation of the form y(“) (X)=Af(y(x)) xe(a,o) with

-1
y(“ )(X)Z,U, u is some constant and |y(x)] <exp (o c*|x|)-constant, choosing A such that

-1
a
C
|/1| < e“((—j J and f(y(x)) be a continuous function on [a,»), 0<a<l, y be positive constant, gec[a,)
(94

such that |g(x)|<|x|[+c, x€[a,).

1. Preliminaries
In this section, we introduce notation, definitions and preliminary facts which are used through out this
paper.
Definition (2-1) ([8]): Let A={F:F:[a,0)xR"—R be continuous function}
Such that F(x,y)=(F1(X,y), F2(x,y), ..., Fa(X,y))", where y=(y1,Y,, ..., y») and T is the transpose of (Fy, Fa, ..., Fy).

175 0]

Let the norm ||-|| on A be defined by ‘

1

n 2
|F (y(x))| = Z(Fiz (y(x))) , provided that this norm exists for some y>0.

i=1

Definition (2.2) ([8]):
a- Let f be a lebesgue- measurable function define a-e on [a,b]. if a>0 then we define

1
I'(a)
b- If aeR, fis define a-e on [a,b], we define

def X
= f@x) =] “f
o (x) !

b b
| “f _[ f (t)(b—t)“"dt provided the integral (Lebesgue) exists.
a a

X
for all xe[a,b] provided that |  f exists.
a

Lemma (2.1)([9]): Let O<a<l and f, g be a continuous function on (a,), where acR and such that
Sup{|f(g(x))|:xe(a,0)}=M<c0. Define
a-1 X
X—a 1
f (x)= M ) + .[(X—t)“"lf(g(t)) dt for all x>a and p is some constant. Then f,e
I'(a) I'(a)

a

c(a,o0).
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Lemma (2.2) ([8]): Suppose that G is a banach space and let TeL(G) such that ||T||<1. then I-T is regular and

(1-T)*=I +Z:Tn , where the series ZT" converge in L(G).

n=1 n

Lemma (2.3)([9]): Let us define F,(x)=(x-a)" *f,(x) on (a,»), where f, defined in Lemma (2.1) and 0<a<]1. then
F.ec[a,®).

Lemma (2.4) ([8]): Let a, y R, y>-1. If x>a then
(x—a)*”

— 2 | o+ y # negative integer
T'(x+y+1) 4 o2 ge

i( a(t_a)y _

r'(y+1)
@ (r+D o} , o + ¥ = negative integer

Lemma (2.5) ([9]): If 0O<a<1 and f(X) is continuous on (a,b], |f(x)[<M for all xe(a,b] (where MeR", M>0).

X X
Then | ] “f = f(Xx) forall xe(a,].
a a

Il. Main Results
In this section we prove the existence and uniqueness solution of a system of fractional differential equations.
Theorem (3): Let 0<a<1 and vy be a positive constant. Let g(x)=(g1(X), 9a(X), ..., g(X))", X€[a,00), where g; are

n 2
2
continuous on [a,0), i=1, 2, ..., n and |g(xX)|= ( E g; j and |g(x)|<xtc ... (3.1)
=

where ¢ is a positive constant. Let fi=(fy, T, ..., f;)" such that fiec [a,0) and Sup{|f(x)|:xe [a,00)}=M<co. Choose
-1

a
C
% such that 4 < e’ (;j . Then there exists a continuous vector function y(x)=(y1(X), Y2(x), .., ya(X)),

xe( a,0) such that
YO x)=M(y(x)), xe(a,0) with y@D(@)=p, where p=(u1, pa, ..., )" is some constant vector and satisfies
ly(x)|<exp(oc™[x])-constant.

Proof
Let (A be the space defined in definition (2.1), [a, a+h] be compact subinterval of [a,c0). Consider

1 ¢ a1
y(x):yo(x)+@£(x—t) f(y(t)dt, xe(a,0) ...(3.2)

a—1 a—1 T
where y (X) = [,ul(x (_ a)) Loty £ (X(_ ?) j , if follows from Lemma (2.1) that ye(a,).
I'(x I'(x

X

Then (X—2)“y(X) =b + %{(X —t)“F (y(©)dt, X € (8,0), where

T

M Hy, o Hy
I'(a) T(a) 'T(a)

Let F(x)=(x-a)"* y(X), xe(a,) ...(3.3), where y given in (3.2) and define F(x, y(t))=(x-a)"“f(y(t)), a <t<x<co
...(3.4), then from Lemma (2.3) we have Fec[a,»).

Now define an operator k on A as

www.iosrjournals.org 2 | Page



On the Existence and uniqueness for solution of system Fractional Differential Equations

(kF)(x) = % [(x=0)""F(x,y(O)dt, xe[a,a+h] -(35)

Then

I(KF)()| = ‘%j(x —1)“F (X, y(t))dt

, Xel[a,a+ h]

F( )J'(X t)a—le 7/\y(t)\e}’\y(t)\ ||:(X y(t))|dt

and so from definition (1.2), we have
I(KF)(x)| < 7Ol F ot

Thus by using (3.1) we have

(KF)(x)| < ” L | j (x—t)* et

_|F He Covadotge
1@ j (x—t)* %’ Mdt ---(3.6)

Then from [10] we have

x—t)*teldt =y =™ 37
r(a)j( ) 7 (3.7)

Then from (3.6) and (3.7) we have
(KF)(x)| =||F[le*y e

mes  |(KF)X)|<|[Fe*r e ---(3.8)
Hence eiy‘x‘ ‘(kF)(X)‘ < HFHeWV_a and so by definition (2.1) we get
[(kF)OA] < |Fle7y ™ and hence

(NEya:-a (3.9

Now for [A<|[k||™ we obtain |[xk|[=[A] [[k|| <|Ik||™* [Ik||=1 and this implies that on using Lemma (2.2) {I-Ak}™ exists.
Also from (3.3) we have

I 1
F(x) = b+@£(X—t)a F(x, y())dt . 3.10)

where b = ——
I'(a)
Now (3.5) and (3.10) imply that
F(x)=b+AkF(x), and so
F{l-Ak}=b and therefore
F(x)={1-Ak}*(b) where | is the identity operator and hence F(x) exists and is the unique solution of

1 »
F(x) = b+m j (X—t)*F(x, y(t))dt

Now by simple calculation one can show that
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o
. C
min y ‘e’ =e” (_) where yc=a..
7 o

e’
Since from (3.9), ||k|| < F , there for

k| = min(eyC ] — g (Ej
7\ ye o

Thus for

» the solution F of (3.10) exists and satisfies

F(x)=b+AkF(x) ...(3.11)
Again from (3.3) we have

Y A
F(x)=b R j (X=t)*2F (X, Y(£))dt for al xe(a, a+h]

and by using (3.3), it follows that

g ﬂ“ 1-o X it

(=af " y09 = s+ (Xr(a) J O F OOt e v
lLl( ) a-1

= T j( —t)“*F(y(t))dt

Therefore by definition (2.2) (a) we get

ulx—a)™ o x,
y(x) = —+/1| f o xc@ath] ..G.12)

['(a) a
« (t _ a)a—l
But from Lemma (2.4) we have | =0 and by Lemma (2.5) we get
2 Ta)
| ] “f = f(y(x))forall xe(a, a+h]

Thus |X “y =4 f(y(x)) xe(a, a+h]

Then using definition (2.2)(b) we get

D)= | Y =AF(YX) gem ann

Further more from (3.12) we have

' l-a : l-a ,Ll(X - a)a ' -a
_ Xy f
=1 A |

It follows from Lemma (2.4) that
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X

a

X

,ay=#+illfalaf:#+/1llf

a

= p+ Af f(y)adt

X
l-a .
and so I Y exists for all xe(a, a+h]

a

since by definition (2.2)(b)

ye b (x) = | ““y , therefore

y"

a

H(@)=u

Now from (3.11) we have
[F(x)|< bHA| |[kF(x)| and from (3.8) get

c

|F() | < b+ || |F|-—e

e7/
Y
< b+||F||e7‘X‘ (since c = @)

=M (e +|F[)

<e™(b+|F|)
Thus by using (3.3) we obtain

(x=a)y(x)

<™ [+ |F]

htly(x)] <e”™ [o+|F|]
vy <&’ he [+ |F|]

and so the solution function satisfies
ly(x)| <exp(xc x| )- constant

V. Conclusion
In this study we prove the existence and uniqueness of solution for system of fractional differential

equations using (theorem (1)) and (theorem (2)) in [9]. The solution obtained can used to solve many problems
in the mathematic and other sciences such as mechanics engineering, chemistry, physics, etc.
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