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Abstract : B. Alspach, C.C. Chen and Kevin Mc Avaney [1] have discussed the Hamiltonian laceability of the
Brick product C(2n, m, r) for even cycles. In [2], the authors have shown that the (m,r)-Brick Product C(2n+1,
1, 2) is Hamiltonian-t-laceable for 1 < ¢ < diamC,n1. In this paper we explore the Hamiltonian-t-laceability of
the (m,r)-Brick Product C(2n+1,1,r) for r=3 and 4.

Keywords - Brick product, Connected graph, Hamiltonian-t-laceable graph.

2000 Mathematics subject classification: 05C45, 05C99

l. Introduction

Let G be a finite, simple, connected and undirected graph. Let u and v be two vertices in G. The
distance between u and v denoted by d(u,v) is the length of a shortest u-v path in G. G is Hamiltonian laceable
if there exists a Hamiltonian path between every pair of vertices in G at an odd distance. G is Hamiltonian-t-
laceable if there exists a Hamiltonian path between every pair of vertices u and v in G with d(u,v)=t, 1 <t <
diamG. In [1], B. Alspach, C.C. Chen and Kevin McAvaney have explored Hamiltonian Laceability in the
Brick Products of even cycles. In [2], Leena Shenoy and R. Murali have discussed the (m,r)-
Brick Product of odd cycles C(2n+1,m,r). In this paper we explore the Hamiltonian-t-
laceability of the (m,r)-Brick Product C(2n+1,1,r) for r=3 and 4.

Definition 1: Let m, n and r be a positive integers. Let Cpn- @,81,82,83.....a@n-1)30 denote a cycle of order 2n.
The (m,r)-brick product of C,, denoted by C(2n,m,r) is defined for m=1, we require that r be odd and greater
than 1. Then C(2n,m,r) is obtained from C,, by adding chords as(ax+r), k=1,2,....n, where the computation is
performed under modulo 2n.

Fig. 1: Brick product C(10,1,5)

Definition 2: Let m,n and r be positive integers. Let Conii= 8g a1 82 83............ ay, 8 denote a cycle of order
2n+1 (n>1). The (m,r)-brick product of C,,.1, denoted by C(2n+1,m,r) is defined for m=1, we require that 1< r <
2n. Then C(2n+1,m,r) is obtained from Cj.; by adding chords ag(ak«r), 0 < k < 2n where the computation is
performed under modulo 2n+1.

a;

Fig.2: The Brick product C(13, 1, 2)
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Definition 3: Let u and v be two distinct vertices in a connected graph G. Then u and v are attainable in G if
there exists a Hamiltonian path in G from u and v.

Terminologies: For m=1, if a; is any vertex of C(2n+1,m,r), then the following are defined.
(@) PIm] = @)(aw)(@i2) -+« v v v s (amy) VIEZ
(@) P[m] = @)(@1)(@i2) ..o @mi) VIEZ
(&) [9] = (@)(ai) and @)1 =@)(a.) VIEZ

Example: For n= 4, C(2n+1, 1, 4) and d(a;, a) = 2 for i =1 and j =3, the Hamiltonian path is given by
(@) P(2)J PP I* [P (21" I = a;-a,-86-a5-24-a0-2g-a7-a3 under modulo 2n+1.

Fig.3: Hamiltonian path from vertex a; to a; in the Brick Product C(9,1,4)
In [2], Leena Shenoy and R. Murali proved the following theorem.

Theorem 1: C(2n+1, 1, 2) is Hamiltonian —t — laceable. Where 1 <t < diam G.
We now prove the following results.

1. Results
Theorem2: The graph C(2n+1, 1, 3) is Hamiltonian-t-laceable for t=1,2 if n=3 and is
Hamiltonian-t-laceable for t=1,2,3 if n>6 such that (2n+1) = 1 (mod 3).
Proof: Consider the graph G=C(2n+1, 1, 3).
Let d(a;, &) =t, (0 <i <j <2n). For convenience we take j>i. Here we need to establish the following claims to
show that a; and a; are attainable for t=1, 2 and 3.

Claim1:t=1
Casei:j-i=1or (2n+1)-(j-i) =1
Ifj-i=1inCyuthen, a and a; are attainable in G, since (a;) [P1(2)]*" is the Hamiltonian path.

If (2n+1)-(j - i) =1 in Cyn4q then, a; and a; are attainable in G, since (a;) [P(2)]*" is the Hamiltonian path.
Case(ii): j-i=3or (2n+1)-(j-i) =3

Ifj - i=3in Cy. then, a; and a; are attainable in G, since

(a) [P*)]*2 I (P)? is the Hamiltonian path.

If (2n+1)-(j - i) =3 in Cyn4q then, a; and a; are attainable in G, since

(a) [P)P™® J(P1)? is the Hamiltonian path.

Claim2:t=2
Case(i): j-i=2or (2n+1)-(j-1i) =2
If j-i=2 in Cyu then, a and a;are attainable in G, since

(a) [P*(2) I* P(2) IMH™ [J1*™ is a Hamiltonian path.

If (2n+1)-(j - i) =2 in Cyy4q then, a; and a;are attainable in G, since

(a) [P(2) I P1(2) )™ [II*™ is a Hamiltonian path.

Case(ii): j-i=4dor(2n+l)-(j-i)=4

If j-i=4 in Cyu then, a and a;are attainable in G, since

(@) [TPP"R P12) It PER)P(2)] [I7F P(2) I P2)]"*2 ™ P(2) is the Hamiltonian path.
If (2n+1)-(j - 1) =4 in Cuyy then, a; and a;are attainable in G, since

(@) [P [P2) IPR)P(2)] [I P (2) IP(2)]"** I P(2) is the Hamiltonian path.
Case(iii): Ifj-i=6o0r (2n+1)-(j-1i) =6

If j-i=26in Cyn then, a; and a;are attainable in G, since

(@) [PQ) I* P12) IR [P2) I [P [I717"*? is the Hamiltonian path.
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If (2n+1)-(j-1) =6 in Cyy then, a; and a;are attainable in G, since
(a) [P2(2) IPQR) ™ [P (2) I[P)T*] [I"** is the Hamiltonian path.

Claim 3: t=3
Case(i): j-i=5o0r (2n+1)-(j-i)=5
If j-1=5inC,ny then, a and a;are attainable in G, since

(a) [P(2) I P1(2) IT[P@)T1* ™ [J)? is the Hamiltonian path.

If (2n+1)-(j - i) =5in Cy then, a; and a;are attainable in G, since

(a) [P*(2) I*PQ2) J* 1 [P 2P [J']* is the Hamiltonian path.

Case(ii): j-i=7o0r (2n+1)-(j-i)=7

If j-1=7 in Cyy then, & and a;are attainable in G, since

(@) [P [t P21 [P(2) I P(2)] is the Hamiltonian path.

If (2n+1)-(j - i) = 7 in Cyy44 then, &; and a;are attainable in G, since

(@) [P [I* P17 [P(2) I P(2)] is the Hamiltonian path.

Case(iii): j-i=9or (2n+1)-(j-i)=9

If j-i=9in Cyy then, a and a;are attainable in G, since

(@) [P I [P@1"™ [ P2)It P1(2) It [P(2)] [31% ] is the Hamiltonian path.
If (2n+1)-(j - i) =9 in Cyn4q then, a; and a;are attainable in G, since

(a) [PQ2) ] [P)™ [ P(2)I P2) I [P(2)1? [I7]° ] is the Hamiltonian path.

Hence the proof . -

Theorem3: The graph C(2n+1, 1, 3) is Hamiltonian-t-laceable for t=1,2,3. Where n>5 such that
(2n+1) = 2 (mod 3).

Proof: Consider a graph G= C(2n+1, 1, 3).

Let d(a;, a;)=t, Here we need to establish the following claims to show that a; and a;

(0 <1< j<2n)are attainable for t=1,2,3.

Claim1: t=1
Case(i):j-i=lor(2n+1)-(j-i)=1
If j-i=1inCyy then, a and ajare attainable in G, since

(a) [P*(2)]™" is the Hamiltonian path.

If (2n+1)-(j - i) = 1 in Cyy4q then, &; and a;are attainable in G, since
(a)) [P(2)]™" is the Hamiltonian path.

Case(ii): Ifj-i=3or (2n+1)-(j-i) =3

If j-i=3in Cy then, a and ajare attainable in G, since

(a) [J']*" is the Hamiltonian path.

If (2n+1)-(j - i) = 3 in Cyn4q then, &; and a;are attainable in G, since
(a;) [J]" is the Hamiltonian path.

Claim 2: t=2
Case(i): If j-i=2o0r (2n+1)-(j - i)=2
Ifj-i=2in Cyu then, a;and a; are attainable in G, since

@) [P1(2) It P2) JY) P12 [T™D" P1(2) isthe Hamiltonian path.
If (2n+1)-(j - i)=2 in Ca4q then, a; and a; are attainable in G, since

@) [P(2) IP1(2) J) P(2) [IP™® P(2) is the Hamiltonian path.
Case(ii): j-i=4or(2n+D)-(j-i)=4

If j-i=4inC,. then, a and a; are attainable in G, since

(a) P(2) [ I PY(2) 1 P2)]"*® [IPY)I[I*™® is the Hamiltonian path.
If (2n+1)-(j - i) =4 in Cy4q then, a; and a; are attainable in G, since

(a) P(2) [IP(2) I P [IP@)][I*"™® is the Hamiltonian path.
Case(iii): j-i=6o0r (2n+1)-(j-i) =6

If j-i=6in Cy.then, a and a; are attainable in G, since

(@) [P*2) I* PR)IT2P[P(2)]* [ITP"?"* is the Hamiltonian path.

If (2n+1)-(j - i) =6 in Cyn4q then, a; and a; are attainable in G, since

(a) [P(2) I P22 [P(2)]* [17"?® is the Hamiltonian path.

Claim 3: t=3
Case(i): j-i=5o0r (2n+1)-(j-i)=5
If j-i=>5in Cyn, then, a; and a; are attainable in G, since

(@) [P(2)1"° [I* P(2)J* P(2) J] is the Hamiltonian path.
If (2n+1)-(j - i)=5in Cyy4y then, a; and a; are attainable in G, since
(a) [P [I P(2)JP*(2) J1] is the Hamiltonian path.
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Case(ii): j-1=7or (2n+1)-(j-i)=7

Ifj-1=71in Cyy then, & and g; are attainable in G, since

(&) [P [It P2)J [P(2)]? [J)? is the Hamiltonian path.

If (2n+1)-(j - 1)=7 in Cy44 then, &; and a; are attainable in G, since

(a) [PQ)*"" [IP*(2)I [P(2)]? [I]? is the Hamiltonian path.
Case(iii): j-i=9or (2n+1)-(j-1i)=9

Ifj-i=9in Cyythen, a and a; are attainable in G, since

(@) [I?™° [ P2) It P1(2) I [P(2)]? [9]?] is the Hamiltonian path.
If (2n+1)-(j-1i) =9 in Cyn.1then, a;and ai- are attainable in G, since
(@) [ [UP(2) I P(2) J [P [JM? ] is the Hamiltonian path.

Hence the proof L

Theorem4: The graph C(2n+1, 1, 4) is Hamiltonian-t-laceable for t=1,2 if n = 4 and is
Hamiltonian-t-laceable for t=1,2,3 if n > 6 such that (2n+1) = 1 (mod 4).

Proof: Consider a graph G= C(2n+1, 1, 4).

Let d(i, j)=t. Here we need to establish the following claims to show that a; and a;

(0 <i<j<2n)are attainable for t=1,2 and 3.

Claiml: t=1
Case(i): j-i=1or(2n+1)-(j-i)=1
Ifj-i=1inCy. then, a and a; are attainable in G, since

(ai) [P"(2)]*"is the Hamiltonian path.

If (2n+1)-(j - i) =1 in Cun then, a; and a; are attainable in G, since
(a;) [P(2)]™"is the Hamiltonian path.

Case(ii): j-i=4or (2n+1)-(j-i)=4

Ifj-i=4 in Cyn. then, a; and a are attainable in G, since

(a)) [J']*" is the Hamiltonian path.

If (2n+1)-(j - i) = 4 in Cyy4q then, a; and a; are attainable in G, since
(ai) [J]" is the Hamiltonian path.

Claim 2: t=2
Case(i):j-i=2o0r 2n+1)-(j-i)=2
Ifj-i=2 in Cyy then, & and a; are attainable in G, since

@) [I3"P) P12 P1(2) [I1™? is the Hamiltonian path.

If (2n+1)-(j - i) =2 in Cyn4q then, a; and a; are attainable in G, since
@) [ PL(2) "2 P(2) [9]™*? is the Hamiltonian path.
Case(ii): If j-i=3or (2n+1)-(j- i) =3

Ifj-i=23 in Cyn then, a; and a are attainable in G, since

(@) [IP)ITP2)J] [P@)JP™®J is the Hamiltonian path.

If (2n+1)-(j - i) =3 in Cy4q then, a; and a; are attainable in G, since
@) [ P2 IP©2) 1] [P 71 is the Hamiltonian path.
Case(iii): j-i=5o0r (2n+1)-(j-i)=5

Ifj-i=5 in Cyqthen, a; and a; are attainable in G, since

@) [PQ)F I[P J[P(2)]* isthe Hamiltonian path.

If (2n+1)-(j - i) =5 in Cyathen, a; and a; are attainable in G, since
@) [P I [P@)P™® 31 [P1(2)]? is the Hamiltonian path.
Case(iv): j-i=8or(2n+1)-(j-i)=8

Ifj-i=8 in Cynqthen, a; and a; are attainable in G, since

@) [P I [P I [P)]P™™ [3]? is the Hamiltonian path.

If (2n+1)-(j - i) =8 in Cynsq then, a; and a; are attainable in G, since
@) [P I[P It [P R)P™ [J'1]£ is the Hamiltonian path.

Claim 3: t=3
Case(i): j-i=6o0r(2n+1)-(j-i)=6
Ifj-i=6inCy.then, a and a; are attainable in G, since

@) [P [I* [PQ)T J*P(2) I ] is the Hamiltonian path.

If (2n+1)-(j - 1) =6 in Caiqthen, a; and a; are attainable in G, since
@) [P [ [P(2)]? I P*(2) J* ] is the Hamiltonian path.
Case(ii): j-i=7or 2n+1)-(j-1i) =7

If j-i=7inCsuthen, a and a; are attainable in G, since
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@) [P I PP I[PRIP™ [IF is the Hamiltonian path.

If (2n+1)-(j - 1) =7 in Cyuthen, a; and g are attainable in G, since
@) [P I [P I [P [3']? is the Hamiltonian path.
Case(iii): j-i=9or (2n+1)-(j-i)=9

If j-1=9in Cyq then, a;and ai- are attainable in G, since

@) [P (21" J[P@)7T I [P(2)F [J)? is the Hamiltonian path.
If (2n+1)-(j - 1) =9 in Cyn4q then, a; and a; are attainable in G, since
(@) [P)]™° TP 212 I [PQ) [I'T? is the Hamiltonian path.

Case(iv): j-i=12or (2n+1)-(j-i)=12

Ifj-1i=12in Cy. then, & and g; are attainable in G, since

(@) [P (217" I [P I [P I [P(2)P® [I7]%is the Hamiltonian path.
If (2n+1)-(j - i)=12 in Cyy41 then, &; and a; are attainable in G, since

(@) [P)IF™® J[P12)1% I [PQ)I? IP )T [31%is the Hamiltonian path.

Hence the proof . u

Theorem5: The graph C(2n+1, 1, 4) is Hamiltonian-t-laceable for t=1,2,3. Where n > 5 such
that (2n+1) = 3 (mod 4).

Proof: Consider a graph G= C(2n+1, 1, 4).

Let d(a;, &) = t. Here we need to establish the following claims to show that a; and a;

(0<i1<j<2n) are attainable for t=1,2,3.

Claim1:t=1
Case(i): j-i=1or(2n+1)-(j-i)=1
Ifj-i=1 in Cyn then, a; and a; are attainable in G, since

(a) [P*(2)]™" is the Hamiltonian path.

If (2n+1)-(j - i) = 1 in Cyy4q then, a; and a; are attainable in G, since
(a)) [P(2)]™" is the Hamiltonian path.

Case(ii): j-i=4or(2n+1)-(j-i)=4

Ifj-i=4inCy.then, a and a; are attainable in G, since

(aj) [J']*" is the Hamiltonian path.

If (2n+1)-(j - i) = 4 in Cyea then, & and a; are attainable in G, since
(a;) [J]*" is the Hamiltonian path.

Claim 2: t=2
Case(i): j-i=2or (2n+1)-(j-1i) =2
Ifj-i=2in Cyu then, a and a; are attainable in G, since

(@) P(2) I[P I [P@)12™J? is the Hamiltonian path.

If (2n+1)-(j - i) =2 in Cyn4q then, a; and a; are attainable in G, since
@) P1(2) IL [P I[P)T*"®J is the Hamiltonian path.

Case(ii): j-i=3or (2n+1)-(j-i) =3

Ifj-i=3in Cyuthen, a; and a; are attainable in G, since

@) [P I P1(2) I [P*(2)]? is the Hamiltonian path.

If (2n+1)-(j - i) =3 in Cynuathen, a; and a; are attainable in G, since
(a) [PQ)IF™ IP(2) J* [P(2)]? is the Hamiltonian path.

Case(iii): j-i=50r (2n+1)-(j-i) =5

Ifj-i=5inCy.then, a and a; are attainable in G, since

@) [IP2) I[P @1 [ P(2) J] is the Hamiltonian path.

If (2n+1)-(j - i) =5 in Cyn4q then, a; and a; are attainable in G, since
(@) [T P2) I1 PP [IP(2) J'] is the Hamiltonian path.
Case(iv): j-i=8or (2n+1)-(j-i)=8

Ifj - i =8 in Cyny then, g and a; are attainable in G, since

(a) [P(Q1? I P(2) [J‘l]z[P‘l(Z)]Z”‘é JEP1(2)J isthe Hamiltonian path.
If (2n+1)-(j - i)= 8 in Cyy4 then, a; and a; are attainable in G, since
@) [P @1 I P2 [P IP(2) J* s the Hamiltonian path.

Claim 3: t=3
Case(i): j-i=6o0r (2n+1)-(j-1i) =6
Ifj - i=6in Cu. then, a; and a; are attainable in G, since

(@) [P [ [P()]? I'P(2) J is the Hamiltonian path.
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If (2n+1)-(j - 1) =6 in Cyn4q then, a; and a; are attainable in G, since

(a) [P [I[P(2)]1? IP™(2) J* is the Hamiltonian path.

Case(ii): j-i=7or (2n+1)-(j-i)=7

Ifj-1=71in Cyy then, & and g; are attainable in G, since

(@) [P )1 I P21 J [P(2)])? is the Hamiltonian path.

If (2n+1)-(j - i) =7 in Cyn4q then, a; and a; are attainable in G, since

(&) [P I[P2)P I* [P(2)]? is the Hamiltonian path.

Case(iii): j-i=9or (2n+1)-(j-1i)=9

If j-1=9in Cyuy then, a;and al are attainable in G, since

@) [P I PP I[P (2] [IF is the Hamiltonian path.

If (2n+1)-(j - 1) =9 in Cyn4q then, a; and a; are attainable in G, since

@) [P I PP I[P [I1? is the Hamiltonian path.
Case(iv): j-i=12or (2n+1)-(j-i)=12

Ifj-i=12in Cy.y then, g and g; are attainable in G, since

@) [P 1" 3 [P It P22 I P@)]? [J]°is the Hamiltonian path.
If (2n+1)-(j - i)=12 in Cyy4 then, &; and a; are attainable in G, since

(@) [P I [PY2)P I[P I [P2)F [3%1%is the Hamiltonian path.

Hence the proof. L

1. Conclusion
In this paper, we have proved that the (m,r)-Brick Product C(2n+1, 1, r) for r = 3, 4 is Hamiltonian-t-

laceable for t= 1,2,3. The general problem whether C(2n+1, 1, r) for 1< r < diamC,,,, is Hamiltonian-t-
laceable still remains open.
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