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Abstract: In this paper, we study the pointwise convergence of nonuniform wavelet packet expansions and
show that such expansions converge pointwise almost everywhere, and more precisely everywhere on the
Lebesgue set of the function being expanded. Certain results are obtained in this direction by assuming only that
the nonuniform wavelet packets being used be bounded by radial decreasing L! —functions.
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I.  Introduction

A simple, but powerful extension of wavelets and multiresolution analysis is wavelet packets. Wavelet
packet functions comprise a rich family of building block functions and are localised in time, but offer more
flexibility than wavelets in representing different types of signals. In particular, wavelet packets are better at
representing signals that exhibit oscillatory or periodic behavior.

In his paper, Mallat [11] first formulated the remarkable idea of multiresolution analysis (MRA) that
deals with a general formlism for construction of an orthogonal basis of wavelet bases. A multiresolution
analysis consists of a sequence of embedded closed subspaces {V;: j € Z} for approximating L*(R) functions
(see [7]). The notions of MRA and wavelets were generalised to many different settings. One can replace the
dilation factor 2 by an integer M = 2. In general, in higher dimensions, it can be replaced by a dilation matrix A4,
in which case the number of wavelets required is |det A| — 1. But in all these cases, the translation set is always
a group. In the two papers [4, 5], Gabardo and Nashed considered a generalisation of Mallat's [11] celebrated
theory of MRA, in which the translation set acting on the scaling function associated with the MRA to generate
the subspace 1, is no longer a group, but is the union of Z and a translate of Z. More precisely, this set is of the
form {0,7/N} + 2Z, where N > 1 isan integer, 1 < r < 2N — 1, r is an odd integer relatively prime to N. They
call this a nonuniform multiresolution analysis (NUMRA). Later on, Behera [2] constructed the associated
nonuniform wavelet packets for this nonuniform multiresolution analysis. For basic construction of nonuniform
wavelets and associated nonuniform wavelet packets, we refer to [2, 4-6].

The problem of convergence of the wavelet series has been studied by Meyer [12], Walter [15, 16], and
Kelly et al. [9, 10]. Meyer was amongst the first to study convergence results for wavelet expansions. He has
shown that the regular wavelet expansions converge in L, 1 <p <o and also inL® for expansions of
uniformly continuous functions, the expansion of continuous functions converge everywhere. The results in [12]
were based on the assumption of so called regularity for the basic wavelets and their derivatives. In addition,
Walter [15, 16] established pointwise convergence results for regular wavelet expansions of continuous
functions. Kelly et al. [9, 10] have extended and obtained results analogous to those obtained by Carleson [3]
and Hunt [8] for the Fourier series. In contrast, the results in [9, 10] assumed only that the wavelets being used
be bounded by radial decreasing L-functions. In [10], it is shown that the wavelet expansions of a function
belonging to LP converges pointwise everywhere on the Lebesgue set of a given function, for1 <p < .
Recently, Ahmad and Kumar [1] have extended the results of Kelly et al. [9, 10] to the stationary wavelet
packets and have shown that wavelet packets expansion of any L”-function (1 < p < o) converges pointwise
almost everywhere under certain conditions. On the other hand, Nielson [13, 14] introduced the non-stationary
wavelet packets generated by the Haar filters which he called them Walsh-type wavelet packets for which the
same type of LP -convergence results hold.

Motivated and inspired by the importance of nonuniform wavelet packets, in the present paper, we
study the pointwise convergence of nonuniform wavelet packet series by assuming that the nonuniform wavelet
packets being used be bounded by radial decreasing L!-functions.

Il.  Preliminaries
Definition 2.1. Let N be an integer, N > 1, and A = {0,r/N} + 2Z, where r is an odd integer relatively prime
toN withl<r <2N —1. A sequence{Vj:j € Z} of closed subspaces of L?(R) is called a nonuniform
multiresolution analysis (NUMRA\) associated with A if the following conditions are satisfied:
(1) V cVyforallje€z,
(22)  Ujezj isdensein L2(R) and N,z V; = {0},
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(23) feVifandonlyif f(2N.) €V,
(2.4)  There exists a function ¢ in V, such that {¢ (. —1): A € A} is an orthonormal basis of V.
The function ¢ whose existence is asserted in (2.4) is called a scaling function of the given NUMRA.
It is worth noting that, when N = 1, one recovers from the definition above the standard definition of a one-
dimensional multiresolution analysis with dilation factor equal to 2. When, N > 1, the dilation factor of 2N
ensures that 2NA < 27Z < A. Equation (2.3) implies that
(2.5) @ (%) = Yaeamp(x — 4),
where Y,cq |a;|? < .
Now, we consider W, the orthogonal complement of ,on 1, i.e.
v, =V, ®&W,.
If,,9,, .., Yoy, are the functions inW,, then for£=0,1,..,2N — 1, there exist sequences {a}};ca
satisfying X e |af | < oo such that

2.6) e (55) = Zaen afox = 2,
Now, consider A
(2.7) Y, (2N§) = m(§)P($)

where the functions m,(¢§) = X, al e 2™# are locally L?. Since A = {0,7/N} + 2Z,
we can write that
(2.8) m(§) =mi () +e ™ /Nm(E),  £=01,..2N -1,

where m} and m? are locally L2,1/2 -periodic functions.

In this case {iq, ¥y, ..., Yay—_1} s a set of basic wavelets associated with a scaling function ¢. It is easy to

show that {,(x —1):1 < ¢ < 2N — 1} isan orthonormal basis of W,. An obvious rescaling shows that
{Wejn=@NY* P (2NYx —2):1 << 2N —-1,1 €A}

is an orthonormal basis of W;. Since U;¢, V; is dense in L?(R), the collection {1/)[‘]-‘/1:] EZAENL1LSLL

2/ 1, is an orthonormal basis of ZZR .

We, now, define w, for each integer n >0 as follows. Suppose that for p = 0, w, is already defined. Then,

define basic nonuniform wavelet packets w, 4oy, 0 < q < 2N —1, by

(2.9) Wgeamy () = ) (2N}l w, (2Nx = 2.

AEA
Clearly, the set {w,(x —1):1€ A,n=0,1,...}is an orthonormal basis of L?>(R). Corresponding to some
orthonormal scaling function ¢ = w,, the family of nonuniform wavelet packets w, defines a family of
subspaces of L?(R) as follows:
(2.10) Ut = span{(ZN)f/an((ZN)fx —-A):1€ A}; j€EZnNn=0,1.2,..
Since w, = ¢ is the scaling function and w,,, 1 < n < 2N — 1, are the nonuniform wavelet packets, we observe

that
2N-1

1_ _ .
Py, y=w =Py jez

=
@ W, , can be written as

So that the orthogonal decomposition V.., =V, /
(2.11) U =00 @ U = @251 U,
A generalisation of this result for other values of n = 1,2, ..., can be written as
(2.12) = @5y, i € 7.
]+1 ]
Lemma 2.2 [2]. If j =0, then
2N-1 (2N)?*-1 @Np*1-1
w=Pu=@P u=-= D v s
r=1 r=2N r=2N)P
@Ny*t1-1
- D
r=2N)

where U/" is defined in (2.10). Using this decomposition, we get the nonuniform wavelet packets decomposition
of subspaces Wj,j = 0. Therefore, for any function f € L?(R), we have
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@N)Pti_g

F@= D D Conatniaco,
n=(2N)P jeZ AeA
wherer =j—p,p=0ifj<0and p =0,12,..,jifj = 0; will be a nonuniform wavelet packet expansion of
f and C, ,, , the wavelet packet coefficients, defined as

Cr,n,l = (f' wr,j,/l)'

Let P and Q;, respectively be the orthogonal projections onto the spaces V; and W; with the kernels P (x,y)
and Q; (x,y), defined as follows:

213) By =) 0,,(00,0),
A€

where @; ; (x) = (2NY/2p((2NY x — 1) and !
2N-1

(214) QG = D D iy 0.
=0 A€EA

In the lightof V.., =V, @ W}, P, (x,y) can be written as

2N-1

(215) Ry =) QuGey)= ) D D a0

m<j =0 m<j AeA

Now, we consider a projection Q' onto U with kernel Q' (x,y) defined as

2.16) Q) = ) 002 ()02 00; J ELR=0,12,..
AEA

where w; ,, ; are the nonuniform wavelet packets. Thus, we observe that Q]‘-’ =P and Q]-1 = Q;. In the light of
Lemma 2.2, Q; can be expressed as

(@N)P+i-1 (NP ti-1
(217) Q@ = Y GEN = D Y w0
n=2N)P n=Q2N)P j€Z AeA

wherer =j—p,p=0ifj>0andp =0,1,2,...,j ifj = 0.
Thus eq. (2.15) gives

QNP+l
(218) PEy) =) 0, =) > Q)
m<j m<j n=2N)P

QNP+l

B Z Z wamm

m<j€Z n=2N)P 21€eA
wherer =m—p,p=0ifm<0andp =0,1,2,...mif0 <m <.
Now, we consider a natural operator S, associated with nonuniform wavelet packets w, with kernel
@N)yP+l-1

(2.19) SHEN =D D 1@ 20) + R ),

m<j n=Q2N)P 21eA
wherer =m—p,p=0ifm<0andp =0,1,2,...mif0 <m <,
2

ijl (X, Y) = Z wj,n,a(m)(x)wj,n,a(m)(y):
m=1

with r=j—p,p=0ifj<0 and p=0,1,2,...j if j>0,j€Z A€ Aand o is a permutation of Z. This
operator is a partial sum of nonuniform wavelet packet expansion of f.

Definition 2.3 [7]. For a function fdefined on R, we say that a bounded function H:[0,0) — R* is a radial
decreasing L'-majorant of f if |F(X) < H(|x|) and H satisfies the following conditions:

(1) H € L'[0, ),
(2.20) (ii) H is decreasing,

(iii) H(0) < .
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Definition 2.4 [7]. The point x € R is said to be a Lebesgue point of a function f on R if f is integrable in
some neighbourhood of x and

. 1
llme—»OTBS)fgslf(x) _f(x +}’)|dy =0,
where B, denotes the ball of radius ¢ about the origin and V denotes volume.
Lemma 2.5 [7]. Let H be the function on [0,) satisfying the conditions of (2.20). Then

lx — vl
2N

ZH(Ix—AI)H(Iy—AI)SCH( ), for allx,y € R,

AEA
where C is a constant depending on H.

I11.  Convergence Results
Let w,, n=0,1,2,... be the nonuniform wavelet packets associated with the increasing sequence of
subspaces {14 }jez, then the orthogonal projections of L?(R) onto V; are given by
@2N)pP*+i_1

3.1) P f(x) = Z Z Z(f, Wy )0y, (), forall f € I2(R),

m<j n=Q2N)P 21eA
wherer=m—p,p=0 ifm<0andp=0,12,... mif0 <m <.

We can also consider the projections Q' from L?(R) onto U given by

(3.2) QU FGx) = Z(f, W, ), (), for f € I(R).
AEA
There is also a natural operator, associated with a nonuniform wavelet packet w, given by
@N)yP+l-1
(3:3) (D= > D (w000 + (RLA®,

m<j n=Q2N)P 21eA
wherer=m—p,p =0 ifm<0andp =0,1,2,...,m if0 <m <,
A @NpTi-g

(R}[Tlf)(x) = Z Z (f’ wr,n,a(m))wr,n,a(m)(x)ﬂ
m=1 n=2N)P
withr =j—p,p=0if j<0 and p=0,1,2,..jifj >0, f € L*(R) and o is any permutation of Z. This
operator has a partial sum of nonuniform wavelet packet expansion of f. Since
@N)yP+1-1

=y =P D w

m<j n=2N)P
wherer =m—p,p=0ifm<0andp =0,1,2,...,m if 0 <m < j, we have
2 @NPFHl—g

(34’) (‘S;t,ylf)(x) = P;f(x) + Z Z <f' wr,n,a(m))wr,n,a(m) (x):
m=1 n=2N)P
wherer =j—p,p=0ifj<0andp =0,1,2,..,j ifj = 0.
The above definition makes sense for any f € L?(R). Writing (f, w, .,,) as an integral and interchanging the
order of summation and integration, we obtain

35 (§51)0) = [Z@NY P(2NY x, @NY y)f()dy + [~ (2NY Q5" (2NY x, (2NY y)f (v)dy,

where
A

(3.6) Qo (x,y) = Z w, (x —a(m))w,y — a(m)), wheren =1,

m=1
and

B R =) Y 0, 00@,,0),  wheren=1
j<0 2€A
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=) ax—DagG =D,  aswe=9.
AEA
Now, we consider an operator T; defined as

(3.8) (1)) f (2NY Py ((2NY x, NY y){f (y) — f (x)}dy,
R
where
|Po(x,¥)| < CH (%)
H satisfies (2.20) and C is a constant.

Theorem 3.1. Let {T;:j € Z} be the family of operators defined by (3.8). If f € L"(R),1 <p < oo, then
limT; f(x) = 0 for every x in the Lebesgue set of f.
Jj oo

Proof. From (3.8), we have

IT £ < f @NY By (@NY x, NY )| 1F &) — FGOldy
R
<c f @NY H(@NY U x =y IF0) = FG)ldy
R

= j @NY H@NY Y eDIf G — ) — FGolde.
R

(replacingy by (x —t))
If x isapointin the Lebesgue set of f and & > 0, there exists any n > 0 such that

(3.9 lj [fOc—t) = f()|dt <6, 0<s<n.
S Jitlss
Thus
CTFe0| < jl N H@NY DI = 0 = @ de
t|I<n
n j @NY H(@NY D If G — ) — FGOlde

lt]=n
=1+1I

But H(lx|) decreases to zeroas |x| - o and H € L'([0,)). Therefore
sH(s) < f < i H(lx)dx - 0 as s = .

Further, since H |s contlnuous at zero, sH(s) » 0 as s » 0. Let

g =1f(x—=s) = f(x)| andG(s) = jo gwdu.

From relation (3.9), we deduce that
(3.10) G(s) <s6 when0 <s <n.
On integrating by parts, we obtain

I= fl _GNYH@NY eDIf G =0~ (0l
tl<n
=em | | NV H(@NY15)g(s)ds
0
= (ZN)G(S)(ZN)fH((ZN)j_ls)|g — (2N) fnG(s)(ZN)j (2NYTH'(2NY 1s)ds
0

@NYn s
< (2NY/ s6(2NY H(2NY 's)[§ — (2N) f G@NY 7 5)ds H (37) ds.
0

Since H isdecreasing, H' (ﬁ) is negative by (3.10) and the boundedness of sH (s), we obtain
@ . . s
1<C5—(@2N)Y s f (ZN)‘JS(ZN)1‘1 H' (—) ds
=C85— as(ZN)JH (2”)’”5 f (ZN)JH )ds

=C8— (2N)15AH( )+(21v)15 f2N(21v)fH(v)dv
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where A = (2N)n and s = (2N) v.As j — o (or equivalently, as A — « ) the last expression increases to
(2N)?H |l 12 gy- This gives the estimate

(3.11) 1<C8+ @2N2IH )8 = ad.

Clearly, the constant a depends on H only. In order to estimate Il, let x, be the characteristic function of the set
{t € R:[t] = n}. Let g denote the conjugate exponent to p, that is %+ % = 1. By using Hoélder's inequality, we
get

(3.12) 1< 0fllr e ( f %, (t)(zzv)fH((zzv)f-1|t|)|‘*dt)q
R

+IF QI [ |x, (O@NY H((2NY ~He])|de.
But

[ b @y H@NYHieDlae = 2n) H(lul)du,
R lul=(2N)y ~1y
which tends to zero as j — . Also, the same is true for the first summand of the above inequality. Further

(f b (@NY H ((ZN)"”'“)V“)q ) (L G e @NY H(@NY ! |t|)|dt)q
R -
= (suplcomy oy 1eb] ey ey el
< C(I1H I 0.1))" (ﬁ?zI)?'(ZN)jH((ZN)j_I |t|)|)p.
But sH(s) - 0 as s — . Therefore
|5‘|1p|(21\/)"1'1((2N)f_1 lt)| = @NY H(@2NY 1n)
t1=n

tends to zero as j — oo. Hence, choosing j large enough we deduce from (3.12) that 11 can be made smaller than
4. This together with inequality (3.11) proves the result.

[ ]
Theorem 3.2. Suppose that w,, are nonuniform wavelet packets and w, has a radially decreasing L'-majorant. If
f eLP(R),1<p<om,then

lim P, f(x) = f(x) for any x in the Lebesgue set of f.

}—)CX?

In particular, limp, f(x) = f(x) for almost every x € R.
]—)00

Proof. It is easy to show that
jPO((ZN)fx, (2NY y)dy = 1.
Now :
Bf(x)—f(x) = f @2NY Py (2NY x, @NY )){f ) — f(x)}dy = T f (x).
On taking limit j — oo and applying $heorem 3.1, we get
lim B f(x) = () = 0 = im B f (x) = f(x)
for every x in the Lebesgue set of f.
[ ]

Theorem 3.3. Letw,, n = 0be nonuniform wavelet packets having the radial decreasing L!-majorant. If
feLP(R), 1 <p <, then, for A € A,

}l,iqrg%‘fﬁ(x) = f(x) for all x in the Lebesgue set of f.

In particular, the partial sums S7, f(x) converge to f(x) for almost every x € R.

Proof. Since
[y =@ =0
R
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for all n > 0, by (3.4) we obtain
($7%)0) = f(x) = [P f(x) = )] + R f(x),

where
2 @NPFI-1

0 = [ 1D D G @0 (6D = fG)dy
m=1 n=(Q2N)P
wherer=m—p,p=0ifj<0andp =0,1,2,...,jifj = 0. Thus
7, f(0) = [L(2NY Q5 (2NY x, @NY ) {f () — f ()} dy.
Hence
(s72f) () = f(x) = [P f(x) — ()] + f (2NY Q5" ((2NY x, NY W{f () — f (x)}dy.
R
But by Theorem 3.2, ]ll_rg (13-f(x) — f(x)) = 0. Therefore, by Lemma 2.5

o,A |X _yl
Qo (x,y)| < CH (W)

(independent of o and A) and hence the proof of the theorem follows from Theorem 3.1.
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