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Abstract: This paper developed a Ties adjusted non parametric statistical method for the analysis of ordered
repeated measures that are related in time, space or condition that takes account of all possible pairwise
combinations of treatment levels. A test statistic is developed to determine whether subjects are increasingly
performing better or worse over time or space. The proposed method also enables the researcher to have a
bird’s eye view of the proportions of subject who are successively improving, experiencing no change or
worsening overtime, space or condition to guide the introduction of any desired interventionist measures. The
method is illustrated with some data and shown to be more powerful than Friedman test and shown to beeasier
to use than the Bartholomew procedure.

l. Introduction:

If one has repeated measures randomly drawn from a number of related populations that are dependent
on some demographic factors or conditions or that are ordered in time or space which do not satisfy the
necessary assumptions for the use of parametric tests, then use of nonparametric methods is indicated and
preferable. These types of data include subjects’ or candidate’s scores in examinations or job placement
interviews at various points in time; diagnostic test results repeated a certain number of times; commodity prizes
at various times, locations or markets; etc.

Statistical analysis of these types of data often require the use of non parametric methods such as
Friedman’s two way analysis of variance test by ranks or the Cochran’s Q test(Gibbons 1971,Gibbons 1993,
Oyeka et al, 2010; Siegel, 1956; Hollander and Wolfe, 1999, Freidlin and Gastwirth 2000).

However, a problem with these two methods is that the Friedman’s test often tries to adjust for ties that
occur in blocks or batches of sample observations by assigning these tied observations their mean ranks a
procedure that tends to reduce the power of the test, while the Cochran’s Q test requires the observations to be
dichotomous assuming only two possible values. Furthermore, if the null hypothesis to be tested is that subjects
are increasingly performing better or worse with time or space, then these two statistical procedures may not be
readily applicable.

In this case the methods developed by Bartholomew and others (Bartholomew 1959a, 1959b) may then
be used. However, some of these methods are rather difficult to apply in practice and the resolution of any ties
that may occur within blocks of observations is not often easy.

In this paper, we propose aties adjusted non parametric statistical method for the analysis of ordered
repeated measures that are related in time, space or condition, that takes account of all possible pairwise
combinations of treatment levels.

1. The Proposed Method

Suppose (x;q,X;3, ..., X;, ) is the it" batch, set of or match observations randomly drawn from related
populations, X;,X,,.., X, for i=1,2,..,n where ‘k’ may be indexed in time or space.
Populations Xy , X;, ..., X, may be measurements on as low as the ordinal scale and need not be continuous.
The problem of research interest here is to determine whether subjects are on the average progressively
increasing, experiencing no change or worsening in their scores or performance over time, space or remission of
condition. It is quite possible that within any specified time interval say some subject scores at some time in the
intervalinstead of as expected being monotone, other increasing or decreasing , may be higher than their scores
earlier in the interval which are themselves higher than their scores later in the interval.
Let

dij = € 1
Fori=1,2,.,n;j=1,2,..,k—1
Let
1,if d; >0
ul-j = O;lf dij = 0 2
lifd; <0

Fori=12,.,nj=12,.,k—1
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Note that equations 1 and 2 can be combined into one equation as
Lif xij > Xij 44
U; = 0, if Xijf T XG4l et 2b
=1 if x; <X
Fori=1,2,..,n; j=1,2,..,k — 1 which is easier to use when the data being analysed are ordinal scale data
that are non- numeric measurements such as letter grades.

Definemt = P(u; =1); 1’ =P(u; = 0); 7 = P(uy; = —1) ..o, 3
Where
T+ AT =1 4

Forj=1,2,..,k—1
Note that equation2, 4 have structurally and intrinsically provided for the possibility of tied observations
between successive pairs of the sampled populations. The model specifications allow ties to occur between these
pairs of sampled populations with probability njo, j=12,..,k—1
Let
W= h Wi v, 5
Also let
W = Zi'(z_ll VV] = ijz_ll ?=1 ............................ 6
Now
2
E(uj)=nt—nVar(y;)=nt+ 7 —(mt — )" 7

Note that th+, n;and ;" are respectively the probabilities that observations from greater than, equal to, less

than observations from population X;,; for j =1,2,..,k —1. The sample estimates of these probabilities

areﬁj+=f’—;ﬁj°=f#;ﬁj‘=ff— ................................. 8

n n n

Where f-+,jj-°and f;~ are respectively the number of the 1s,0s and — 1s in the frequency distribution of these
numbersinu; for i=1,2,..,n,j=12,.., k-1

From equation 5 we have that the expected value of W} is

E(w)=2"E(u;) =n(m — ") .o, 9
And
Var(w)) = X%, Var(u;) =n (T[j+ - —(m' - 7'[[)2) ............................. 10

Note from equations 9 and 10 that both w; and its variance are independent of 7rj° and hence are not affected by
any possible ties between successive pairs of sampled populations.

Also, note that nj+ — m; is a measure of the difference between the probabilities that observations from
population X; are on the average greater than observations from population X;,; and the probability that

observations from population X; are on the average less than observations from population X;,; and is estimated

by

oW

T[}- —T[j = T = T ....................................... 11

Where

W= fY—f7 12

Using equation (11) in equation (10), we obtain the sample estimate of the variance of W} as
(et

Var(l/l@) = n(rrj I; ) PPN 13

The null hypothesis that is usually of interest in time or space ordered related populations or several ordered
related populations have medians M; that are successively atmost (or atleast) equal to each other. That is, the
null hypothesis that is usually of interest is that either M; < M, or M; > M;,4,forj = 1,2, ...,k — 1. Hence the
null hypothesis of interest here is

e - s -
Hy:m™ < misay Versus Hyimym > 17 .o, 14

Under this null hypothesis, the test statistic

2 (Wj—n(nj'f'—nj_))z _ (Wj—n(nj'-"—nj_))z
X] = Var (Wj) - Wz ..............................

(4 )

Forj =1,2,..,k — 1 has approximately the chi- square distribution with 1 degree of freedom for sufficiently

large n and maybe used to test the null hypothesis of equation 14 where m* — mis the hypothesized

difference between m*and 7, j = 1,2,..,k — 1. H, is rejected ata level of significance if
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CZXPal 16

Otherwise, H,is accepted.

However to avoid committing a type 11 Error too frequently, it is recommended that the calculated chi-square
values of equation 5 be compared with the tabulated chi- square value with k-1 degrees of freedom instead of 1
degree of freedom.

Note that like W} and its variance, the test statistic )(1-2 of Equation 15 isnot affected by the presence of any
possible ties between populations )(1-2 and )(J-ZH, j=12,..,k—1

Of more general interest here however is that ‘k’ related populations that are ordered in time or space have
medians that are atmost(at least) successively equal to one another. In other words, the null hypothesis that may
be of interest would be that if M;, M,, ... M), are the medians of ‘k’ time or space ordered populations, then the
expectation would be that M; is at most equal to M, which is in turn at most equal to M5 and so on until M;,_; is
at most equal to M, say.

The sample estimate of Y:¥Z] (n-+ — ;") is from equation 17

)= Z“(f —f) _ZEHw _w

n n
Note that like W} and its variance which have been adjusted for the possibility of tied observations, W and its
variance have also been similarly ties adjusted and are hence not affected by any ties between X; and X; ., for
allj =1,2,...,k— 1sampled populations.
Now if pairs of the k populations that are successively ordered in time or space have at most equal medians than
the difference between " and 7, would be expected to be equal to some constant 6, say which includes zero

for all j=1,2,..,k—1 , where w",m°andn~ are respectively the common values of
nt,m and w~ under Hy forj = 1,2, ...,k — 1 and are estimated as
R + _+ R 0 L ~ — ~ f-_
At = Eios 1_Zk n(kj 5 = = 1k S= 2 n(kl o T Z};ll_l:zﬁ oy 4
Under the null hypothesis H,, Equation 18 becomes (k — 1) (T — #7) = % so that
W=nk—-—1D@"—R87) .o 22
The sample estimate of the variance of W under H, is then from Eqgn 19
Var(W)=nk— 1)@ +7 — @ —77)2) oooiieiein . 23
If the null hypothesis of Eqn 20 is true, then the test statistic
¥2 = W-no)® _ (W—n8y)? 24
—— DG T T e

has approximately a Chi-Square distribution with k-1 degrees of freedom for sufficiently large n and may be
used to test the null hypothesis H, of Eqn 20. The null hypothesis is rejected at the a level of significance if

X2 = HEa ko1 e 25

Otherwise H,, is accepted.

Like the test statistic of Eqn 15, the test statistic of Eqn 24 is also unaffected by the presence of any
possible ties between success ie pairs of sampled populations. The null hypothesis of Rgn20 is usually tested
first. Its rejection would indicate the existence of some difference between the k population medians. In this
case one would then proceed to test the null hypothesis of Egn 14 to determine which paired populations have
different medians that may have led to the rejection of the more general null hypothesis of Eqn 20.

1. llustrative Example
Shown below are data on the letter grades earned by a random sample of 18 undergraduate students of
a certain academic program during each of the five years of their studies in a university.

Student’s Nos Yearl Year2 Year3 Year4 Year 5
1 ct E At B A™
2 ct C ct At A

3 B A™ B B* B~
4 F C B Cc~ B~
5 A™ c- F F E

6 B Bt B~ E E

7 B~ F At At B
8 E B* A B~ c-
9 C B* B B F

10 Cc~ Cc~ E B~ ct
11 C c- F C~ A”
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12 At B E ct C
13 F Cc~ At F B*
14 BT B~ B C
15 C Cc~ B B C-
16 B A B* ct
17 B At E A A
18 A At A A E
To illustrate use of the proposed method, we apply Equation 2b to the above data to obtain values of w;;, results
of which are presented in table 1 for i = 1,2,...,18;j = 1,2,3,4
Table 1: Tabulation of u;; (Equation 2b) for the illustrative data
Student’s S/No Ujp U U3 Uy
1 1 -1 1 -1
2 1 -1 -1 -1
3 -1 1 0 1
4 -1 -1 1 -1
5 1 1 0 -1
6 -1 1 1 0
7 1 -1 0 1
8 -1 -1 1 1
9 -1 1 0 1
10 0 1 -1 1
11 1 1 -1 -1
12 1 1 -1 1
13 -1 -1 1 -1
14 1 -1 -1 1
15 1 -1 0 1
16 -1 1 1 1
17 -1 1 -1 0
18 -1 1 0 1
i 8 10 6 10 (=)
j° 1 0 6 2 9(=f?)
3 9 8 6 6 29(=f")
n 18 18 18 18 72(=n(k-1))
il 0.444 0.556 0.333 0.556 0.472(=Rt)
A}.O 0.056 0.000 0.333 0.111 0.125(=9)
i 0.500 0.444 0.333 0.333 0.389(=77)
W, -1 2 2 4 7(=W)
The wvalues of f* , f° , f, &t&% @& and W, for j = 1, 3, 4 are

calculated as discussed above and shown in Table 1. From Equation 12, we have that W = 34-29 =5. From
equation 23, we estimate the variance of ‘W’ as
Var(W) = (18)(4)(0.472 + 0.403 — (0.472 — 0.404)?)

=(72)(0.870) = 62.64
Hence to test the null hypothesis of equation 20, we have from Equation 24, with W=5, 6, = 0,Var(W) =

62.640 that
2
2

~ 62.640

X

a = 0.05. Hence we may conclude that students performance do not seem to be increasing

decreasing) with time during their five years of study.

= 0.399, which with 5 — 1 = 4 degrees of freedom is not statistically significantlyat

(or

It would be instructive to compare the results obtained with the proposed methods with the results that would
have been obtained if the Cochran’s Q test had been used to analyse the above data. To do this, we first
compare the grades of each student during every two successive years assigning the score 1 if the students grade
in the past year is greater than the students grade in the immediately succeeding year and 0 otherwise for the
five year period.
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Application of Cochran test to the Data on letter grades of 18 students
Table 2: Relative order of the grades in Table 1 for use with Cochran Q Test
SINO | dj d;, d;3 d;, | Total
B,

O|IN|O|OID|WIN| -

NFRWINNEFEWINEFEINNINININFININN

18
Total

T;

S
w|o|o|o|r|rk|o|lr|lko|lo|lor|o|r|loo||-
PRk k|o|look|k ik klo|lokkrlol~lo|lo
o|o|o|r|olo|r|o|loo|o|r|o|r|olk|o|o|-
Pllolk|k|lklokr|lolok|rlklo|lolokiklo

o
w
=

In Table 2 d;; assume the value 1 if the grade earned by the it student in year ‘j’ is higher than that in year
j + 1 and assumes the value 0 otherwise fori = 1,2,...,18; j =1, 2,3,4.
Now using the marginal sums T; and B; Shown in table 2 in the Cochran’s Q test statistic, we have

(3) (8% +10% + 6% + 10% — (34)2) /4
Q= 34— 61/4
_ (3)(300 — 289.0) _ 33 176
34 —15.25 18.75

which with 4 degrees of freedom is not statistically significant at o = 0.05 thus the Cochran’s Q test like the
proposed test statistic is unable to reject the null hypothesis of no successive improvements ( or decrease) in
students performance during their five years of study. However, the proposed method unlike the Cochran’s Q
test would enable the researcher to quickly have a birds eye view of the proportions of subject who are
successively improving, experiencing no change or worsening overtime, space or condition to guide the

introduction of interventionist measures.

Application of Bartholomew test to the Data on letter grades of 18 students

d; n; n Prop(P) Revised Prop(P’)
1 8 18 0.44 0.56
2 10 18 0.56 0.56
3 6 18 0.33 0.56
4 10 18 0.56 0.56
Total 0.56
1 n R
72 = —_— Tli- P _P
X pg L (5 =P)
1
o2 _ _ 2 _ 2 _ 2 _ 2
P = 559040 (18(0.56 — 0.56)2) + 18(0.56 — 0.56)% + 18(0.56 — 0.56)? + 18(0.56 — 0.56)
=0.000001

Since all sample sizes are equal, m = 4, and hypothesized ordering not actually obtained in the population, the
averaging process necessary before the calculation of ¥ reduces its magnitude to insignificance at a= 0.005
level of significance.  Although the proposed method and the Bartholomew approach when applied to the
present data both lead to the acceptance of the null hypothesis, nevertheless the relative sizes of the calculated
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Chi- square values show that the Bartholomew test statistic is more likely to lead to an acceptance of a false null
hypothesis( type 1 error) more frequently and hence is likely to be less powerful than the proposed test statistic.
Thus from the result of the analysis obtained, the proposed method is probably more efficient than the
Bartholomew and Cochran’s Q test methods.

V. Summary And Conclusion:

This paper developed a Ties adjusted non parametric statistical method for the analysis of ordered
repeated measures that are related in time, space or condition that takes account of all possible pairwise
combinations of treatment levels. A test statistic is developed to determine whether subjects are increasingly
performing better or worse over time or space. The proposed method unlike the Cochran’s Q test and the
Bartholomew’s method would enable the researcher to quickly have a bird’s eye view of the proportions of
subject who are successively improving, experiencing no change or worsening overtime, space or condition to
guide the introduction of interventionist measures.

The method is illustrated with some data and shown to be more powerful than Friedman test and shown
to be easier to use than the Bartholomew procedure.

References:
[1] Bartholomew DJ (1959a): A Test of Homogeneity for Ordered Alternatives. Biometrika, 46, 36-48
[2] Bartholomew DJ (1959b): A Test of Homogeneity for Ordered Alternatives 11. Biometrika, 46, 328-335
[3] Freidlin B and Gastwirth JL.(): Should the Median Test be Retired from general Use? American Statistician, 54, 161-164
[4] Gibbons JD(1971): Non- Parametric Statistical Inference. McGraw Hill, New York,
[5] Gibbons JD(1993): Non- Parametric Statistical. An Introduction; Newbury Park: Sage Publication
[6] Oyeka, C. A., Ebuh, G.U., Nwankwo, C.C., Obiora- Ilouno, H. Ibeakuzie, P. O., Utazi, C.(2010) : A Statistical Comparison of Test
Scores: A Non- Parametric Approach. Journal of Mathematical Sciences, 21(1) 77-87
[7] Siegel S() : Non- Parametric Statistics for the Behavioural Sciences. McGraw- Hill, Tokyo
[8] Hollander, M. and Wolfe, D.A.(1999): Non-Parametric Statistical Methods (2™ Edition). Wiley Interscience, New York

www.iosrjournals.org 14 | Page



