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about multilinear settings. 
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I. Introduction: 

Many researchers generalized the concept of absolutely summing linear operators (see [1,7, 8]) to the 

multilinear framework by several different approaches. The importance of the theory of summing operators, 

there have been some attempts to generalize concept, related results and tools to the multilinear setting. A. 

Pietsch ask a question for some value of  𝑝, 𝑝1, … 𝑝𝑛 ,  the space of the absolutely (𝑝, 𝑝1, … 𝑝𝑛)- summing n-linear 

operators on Banach space coincides with the space of the Hilbert –Schmidt n-linear operators on Hilbert 

spaces. In Matos [2] prove that this question of Pietsch has negative answer. Matos [3] generalize the concept of 

linear summing to the multiple p-summing operator, named it fully absolutely summing and independently by 

Bombal, Perez-Garcia and Villanueva in [4], multiple summing. Many results proven in this direction for the 

class of multiple summing operators, illuminated that this class seems to be one of the most successful extension 

of the linear case. As a importance of the perspicuous theory of absolutely summing linear operators, the study 

of summability properties of multilinear operators focuses on operators that improve the summability of series. 

A desirable result in the theory is what has been called in the literature a coincidence result. This result consists 

in finding example of Banach spaces 𝑋1, … 𝑋𝑛, 𝑌 or general conditions on them, that ensure a better summability 

behaviour of every continuous n-linear operator from 𝑋1 × … × 𝑋𝑛 to 𝑌 or improve the summability behaviour 

of those operator that already enjoy some summing property. It is worth mentioning that this situation of lifting 

properties from bilinear to multilinear operators is non-trivial in many case. It is not true that the multilinear 

theory follows by induction from the linear case. Many example of the difficulties  of lifting the linear theory to 

the multilinear setting can be found in the literature see [5]. For coincidence results type and cotype space plays 

a fundamental role for linear and non-linear operators. we established a connection with Hilbert-Schmidt 

operator on Hilbert space and characterize different property with them together tensor product approach. 

II. Notations and Preliminaries: 

In this section we introduce some basic terminology and properties concerning the multilinear 

operators and Hilbert-Schmidt operator. let 𝑋𝑖 , 𝑌, 𝑖 ∈ 𝑁 be Banach space and 𝐻𝑖 , 𝐸𝑖 , 𝐹, 𝑖 ∈ 𝑁 be Hilbert space. 

𝐿(𝑋, 𝑌) be denote the Banach space of bounded linear operator from 𝑋 to 𝑌 and 𝐿𝑚(𝑋1 … 𝑋𝑚; 𝑌) , 𝑚 ≥ 2 be the 

Banach space of all bounded m-linear operator from 𝑋1 × … × 𝑋𝑚 to 𝑌. As usual 𝐸1⨂𝜋 … ⨂𝜋𝐸𝑛 stands for the 

projective tensor product of the Banach spaces 𝐸1 … 𝐸𝑛 and 𝐸1⨂𝜀 … ⨂𝜀𝐸𝑛 denote injective tensor product of 

𝐸1 … 𝐸𝑛 and 𝐸∗ , 𝑋∗ stands for its topological dual and 𝐵𝑋 denote closed unit ball of 𝑋. Given  linear operator 𝑢 ∶

𝑋 → 𝑌  and 𝑣 ∶ 𝐸 → 𝐹, 𝑢⨂𝑣 ∶ 𝑋⨂𝐸 → 𝑌⨂𝐹 will be linear operator given by 𝑢⨂𝑣(𝑥⨂𝑒) = 𝑢(𝑥)⨂𝑣(𝑒) and 𝐾 

be denote the basic field (ℝ 𝑜𝑟 ℂ). Remaining notation and terminology used along this paper is standard in 
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Banach space theory see [1,6]. This sources are also our main references for basic facts, definitions and 

unexplained notation. 

Let 1 ≤ 𝑝 ≤ ∞, a sequence (𝑒𝑛)𝑛 ⊂ 𝐸 is strongly p-summable if (‖𝑒𝑛‖)𝑛 ∈ 𝑙𝑝 and 𝑙𝑝(𝐸) be the Banach space 

of all such sequences endowed with the norm ‖(𝑒𝑛)𝑛‖𝑝 = (∑ ‖𝑒𝑛‖𝑝
𝑛 )

1

𝑝 and sequence (𝑒𝑛)𝑛 ⊂ 𝐸 is weakly p-

summable if for every 𝜑 ∈ 𝐸∗ , (𝜑(𝑒𝑛))
𝑛

∈ 𝑙𝑝 and                                  ‖(𝑒𝑛)𝑛‖𝑝
𝑤 = 𝑠𝑢𝑝 {(∑ (𝜑(𝑒𝑛))

𝑝
𝑛 )

1

𝑝 ∶ 𝜑 ∈

𝐵𝐸∗} 

Definition 2.1 A linear operator 𝑇 ∶ 𝐸 → 𝐹 is said to be p-summing if there exist a constant 𝐶 > 0 such that 

(∑ (𝑇(𝑒𝑛))
𝑝

𝑛 )
1

𝑝 ≤ 𝐶‖(𝑒𝑛)𝑛‖𝑝
𝑤   for each finite sequence (𝑒𝑛)𝑛 ⊂ 𝐸 and minimum of 𝐶 is called p-summing 

norm of 𝑇, and Π𝑃(𝐸, 𝐹) denote Banach space of p-summing operators from 𝐸 to𝐹 and T ∈ Π𝑃(𝐸, 𝐹) , 𝜋𝑝(𝑇) 

denote its p-summing norm. 

Definition 2.2 Let 1 ≤ 𝑝 ≤ ∞ and 𝜆 ≥ 1, a Banach space 𝐸 is said to be an  ℒ𝑝,𝜆 space if for every finite 

dimensional subspace 𝐴 of 𝐸 , there is a finite dimensional subspace 𝐵 of 𝐸 containing 𝐴 such that 𝑑(𝐵, 𝑙𝑝
𝑛) ≤ 𝜆 

where n is the dimension of 𝐵, that means there exist an isomorphism 𝑢 ∶ 𝐵 → 𝑙𝑝
𝑛 with ‖𝑢‖‖𝑢−1‖ ≤ 𝜆. A 

Banach space 𝐸 is said to be 𝐿𝑝 -space if it is an ℒ𝑝,𝜆 for some > 1 . 𝐿𝑝(𝜇) is an example of an 𝐿𝑝 -space. 

Definition 2.3 A Banach space 𝐸 is said to have cotype 𝑞 ≥ 2 if there exist a constant 𝐶 > 0 such that every 

sequence of vectors 𝑒1, … 𝑒𝑛 ∈ 𝐸, we have  

                                       (∑ ‖𝑒𝑖‖
𝑞

𝑛 )
1

𝑞 ≤ 𝐶 (∫ ‖∑ 𝑟𝑖(𝑡)𝑒𝑖𝑛 ‖21

0
𝑑𝑡)

1

2
    where (𝑟𝑛)𝑛be sequence of Rademacher 

functions and least constant 𝐶 is denoted by 𝐶𝑞(𝐸). 

Let 𝑛, 𝑚1, … 𝑚𝑛 ∈ 𝑁 ,        (𝑒𝑖1,…𝑖𝑛
)

𝑖1,…𝑖𝑛=1

𝑚1,…𝑚𝑛
 denote a multiindex sequence with the index 𝑖𝑗 varying from 1 to 

𝑚𝑗   (1 ≤ 𝑗 ≤ 𝑛) and ∑ 𝑒𝑖1,…𝑖𝑛

𝑚1,…𝑚𝑛
𝑖1,…𝑖𝑛

 means the same as  ∑ … . ∑ 𝑒𝑖1,…𝑖𝑛

𝑚𝑛
𝑖𝑛=1

𝑚1
𝑖1=1  . 

Definition 2.4 let 1 ≤ 𝑝 < ∞ , a multilinear operator 𝑇 ∶ 𝐸1 × … × 𝐸𝑛 → 𝐹 is multiple p-summing if there exists 

a constant 𝐶 > 0 such that for every sequences (𝑒𝑖𝑗

𝑗
)

𝑖𝑗=1

𝑚𝑗
 ⊂ 𝐸𝑗 we have,       (∑ ‖𝑇(𝑒𝑖1

1 , … 𝑒𝑖𝑛

𝑛 )‖
𝑝𝑚1,…𝑚𝑛

𝑖1,…𝑖𝑛
)

1

𝑝
 ≤

𝐶 ∏ ‖(𝑒𝑖𝑗

𝑗
)

𝑖𝑗=1

𝑚𝑗
‖

𝑝

𝑤

𝑛
𝑗=1                   (1) 

The multiple p-summing norm of 𝑇 is denoted and defined as 𝜋𝑝(𝑇) = 𝑚𝑖𝑛(𝐶: 𝐶 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 (1)) and 

 Π𝑝
𝑛(𝐸1, … 𝐸𝑛; 𝐹)  denote the class of multiple p-summing n-linear operator which is Banach space together with 

the norm𝜋𝑝(𝑇) . 

Definition 2.5 let 1 ≤ 𝑝1 , … 𝑝𝑛 ≤ 𝑞 < ∞, a multilinear operator 𝑇 ∶ 𝐸1 × … × 𝐸𝑛 → 𝐹 is multiple (𝑞, 𝑝1 , … 𝑝𝑛)-

summing if there exist a constant 𝐶 > 0 such that for every choice of sequences (𝑒𝑖𝑗

𝑗
)

𝑖𝑗=1

𝑚𝑗
 ⊂ 𝐸𝑗 , we have  

                      (∑ ‖𝑇(𝑒𝑖1

1 , … 𝑒𝑖𝑛

𝑛 )‖
𝑞𝑚1,…𝑚𝑛

𝑖1,…𝑖𝑛
)

1

𝑞
 ≤ 𝐶 ∏ ‖(𝑒𝑖𝑗

𝑗
)

𝑖𝑗=1

𝑚𝑗
‖

𝑝𝑗

𝑤

𝑛
𝑗=1                (2) 
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The multiple (𝑞, 𝑝1, … 𝑝𝑛)-summing norm of 𝑇 is denoted and defined as 𝜋(𝑞,𝑝1,…𝑝𝑛)(𝑇) =

𝑚𝑖𝑛(𝐶: 𝐶 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 (2))  and Π(𝑞,𝑝1,…𝑝𝑛)
𝑛 (𝐸1, … 𝐸𝑛; 𝐹) be denote class of multiple (𝑞, 𝑝1 , … 𝑝𝑛)-summing 

multilinear operators which is Banach space with norm 𝜋(𝑞,𝑝1,…𝑝𝑛)(𝑇). 

Definition 2.6 A linear operator 𝑇 ∶  𝐻1 → 𝐻2 is called Hilbert-Schmidt operator if the series ‖𝑇‖2 =

(∑ ‖𝑇𝑒𝑛‖2∞
𝑛=1 )

1

2  converges for at least one orthonormal base (𝑒𝑛) of 𝐻1 and it does not depend on the choice of 

the orthonormal base (𝑒𝑛) and the class 𝒮2(𝐻1, 𝐻2) denote the space of all Hilbert-Schmidt operator which form 

Hilbert space with norm ‖𝑇‖2 = (∑ ‖𝑇𝑒𝑛‖2∞
𝑛=1 )

1

2 and inner product 〈𝑆, 𝑇〉 = ∑ 〈𝑓𝑚
∗ , 𝑆𝑒𝑛〉〈𝑓𝑚

∗ , 𝑇𝑒𝑛〉∞
𝑛,𝑚=1   where 

(𝑒𝑛) and (𝑓𝑚
∗ ) are orthonormal base of 𝐻1 and 𝐻2

∗ respectively. The double sequence of Hilbert-Schmidt 

operator 𝑒𝑛
∗ ⨂𝑓𝑚 defined by 𝑒𝑛

∗ ⨂𝑓𝑚 ∶ 𝑥 ∈ 𝐻1 → 〈𝑒𝑛
∗ , 𝑥〉𝑓𝑚 ∈ 𝐻2 form an orthonormal base of 𝒮2(𝐻1, 𝐻2) .  

Definition 2.7 let 𝐻1 , … 𝐻𝑛 , 𝐻 be Hilbert space, a multilinear operator 𝑇 ∶  𝐻1 × … × 𝐻𝑛 → 𝐻 is said to be 

Hilbert-Schmidt if there exist 𝐶 > 0 such that  

                 ‖𝑇‖𝐻𝑠 =  (∑ ‖𝑇(𝑒𝑖1

1 , … 𝑒𝑖𝑛

𝑛 )‖
2

𝑖1∈𝐼1,…𝑖𝑛∈𝐼𝑛
)

1

2
< 𝐶                 (3) 

Where (𝑒𝑖𝑗

𝑗
)

𝑖𝑗∈𝐼𝑗

 ⊂ 𝐻𝑗  is an orthonormal basis (1 ≤ 𝑗 ≤ 𝑛) and least constant 𝐶 is called Hilbert-Schmidt norm 

of 𝑇 and it denoted by ‖𝑇‖𝐻𝑠 . 𝒮2
𝑛(𝐻1 , … 𝐻𝑛;  𝐻) denote the class of all Hilbert-Schmidt operator from 𝐻1 × … ×

𝐻𝑛 𝑡𝑜 𝐻 and it is Hilbert space with this norm ‖𝑇‖𝐻𝑠 and the inner product defined as  

                〈𝑆, 𝑇〉 = ∑ 〈𝑇(𝑒𝑖1

1 , … 𝑒𝑖𝑛

𝑛 ), 𝑆(𝑒𝑖1

1 , … 𝑒𝑖𝑛

𝑛 )〉𝑖1∈𝐼1,…𝑖𝑛∈𝐼𝑛
            (4) 

Theorem 2.8 The class of Hilbert-Schmidt multilinear operators and the class of multiple 2-summing operators 

are identically isometric. 

Theorem 2.9 For a multilinear operator 𝑇 ∶ 𝐸1 × … × 𝐸𝑛 → 𝐹, the following results are equivalent,  

(a) 𝑇 is Hilbert-Schmidt 

(b) 𝑇 is multiple p-summing for every 𝑝 ∈ [2, ∞).  

Theorem 2.8 and 2.9 are proved in [3]. 

Let 𝐸, 𝐹, 𝐺 are three seperable Hilbert spaces, and 𝒮2(𝐸, 𝐹) , 𝒮2(𝐹, 𝐺) be Hilbert space of Hilbert-Schmidt 

operators. 

Theorem 2.10 The space 𝒮2(𝒮2(𝐸, 𝐹), 𝐺) of H-S operator from 𝒮2(𝐸, 𝐹) to 𝐺 is isometric to the space 

𝒮2(𝐸∗, 𝒮2(𝐹, 𝐺)) of H-S operators from 𝐸∗ to 𝒮2(𝐹, 𝐺). 

Proof : let 𝑇 ∈ 𝒮2(𝐸∗, 𝒮2(𝐹, 𝐺)) be the operator that associates with every 𝜑 ∈ 𝐸∗ the operator 𝑇(𝜑) ∈ 𝒮2(𝐹, 𝐺), 

this H-S operator 𝑇(𝜑) has its norm equal to  

                  ‖𝑇(𝜑)‖𝒮2(𝐹,𝐺)
2 = ∑ |〈𝑇(𝜑)𝑓𝑖, 𝑔𝑗

∗〉|
2∞

𝑖,𝑗=1                   (5) 

where 𝑓𝑖 and 𝑔𝑗
∗ are orthonormal base of 𝐹 and 𝐺∗ respectively. The norm of 𝑇 is equal to  

   ‖𝑇‖2
2 = ∑ ‖𝑇(𝜑𝑛)‖𝒮2(𝐹,𝐺)

2∞
𝑛=1 = ∑ |〈𝑇(𝜑𝑛)𝑓𝑖 , 𝑔𝑗

∗〉|
2∞

𝑖,𝑗=1            (6)  

where 𝜑𝑛 is an orthonormal base of 𝐸∗. 
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Let 𝐵 ∈ 𝒮2(𝐸, 𝐹)be a H-S operator defined with respect to the orthonormal base (𝜑𝑛⨂𝑓𝑖) by , 𝐵 =

∑ 𝛼𝑛,𝑖 
∞
𝑛,𝑖=1 𝜑𝑛⨂𝑓𝑖   , where 𝛼𝑛,𝑖 ∈ 𝑙2(𝑁 × 𝑁) 

We define a operator 𝑇̅  ∈ 𝒮2(𝒮2(𝐸, 𝐹), 𝐺) with protection of 𝑇 as a way  

            𝑇̅(𝐵) = ∑ 𝛼𝑛,𝑖 
∞
𝑛,𝑖=1 𝑇(𝜑𝑛)𝑓𝑖                                              (7) 

It is clearly that 𝑇̅ satisfy, 𝑇̅(𝜑𝑛⨂𝑓𝑖) =  𝑇(𝜑𝑛)𝑓𝑖 , hence  

                       ‖𝑇̅‖2 = ∑ ‖𝑇̅(𝜑𝑛⨂𝑓𝑖)‖𝐺
2∞

𝑛,𝑖=1 = ∑ ‖𝑇(𝜑𝑛)𝑓𝑖‖𝐺
2∞

𝑛,𝑖=1  

                                                                      = ∑ |〈𝑇(𝜑𝑛)𝑓𝑖 , 𝑥𝑗〉|
2

= ‖𝑇‖2
2∞

𝑛,𝑖,𝑗=1         (8) 

This implies that 𝑇̅ is H-S operator. therefore the mapping 𝑇 ∈ 𝒮2(𝐸∗, 𝒮2(𝐹, 𝐺)) to 𝑇̅  ∈ 𝒮2(𝒮2(𝐸, 𝐹), 𝐺) is an 

isometry and it is one-one on to. 

Since 𝑇̅  ∈ 𝒮2(𝒮2(𝐸, 𝐹), 𝐺), then for all fixed 𝜑 ∈ 𝐸∗ , 𝜑⨂𝑓 ∈ 𝒮2(𝐸, 𝐹).  The operator 𝑇(𝜑) defined as   𝑇(𝜑) ∶

𝑓 ∈ 𝐹 → 𝑇̅(𝜑⨂𝑓) ∈ 𝐺 is H-S operator connected with 𝑇̅ by equation (7). Thus we satisfy that 𝑇 ∶ 𝜑 → 𝑇(𝜑) ∈

𝒮2(𝐹, 𝐺) is H-S operator from 𝐸∗ to 𝒮2(𝐹, 𝐺). 

The space 𝒮2(𝐸∗, 𝐹) is the Hilbert tensor product of the seperable Hilbert space 𝐸 and 𝐹. We denote this space 

by 𝐸⨂̂ 𝐹 = 𝒮2(𝐸∗, 𝐹) and its elements by,  

                               𝐵 = ∑ 𝛼𝑛,𝑖𝑒𝑛⨂𝑓𝑖 = ∑ 𝑒𝑛⨂𝑥𝑛
∞
𝑛=1

∞
𝑛,𝑖=1  

where(𝛼𝑛,𝑖) ∈ 𝑙2(𝑁 × 𝑁) and 𝑥𝑛 = ∑ 𝛼𝑛,𝑖𝑓𝑖
∞
𝑖=1   and (𝑒𝑛) & (𝑓𝑖) are orthonormal bases of 𝐸 and 𝐹 . 

III. Characterizations and Results: 

In this section, we first characterize Hilbert-Schmidt operator and p-summing operator and after establish some 

connections & results with tensor product approach. It is remark that every Hilbert-Schmidt operator is compact 

and every p-summing operator between Hilbert spaces is also compact. 

Lemma 3.1 Let 𝐸, 𝐹 and 𝐺 are Hilbert spaces and 𝐴 ∶ 𝐸 × 𝐹 → 𝐺 is compact, then there is an orthonormal basis 

(𝑒𝑛, 𝑓𝑛) in 𝐸 × 𝐹 such that (𝑒𝑛, 𝑓𝑛) = 𝛼𝑛𝑔𝑛 , where 𝑔𝑛 is an orthonormal sequence in 𝐺, 𝛼𝑛 ≥ 0 and lim
𝑛→∞

𝛼𝑛 =

0. 

Theorem 3.2 An operator 𝐴 ∶ 𝐸 × 𝐹 → 𝐺 is Hilbert-Schmidt if and only if 𝐴 is absolutely p-summing operator. 

Proof : let suppose 𝐴 is absolutely p-summing operator then it clearly 𝐴 is compact operator. let (𝑒𝑛, 𝑓𝑛) be 

orthonormal basis in 𝐸 × 𝐹. Let 𝑟𝑛 be the n-th Rademacher function defined as   𝑟𝑛(𝑡) = (𝑠𝑖𝑛
3𝜋

2
) 𝑘 ,

𝑓𝑜𝑟 2−𝑛𝑘 < 𝑡 < 2−𝑛(𝑘 + 1) 

                                 = 0  ,          𝑓𝑜𝑟  𝑡 = 2−𝑛𝑘 𝑎𝑛𝑑 𝑡 = 1 , 𝑤ℎ𝑒𝑟𝑒 𝑘 = 0,1, … 2𝑛 − 1;   𝑛 ∈ 𝑁 

We set a positive integer 𝑁𝑜 and set for 𝑘 = 0, 1, … 2𝑁𝑜 − 1 and 𝑥𝑘 ∈ 𝐸 × 𝐹 in a way as        𝑥𝑘 =

∑ 𝑟𝑛
𝑘(𝑒𝑛, 𝑓𝑛)𝑁𝑜

𝑛=1  , where 𝑟𝑛
𝑘 = 𝑟𝑛 ((2𝑘 + 1)2−(𝑁𝑜+1)) , 𝑘 = 0,1, … 2𝑛 − 1;   𝑛 ∈ 𝑁𝑂 

Then,           ‖𝐴(𝑥𝑘)‖ = ‖∑ 𝑟𝑛
𝑘𝐴(𝑒𝑛, 𝑓𝑛)𝑁𝑜

𝑛=1 ‖ 

                                   = ‖∑ 𝑟𝑛
𝑘𝑁𝑜

𝑛=1 𝛼𝑛𝑔𝑛‖ = (∑ 𝛼𝑛
2𝑁𝑜

𝑛=1 )
1

2 
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Therefore,                  (∑ ‖𝐴𝑥𝑘‖𝑝2𝑁𝑜−1
𝑘=0 )

1

𝑝
= 2

𝑁𝑜
𝑝 (∑ 𝛼𝑛

2𝑁𝑜
𝑛=1 )

1

2                   (9) 

We choose, if  𝑎 = ∑ 〈𝑎, 𝑒𝑖〉〈𝑎, 𝑓𝑖〉(𝑒𝑖, 𝑓𝑖)
∞
𝑖=1  ∈ 𝐸 × 𝐹 , then  

          |〈𝑥𝑘 , 𝑎〉|𝑝 = |∑ 𝑟𝑛
𝑘〈𝑎, 𝑒𝑛〉 ̅̅ ̅̅ ̅̅ ̅̅ ̅〈𝑎, 𝑓𝑛〉̅̅ ̅̅ ̅̅ ̅̅𝑁𝑜

𝑛=1 |
𝑝
 =2𝑁𝑜 ∫ |∑ 𝑟𝑛(𝑡)〈𝑎, 𝑒𝑛〉 ̅̅ ̅̅ ̅̅ ̅̅ ̅〈𝑎, 𝑓𝑛〉̅̅ ̅̅ ̅̅ ̅̅𝑁𝑜

𝑛=1 |
𝑝

𝑑𝑡
(𝑘+1)2−𝑁𝑜

𝑘2−𝑁𝑜
 

Hence, (∑ |〈𝑥𝑘 , 𝑎〉|𝑝2𝑁𝑜−1
𝑘=0 )

1

𝑝
= (2𝑁𝑜 ∑ ∫ |∑ 𝑟𝑛(𝑡)〈𝑎, 𝑒𝑛〉 ̅̅ ̅̅ ̅̅ ̅̅ ̅〈𝑎, 𝑓𝑛〉̅̅ ̅̅ ̅̅ ̅̅𝑁𝑜

𝑛=1 |
𝑝

𝑑𝑡
(𝑘+1)2−𝑁𝑜

𝑘2−𝑁𝑜
2𝑁𝑜−1
𝑘=0 )

1

𝑝
 

                                                   = 2
𝑁𝑜
𝑝 (∫ |∑ 𝑟𝑛(𝑡)〈𝑎, 𝑒𝑛〉 ̅̅ ̅̅ ̅̅ ̅̅ ̅〈𝑎, 𝑓𝑛〉̅̅ ̅̅ ̅̅ ̅̅𝑁𝑜

𝑛=1 |
𝑝

𝑑𝑡
1

0
)

1

𝑝
 

Therefore, by Khinchin inequality,  

  (∑ |〈𝑥𝑘 , 𝑎〉|𝑝2𝑁𝑜−1
𝑘=0 )

1

𝑝
≤ 2

𝑁𝑜
𝑝 𝐶𝑝(∑ |〈𝑎, 𝑒𝑛〉〈𝑎, 𝑓𝑛〉|2𝑁𝑜

𝑛=1 )
1

2 ≤ 2
𝑁𝑜
𝑝 𝐶𝑝‖𝑎‖              (10) 

    where 𝐶𝑃 is a constant depending on p only. 

From (9) & (10) and using definition of absolutely p-summing operator on 𝐸 × 𝐹,  

                      2
𝑁𝑜
𝑝 (∑ 𝛼𝑛

2𝑁𝑜
𝑛=1 )

1

2 ≤ Κ𝑠𝑢𝑝‖𝑎‖=1 (∑ |〈𝑥𝑘 , 𝑎〉|𝑝2𝑁𝑜−1
𝑘=1 )

1

𝑝
≤ Κ𝐶𝑝2

𝑁𝑜
𝑝  

Thus,         (∑ 𝛼𝑛
2𝑁𝑜

𝑛=1 )
1

2 ≤  Κ𝐶𝑝      for every 𝑁𝑜 ∈ 𝑁 

Since      ‖𝐴(𝑒𝑛 , 𝑓𝑛)‖ = 𝛼𝑛   for  𝑛 ∈ 𝑁𝑜 and hence  ∑ ‖𝐴(𝑒𝑛, 𝑓𝑛)‖2 ≤ (𝛫𝐶𝑝)
2∞

𝑛=1 < ∞ 

This implies that 𝐴 is H-S operator. 

Conversely, let if 𝐴 ∈ 𝒮2(𝐸 × 𝐹; 𝐺) ,then  

                  ‖𝐴‖2 = (∑ |〈𝐴(𝑒𝑛, 𝑓𝑛), 𝑔𝑛
∗ 〉|2∞

𝑛=1 )
1

2 = (∑ 𝛼𝑛
2∞

𝑛=1 )
1

2 < ∞  

where(𝑒𝑛), (𝑓𝑛), (𝑔𝑛
∗ ) be orthonormal sequence in 𝐸, 𝐹 and 𝐺∗ respectively. 

Let (𝑥𝑚) be an arbitrary sequence in 𝐸 × 𝐹 and let for 0 ≤ 𝑡 ≤ 1,  

    𝑏(𝑡) = 𝐴−1 ∑ 𝑟𝑛(𝑡)𝛼𝑛(𝑒𝑛 , 𝑓𝑛)∞
𝑛=1     where 𝑟𝑛 be nth Rademacher function, then by using the Khinchin 

inequality, we get  

        𝑠𝑢𝑝‖𝑎‖=1 ∑ |〈𝑥𝑚 , 𝑎〉|∞
𝑚=1 ≥ 𝐴−1𝑠𝑢𝑝0≤𝑡≤1 ∑ |〈𝑥𝑚, 𝑏(𝑡)〉|∞

𝑚=1  

                                                    ≥ 𝐴−1 ∫ ∑ |∑ 𝑟𝑛(𝑡)𝛼𝑛〈𝑥𝑚, 〈𝑒𝑛, 𝑓𝑛〉𝑔𝑛〉∞
𝑛=1 |𝑑𝑡∞

𝑚=1
1

0
 

                                                    = 𝐴−1 ∑ ∫ |∑ 𝑟𝑛(𝑡)𝛼𝑛〈𝑥𝑚 , 〈𝑒𝑛, 𝑓𝑛〉𝑔𝑛〉∞
𝑛=1 |𝑑𝑡

1

0
∞
𝑚=1  

                                                    ≥ (√2𝐴)
−1

∑ (∑ 𝛼𝑛
2|〈𝑥𝑚, 〈𝑒𝑛, 𝑓𝑛〉𝑔𝑛〉|2∞

𝑛=1 )
1

2∞
𝑚=1  

                                                   = (√2𝐴)
−1

∑ ‖𝐴𝑥𝑚‖∞
𝑚=1  

This implies 𝐴 ∈ Π𝑝(𝐸 × 𝐹; 𝐺). Finally , let 𝑝 > 1 and 𝑞 = 𝑝(𝑝 − 1)−1 then,  
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                           (∑ |Κ𝑚|𝑝∞
𝑚=1 )

1

𝑝 = 𝑠𝑢𝑝∑ |𝑡𝑚|𝑞=1∞
𝑚=1

∑ |𝑡𝑚Κ𝑚|∞
𝑚=1  

We use definition of p-summing operator, we get  

          (∑ ‖𝐴𝑥𝑚‖𝑝∞
𝑚=1 )

1

𝑝 = 𝑠𝑢𝑝∑ |𝑡𝑚|𝑞=1∞
𝑚=1

∑ |𝐴𝑡𝑚𝑥𝑚|∞
𝑚=1  

                                       ≤ √2𝐴 𝑠𝑢𝑝∑ |𝑡𝑚|𝑞=1 ∞
𝑚=1

𝑠𝑢𝑝‖𝑎‖=1 ∑ |〈𝑡𝑚𝑥𝑚, 𝑎〉|∞
𝑚=1   

                                      = √2𝐴𝑠𝑢𝑝‖𝑏‖=1𝑠𝑢𝑝‖𝑎‖=1 ∑ |𝑡𝑚〈𝑥𝑚 , 𝑎〉|∞
𝑚=1  

                                    = √2𝐴 𝑠𝑢𝑝‖𝑏‖=1,‖𝑎‖=1(∑ |〈𝑥𝑚, 〈𝑒𝑛, 𝑓𝑛〉𝑔𝑛〉|𝑝∞
𝑚=1 )

1

𝑝 

Hence the proof. 

Theorem [1] 3.3 let 1 ≤ 𝑝 ≤ 𝑞, and 𝐸 be an ℒ∞,𝜆-space and 𝐹 be an ℒ𝑝,𝜆′-space. Then every operator 𝑇 ∶ 𝐸 → 𝐹 

is 2-summing with 𝜋2(𝑇) ≤ Κ𝐺𝜆𝜆′‖𝑇‖. 

Corollary 3.4 let 𝑇 ∶ 𝐸 → 𝐹 be an operator, then following condition are equivalent, 

(a) 𝑇 is a Hilbert-Schmidt operator, 

(b) 𝑇 factor through an 𝐿∞-space, 

(c) 𝑇 factor through an 𝐿1-space. 

Proof : (a) ⇔(b),  since 𝑇 is H-S operator then 𝑇 is 2-summing operator, this implies we apply Pietsch 

factorization theory we have a regular Borel probability measure 𝜇 on compact Hausdorff space 𝐾, a closed 

subspace 𝑋2 of 𝐿2(𝜇) and an operator 𝑇̅ ∶ 𝑋2 → 𝐹 such that 𝑇̅𝑗2𝑖𝐸(𝑒) = 𝑇𝑒  for all 𝑒 ∈ 𝐸. This show that 𝑇 

factor through a 𝐶(𝐾)-space, and if 𝑇 factor through an 𝐿∞-space, then by theorem 3.3, 𝑇 is 2-summing and so 

it is H-S operator. 

(a) ⇔(c) we remarks that dual of 𝐶(𝐾)-spaces are 𝐿1(𝜇)-spaces, through the measures 𝜇  that arise is non 𝜎-

finite. It is relatively simple to use localization property to show that 𝐶(𝐾)∗ is an ℒ1,𝜆-space for each 𝜆 > 1, and 

hence 𝐶(𝐾)∗ as the space of regular Borel measures defined on compact Hausdroff space 𝐾. Since 𝑇 ∶ 𝐸 → 𝐹 is 

Hilbert-Schmidt operator, then so 𝑇∗ is also, and any factorization 𝑇∗ ∶ 𝐹 → 𝐶(𝐾) → 𝐸 lead to a factorization 

𝐸 → 𝐿1 → 𝐹 of 𝑇 = 𝑇∗∗ and we know if 𝐸 is an ℒ1,𝜆-space and 𝐹 is ℒ2,𝜆′-space then every operator 𝑇 ∶ 𝐸 → 𝐹  

is 2-summing and so 𝑇 is H-S operator because every Hilbert space is isomorphic to a subspace of an 𝐿1(𝜇)-

space and to a quotient of a 𝐶(𝐾)-spaces simultaneously. Hence the proof. 

We define inner product in the space 𝐸1 ⨂. . . ⨂𝐸𝑛 which is tensor product of Hilbert space 𝐸𝑖 , 1 ≤ 𝑖 ≤ 𝑛. 

                       〈𝑥, 𝑦〉 = ∑ ∑ 〈𝑢𝑗
1, 𝑣𝑘

1〉 … 〈𝑢𝑗
𝑛, 𝑣𝑘

𝑛〉𝑛2
𝑘=1

𝑛1
𝑗=1                     (11) 

where 𝑥 = ∑ 𝑢𝑗
1 ⨂. . . ⨂𝑢𝑗

𝑛𝑛1
𝑗=1   , 𝑦 = ∑ 𝑣𝑘

1 ⨂. . . ⨂𝑣𝑘
𝑛𝑛2

𝑘=1  . 

The space 𝐸1 ⨂. . . ⨂𝐸𝑛 with this inner product is denoted by 𝐸1⨂𝜋 … ⨂𝜋𝐸𝑛 and its completion by 

𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛 and its norm is denoted by ‖. ‖𝜋 . let (𝑒𝑗
𝑘)

𝑗∈𝐽𝐾
 is an orthonormal basis for 𝐸𝐾 , 𝑘 = 1 … 𝑛 then 

(𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 )   𝑗𝑘 ∈ 𝐽𝐾 , 𝑘 = 1, … , 𝑛 is an orthonormal basis for 𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛 . 
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Theorem 3.5 The space 𝒮2(𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛 ; 𝐹) of Hilbert-Schmidt operators from 𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛 to 𝐹 is 

isometric to the Hilbert tensor product of (𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛)
∗
 and space of Hilbert-Schmidt operator from 

𝐸1 × … × 𝐸𝑛 to 𝐹. In particular (𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛)
∗
 is isometric to 𝐸1

∗⨂̂𝜋 … ⨂̂𝜋𝐸𝑛
∗. 

Proof : it is convenient to make explicit the isometry 𝑗.let 𝑇 ∈ 𝒮2(𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛 ; 𝐹) , we relate 𝑇 to the 

operator 𝑇̂(𝑥) ∈ 𝒮2(𝐸1 × … × 𝐸𝑛; 𝐹) defined by  

                 𝑇̂(𝑥) ∶ 𝑦 ∈ 𝐸1 × … × 𝐸𝑛 → 𝑇̂(𝑥)𝑦 = 𝑇(𝑒1 ⨂. . . ⨂𝑒𝑛) 

If (𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 )   𝑗𝑘 ∈ 𝐽𝐾  , 𝑘 = 1, … , 𝑛 is an orthogonal base of 𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛  and (𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

1 )
∗
 is its dual 

base. The  isometry is defined by  

  𝑇 ∈ 𝒮2(𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛 ; 𝐹) → 𝑗𝑎 = ∑ (𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 )
∗
⨂𝑗𝑘∈𝐽𝐾 ,𝑘=1,…,𝑛 𝑇̂(𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 ) ∈

(𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛)
∗
⨂̂𝒮2(𝐸1 × … × 𝐸𝑛; 𝐹)  

Since , 𝑥 = ∑ 𝑢𝑗
1 ⨂. . . ⨂𝑢𝑗

𝑛𝑛1
𝑗=1 = ∑ 〈(𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 )
∗
, 𝑥〉𝑗𝑘∈𝐽𝐾,𝑘=1,…𝑛 (𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 ) 

Then , 𝑇(𝑥⨂𝑦) = ∑ 〈(𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 )
∗
, 𝑥〉𝑗𝑘∈𝐽𝐾,𝑘=1,…𝑛 𝑇̂(𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 )𝑦 

                          = ∑ ((𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 )
∗
⨂𝑇̂(𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 ))𝑗𝑘∈𝐽𝐾 ,𝐾=1,…𝑛 (𝑥⨂𝑦) 

Hence   𝑇((𝑒𝑗1

1 ⨂. . . ⨂𝑒𝑗𝑛

𝑛 )
∗
) ∈ 𝒮2(𝐸1 × … × 𝐸𝑛; 𝐹)   and clearly, 

          (𝐸1⨂̂𝜋 … ⨂̂𝜋𝐸𝑛)
∗

= 𝐸1
∗⨂̂𝜋 … ⨂̂𝜋𝐸𝑛

∗. Hence the proof. 

Theorem 3.6 The  space 𝒮2(𝐸1 × … × 𝐸𝑛; 𝐹) is isometric isomorphic to the space      Π𝑝
𝑛(𝐸1 × … × 𝐸𝑛; 𝐹). 

Proof : Let 𝐴 ∈ 𝛱𝑝
𝑛(𝐸1 × … × 𝐸𝑛; 𝐹) and (𝑒𝑗

𝑖)
𝑗∈𝐽𝐾

 is an orthonormal base of  𝐸𝑖  , 1 ≤ 𝑖 ≤ 𝑛 since, we know that  

  (∑ ‖𝐴(𝑒𝑚1
1 … 𝑒𝑚𝑛

𝑛 )‖
𝑝

𝑚∈𝐼1×…×𝐼𝑛
)

1

𝑝 ≤ 𝜋𝑝(𝐴) ∏ ‖(𝑒𝑚
𝑖 )𝑚∈𝐼𝐾

‖
𝑤,𝑝

𝑛
𝑖=1 ≤ 𝜋𝑝(𝐴)    (12)  

For every finite subset 𝐼𝐾  of 𝐽𝐾 ,with 𝑚 element, 𝑖 = 1, … 𝑛 and m be natural. Thus 𝐴 ∈ 𝒮2(𝐸1 × … × 𝐸𝑛; 𝐹) and 

‖𝐴‖𝐻𝑠 ≤ 𝜋𝑝(𝐴). 

Next , we consider 𝐴 ∈ 𝒮2(𝐸1 × … × 𝐸𝑛; 𝐹) we take if n=1,  we consider 𝑚 ∈ 𝑁, 𝑒𝑖 ∈ 𝐸𝑖  , 𝑖 = 1, … 𝑚 and an 

orthonormal base (𝑓𝑗)
𝑗∈𝐽

 of  𝐹, then  

           (∑ ‖𝐴(𝑒𝑖)‖𝑝𝑚
𝑖=1 )

1

𝑝 = (∑ ∑ |〈𝑒𝑖 , 𝐴∗(𝑓𝑗)〉|
𝑝

𝑗∈𝐽
𝑚
𝑖=1 )

1

𝑝 

                                           ≤ (∑ ‖𝐴∗(𝑓𝑗)‖
𝑝

𝑗∈𝐽 )
1

𝑝 𝑠𝑢𝑝𝜑∈𝐵𝐸𝑖
∗ (∑ |𝜑(𝑒𝑖)|𝑝𝑚

𝑖=1 )
1

𝑝  

                                           = ‖𝐴‖𝐻𝑠 ‖(𝑒𝑖)𝑖=1
𝑚 ‖𝑤,𝑝 . 

Hence , 𝐴 ∈ 𝛱𝑝
𝑛(𝐸1 × … × 𝐸𝑛; 𝐹) and  𝜋𝑝(𝐴) ≤ ‖𝐴‖𝐻𝑠 . 

Now , we take 𝑛 > 1 and we assume that it is true for all 𝑘 ≤ 𝑛 − 1. Since the mapping 

                    𝐴 ∈ 𝒮2(𝐸1 × … × 𝐸𝑛; 𝐹) → 𝐴1 ∈ 𝒮2(𝐸1, 𝒮2(𝐸2 × … × 𝐸𝑛; 𝐹))  
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Where 𝐴1(𝑒1)(𝑒2, … 𝑒𝑛) = 𝐴(𝑒1, … 𝑒𝑛) for 𝑒𝑘 ∈ 𝐸𝑘 , 𝑘 = 1, … 𝑛 is an isometric isomorphism. We have,  

 𝐴1 ∈ Π𝑝
𝑛(𝐸1 , 𝒮2(𝐸2 × … × 𝐸𝑛; 𝐹)) ⊂ Π𝑝

𝑛(𝐸1, Π𝑝
𝑛(𝐸2 × … × 𝐸𝑛; 𝐹) ) with 𝜋𝑝(𝐴1) ≤ ‖𝐴1‖𝐻𝑠 = ‖𝐴‖𝐻𝑠 . by 

induction hypothesis, we obtain 

  𝐴 ∈ 𝛱𝑝
𝑛(𝐸1 × … × 𝐸𝑛; 𝐹) and 𝜋𝑝(𝐴) ≤ 𝜋𝑝(𝐴1) ≤ ‖𝐴‖𝐻𝑠. Hence the proof. 

Theorem 3.7 Let 2 ≤ 𝑝 ≤ ∞ and 𝑇 ∶  𝐸1 ⨂. . . ⨂𝐸𝑛⨂𝐸𝑛+1 ⨂. . . ⨂𝐸𝑛+𝑘 → 𝐹 be multiple p-summing operator 

then 𝑇̂ ∶  𝐸𝑛+1 ⨂. . . ⨂𝐸𝑛+𝑘 → 𝒮2(𝐸1 ⨂. . . ⨂𝐸𝑛; 𝐹) is multiple p-summing with respect to the Hs norm on  

𝒮2(𝐸1 ⨂. . . ⨂𝐸𝑛; 𝐹) and [𝑎𝑝]
𝑛

𝜋𝑝
𝑛+𝑘(𝑇) ≤ 𝜋𝑝

𝑘(𝑇̂) ≤ [𝑏𝑝]
𝑛

𝜋𝑝
𝑛+𝑘(𝑇) where 𝑎𝑝 and  𝑏𝑝 are Khinchin Constant. 

Proof : Let 𝜃𝑗 = (𝑒𝑖𝑛+𝑗

𝑛+𝑗
)

1≤𝑖𝑛+𝑗≤𝑚𝑛+𝑗

⊂ 𝐸𝑛+𝑗 be some finite order structure such that 𝑤𝑝 (𝑒𝑖𝑛+𝑗

𝑛+𝑗
∶ 1 ≤ 𝑖𝑛+𝑗 ≤

𝑚𝑛+𝑗) ≤ 1 for each 𝑖 ≤ 𝑗 ≤ 𝑘 and we define the operator 

                       𝐴𝜃1…𝜃𝐾
∶ 𝐸1 ⨂. . . ⨂𝐸𝑛 → 𝑙𝑝

𝑚𝑛+1…𝑚𝑛+𝑘(𝐹)    as  

   𝐴𝜃1…𝜃𝐾
(𝑒1 … 𝑒𝑛) = 𝑇(𝑒1 … 𝑒𝑛 , 𝑒𝑖𝑛+1

𝑛+1 … 𝑒𝑖𝑛+𝑘

𝑛+𝑘 ) , 1 ≤ 𝑖𝑛+1 ≤ 𝑚𝑛+1, … ,1 ≤ 𝑖𝑛+𝑘 ≤ 𝑚𝑛+𝑘 . 

Now, by definition of multiple p-summing operator, it follows that  𝐴𝜃1…𝜃𝐾
 is multiple p-summing and 

𝜋𝑝
𝐾(𝐴𝜃1…𝜃𝐾

) ≤ 𝜋𝑝
𝑛+𝑘(𝑇) , since 2 ≤ 𝑝 ≤ ∞ we define 𝑠 as   

1

2
=

1

𝑝
+

1

𝑠
  if 𝑝 = 2 then 𝑠 = ∞.  

Let 𝜇 = (𝜇𝑖𝑛+1,…𝑖𝑛+𝑘
) , 1 ≤ 𝑖𝑛+1 ≤ 𝑚𝑛+1, … ,1 ≤ 𝑖𝑛+𝑘 ≤ 𝑚𝑛+𝑘  be a finite system of scalars and let define a 

operator,  

  𝑆𝜇 ((𝑒𝑖𝑛+1,…𝑖𝑛+𝑘
), 1 ≤ 𝑖𝑛+1 ≤ 𝑚𝑛+1, … ,1 ≤ 𝑖𝑛+𝑘 ≤ 𝑚𝑛+𝑘 ) = (𝜇𝑖𝑛+1,…𝑖𝑛+𝑘

𝑒𝑖𝑛+1,…𝑖𝑛+𝑘
 ), 1 ≤ 𝑖𝑛+1 ≤

𝑚𝑛+1, … ,1 ≤ 𝑖𝑛+𝑘 ≤ 𝑚𝑛+𝑘 . 

Clearly 𝑆𝜇 is bounded linear operator and from Holder’s inequality ,  
1

2
=

1

𝑝
+

1

𝑠
 , we have    ‖𝑆𝜇‖ ≤

‖𝜇‖
𝑙𝑠

𝑚𝑛+1…𝑚𝑛+𝑘  , then by the ideal property of the class of multiple p-summing operator. it implies that  

            𝑆𝜇°𝐴𝜃1…𝜃𝐾
∶  𝐸1 ⨂. . . ⨂𝐸𝑛 → 𝑙𝑝

𝑚𝑛+1…𝑚𝑛+𝑘(𝐹) is multiple p-summing and  

                            𝜋𝑝
𝑛(𝑆𝜇°𝐴𝜃1…𝜃𝐾

) ≤ 𝜋𝑝
𝑘(𝐴𝜃1…𝜃𝐾

)‖𝑆𝜇‖ 

Thus,        𝜋𝑝
𝑛(𝑆𝜇°𝐴𝜃1…𝜃𝐾

) ≤ 𝜋𝑝
𝑛+𝑘(𝑇)‖𝜇‖

𝑙𝑠
𝑚𝑛+1…𝑚𝑛+𝑘    . 

Since 𝐹 is a Hilbert space, then  𝑙𝑝
𝑚𝑛+1…𝑚𝑛+𝑘(𝐹) is also Hilbert space. It is clearly that   𝑆𝜇°𝐴𝜃1…𝜃𝐾

 is a Hilbert-

Schmidt operator and  

                                 ‖𝑆𝜇°𝐴𝜃1…𝜃𝐾
‖

𝐻𝑠
≤ [𝑏𝑝]

𝑛
𝜋𝑝

𝑛(𝑆𝜇°𝐴𝜃1…𝜃𝐾
) 

But by theory of multiple Hilbert-Schmidt operator , all operators, 

  𝜇𝑖𝑛+1…𝑖𝑛+𝑘
𝑇̂(𝑒𝑖𝑛+1

𝑛+1 … 𝑒𝑖𝑛+𝑘

𝑛+𝑘 ), 1 ≤ 𝑖𝑛+1 ≤ 𝑚𝑛+1, … ,1 ≤ 𝑖𝑛+𝑘 ≤ 𝑚𝑛+𝑘 are H-S operator and  

         ∑ ‖𝜇𝑖𝑛+1…𝑖𝑛+𝑘
𝑇̂(𝑒𝑖𝑛+1

𝑛+1 … 𝑒𝑖𝑛+𝑘

𝑛+𝑘 )‖
𝐻𝑠

2𝑚𝑛+1…𝑚𝑛+𝑘
𝑖𝑛+1…𝑖𝑛+𝑘=1 = ‖  𝑆𝜇°𝐴𝜃1…𝜃𝐾

‖
𝐻𝑠

2
 

If we take 𝜇𝑖𝑛+1…𝑖𝑛+𝑘
= 1, thus all operators  
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  𝑇̂(𝑒𝑖𝑛+1

𝑛+1 … 𝑒𝑖𝑛+𝑘

𝑛+𝑘 ) ∶  𝐸1 ⨂. . . ⨂𝐸𝑛 → 𝐹 , 1 ≤ 𝑖𝑛+1 ≤ 𝑚𝑛+1, … ,1 ≤ 𝑖𝑛+𝑘 ≤ 𝑚𝑛+𝑘 are H-S operators and  

  (∑ |𝜇𝑖𝑛+1…𝑖𝑛+𝑘
|

2
‖𝑇̂(𝑒𝑖𝑛+1

𝑛+1 … 𝑒𝑖𝑛+𝑘

𝑛+𝑘 )‖
𝐻𝑠

2𝑚𝑛+1…𝑚𝑛+𝑘
𝑖𝑛+1…𝑖𝑛+𝑘=1 )

1

2
≤ [𝑏𝑝]

𝑛
𝜋𝑝

𝑛+𝑘(𝑇)‖𝜇‖
𝑙𝑠

𝑚𝑛+1…𝑚𝑛+𝑘  

We taking supremum over all ‖𝜇‖
𝑙𝑠

𝑚𝑛+1…𝑚𝑛+𝑘 ≤ 1, then LHS becomes,  

( ∑ ‖𝑇̂(𝑒𝑖𝑛+1

𝑛+1 … 𝑒𝑖𝑛+𝑘

𝑛+𝑘 )‖
𝐻𝑠

𝑝

𝑚𝑛+1…𝑚𝑛+𝑘

𝑖𝑛+1…𝑖𝑛+𝑘=1

)

1
𝑝

≤ [𝑏𝑝]
𝑛

𝜋𝑝
𝑛+𝑘(𝑇) 

Hence by similar argument, we obtain, 

  (∑ ‖𝑇̂(𝑒𝑖𝑛+1

𝑛+1 … 𝑒𝑖𝑛+𝑘

𝑛+𝑘 )‖
𝐻𝑠

𝑝𝑚𝑛+1…𝑚𝑛+𝑘
𝑖𝑛+1…𝑖𝑛+𝑘=1 )

1

𝑝
≤ [𝑏𝑝]

𝑛
𝜋𝑝

𝑛+𝑘(𝑇).𝑤𝑝(𝑒𝑖𝑛+1

𝑛+1 ∶ 1 ≤ 𝑖𝑛+1 ≤ 𝑚𝑛+1) … 𝑤𝑝(𝑒𝑖𝑛+𝑘

𝑛+𝑘 ∶ 1 ≤

𝑖𝑛+𝑘 ≤ 𝑚𝑛+𝑘  ) . hence the proof. 
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   ( p ,     p 1 , …   p  n )


    X 1 , …   X  n , Y


    X 1 × … ×   X  n


  Y


    X  i   , Y ,   i ∈ N


    H  i ,   E  i , F ,     i ∈ N


  L  ( X , Y )
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  Y


    L  m  (   X 1 …   X  m ; Y )
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    B  X


  X
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    l  p  ( E )
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     (   e  n )  n ⊂ E
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    r  n  k =   r  n  (  ( 2 k + 1 )  2  −  (   N  o + 1 ) )   ,   k = 0 , 1 , …    2  n − 1 ;     n ∈   N  O


                       ‖ A  (   x  k ) ‖ =  ‖   ∑  n = 1    N  o    r  n  k A  (   e  n ,   f  n ) ‖


  =  ‖   ∑  n = 1    N  o    r  n  k   𝛼  n   g  n ‖ =    (   ∑  n = 1    N  o    𝛼  n 2 )   1 2


     (   ∑  k = 0   2    N  o − 1     ‖ A   x  k ‖  p )   1  p =  2      N  o  p    (   ∑  n = 1    N  o    𝛼  n 2 )   1 2


  a =   ∑  i = 1 ∞   〈 a ,   e  i 〉  〈 a ,   f  i 〉  (   e  i ,   f  i )


  ∈ E × F   ,


     |  〈   x  k , a 〉 |  p =    |   ∑  n = 1    N  o    r  n  k    〈 a ,   e  n 〉   -    〈 a ,   f  n 〉 - |  p


   2    N  o   ∫  k  2  −   N  o   ( k + 1 )  2  −   N  o     |   ∑  n = 1    N  o    r  n  ( t )    〈 a ,   e  n 〉   -    〈 a ,   f  n 〉 - |  p d t


     (   ∑  k = 0   2    N  o − 1     |  〈   x  k , a 〉 |  p )   1  p =    (  2    N  o   ∑  k = 0   2    N  o − 1    ∫  k  2  −   N  o   ( k + 1 )  2  −   N  o     |   ∑  n = 1    N  o    r  n  ( t )    〈 a ,   e  n 〉   -    〈 a ,   f  n 〉 - |  p d t )   1  p


              =  2      N  o  p    (   ∫ 0 1     |   ∑  n = 1    N  o    r  n  ( t )    〈 a ,   e  n 〉   -    〈 a ,   f  n 〉 - |  p d t )   1  p


     (   ∑  k = 0   2    N  o − 1     |  〈   x  k , a 〉 |  p )   1  p ≤  2      N  o  p   C  p    (   ∑  n = 1    N  o     |  〈 a ,   e  n 〉  〈 a ,   f  n 〉 | 2 )   1 2 ≤  2      N  o  p   C  p  ‖ a ‖


      C  P


  E × F


                                           2      N  o  p    (   ∑  n = 1    N  o    𝛼  n 2 )   1 2 ≤ Κ   s u p   ‖ a ‖ = 1    (   ∑  k = 1   2    N  o − 1     |  〈   x  k , a 〉 |  p )   1  p ≤ Κ   C  p  2      N  o  p


     (   ∑  n = 1    N  o    𝛼  n 2 )   1 2 ≤   Κ   C  p


    N  o ∈ N


   ‖ A  (   e  n ,   f  n ) ‖ =   𝛼  n


  n ∈   N  o


      ∑  n = 1 ∞     ‖ A  (   e  n ,   f  n ) ‖ 2 ≤    ( 𝛫   C  p ) 2 < ∞


  A


  A ∈   𝒮 2  ( E × F ; G )


     ‖ A ‖ 2 =    (   ∑  n = 1 ∞     |  〈 A  (   e  n ,   f  n ) ,   g  n ∗ 〉 | 2 )   1 2 =    (   ∑  n = 1 ∞    𝛼  n 2 )   1 2 < ∞


   (   e  n ) ,  (   f  n ) ,    (   g  n ∗ )


  E ,   F


    G ∗


   (   x  m )


  E × F  


  0 ≤ t ≤ 1


  b  ( t ) =   A  − 1   ∑  n = 1 ∞    r  n  ( t )   𝛼  n  (   e  n ,   f  n )


    r  n


    s u p   ‖ a ‖ = 1   ∑  m = 1 ∞   |  〈   x  m , a 〉 | ≥   A  − 1   s u p  0 ≤ t ≤ 1   ∑  m = 1 ∞   |  〈   x  m , b  ( t ) 〉 |


  ≥   A  − 1   ∫ 0 1    ∑  m = 1 ∞   |   ∑  n = 1 ∞    r  n  ( t )   𝛼  n  〈   x  m ,  〈   e  n ,   f  n 〉   g  n 〉 | d t


  =   A  − 1   ∑  m = 1 ∞    ∫ 0 1   |   ∑  n = 1 ∞    r  n  ( t )   𝛼  n  〈   x  m ,  〈   e  n ,   f  n 〉   g  n 〉 | d t


  ≥    (  2 A )  − 1   ∑  m = 1 ∞     (   ∑  n = 1 ∞    𝛼  n 2    |  〈   x  m ,  〈   e  n ,   f  n 〉   g  n 〉 | 2 )   1 2


            =    (  2 A )  − 1   ∑  m = 1 ∞   ‖ A   x  m ‖


  A ∈  Π  p  ( E × F ; G )


  p > 1


  q = p    ( p − 1 )  − 1


                                                       (   ∑  m = 1 ∞     |  Κ  m |  p )   1  p =   s u p    ∑  m = 1 ∞     |   t  m |  q = 1   ∑  m = 1 ∞   |   t  m  Κ  m |


     (   ∑  m = 1 ∞     ‖ A   x  m ‖  p )   1  p =   s u p    ∑  m = 1 ∞     |   t  m |  q = 1   ∑  m = 1 ∞   | A   t  m   x  m |


  ≤  2 A     s u p    ∑  m = 1 ∞     |   t  m |  q = 1     s u p   ‖ a ‖ = 1   ∑  m = 1 ∞   |  〈   t  m   x  m , a 〉 |


        =  2 A   s u p   ‖ b ‖ = 1   s u p   ‖ a ‖ = 1   ∑  m = 1 ∞   |   t  m  〈   x  m , a 〉 |


  =  2 A     s u p   ‖ b ‖ = 1 ,  ‖ a ‖ = 1    (   ∑  m = 1 ∞     |  〈   x  m ,  〈   e  n ,   f  n 〉   g  n 〉 |  p )   1  p


  1 ≤ p ≤ q


  E


   ℒ  ∞ , 𝜆


  F


   ℒ  p ,   𝜆 ′


  T   : E → F


    𝜋 2  ( T ) ≤  Κ  G 𝜆   𝜆 ′  ‖ T ‖


  T   : E → F


  T


  T


    L ∞


  T


    L 1


  ⇔


  T


  T


  𝜇


  K


    X 2


    L 2  ( 𝜇 )


    T -   :   X 2 → F


    T -   j 2   i  E  ( e ) = T e


  e ∈ E


  T


  C  ( K )


  T


    L ∞


  T


    ⇔


  C  ( K )


    L 1  ( 𝜇 )


  𝜇


  𝜎


    C  ( K ) ∗


   ℒ  1 , 𝜆


  𝜆 > 1


    C  ( K ) ∗


  K


  T   : E → F


    T ∗


    T ∗   : F → C  ( K ) → E


  E →   L 1 → F


  T =   T  ∗ ∗


  E


   ℒ  1 , 𝜆


  F


   ℒ  2 ,   𝜆 ′


  T   : E → F


  T


    L 1  ( 𝜇 )


  C  ( K )


    E 1  ⨂ . . . ⨂   E  n


    E  i ,   1 ≤ i ≤ n


                                             〈 x , y 〉 =   ∑  j = 1    n 1    ∑  k = 1    n 2   〈   u  j 1 ,   v  k 1 〉 …  〈   u  j  n ,   v  k  n 〉


    x =   ∑  j = 1    n 1    u  j 1  ⨂ . . . ⨂   u  j  n     ,   y =   ∑  k = 1    n 2    v  k 1  ⨂ . . . ⨂   v  k  n


    E 1  ⨂ . . . ⨂   E  n


    E 1  ⨂  𝜋 …  ⨂  𝜋   E  n


    E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n


     ‖ . ‖  𝜋


     (   e  j  k )  j ∈   J  K


    E  K ,     k = 1 … n


   (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n )         j  k ∈   J  K   , k = 1 , … , n


    E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n


    𝒮 2  (   E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n   ; F )


    E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n


  F


     (   E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n ) ∗


    E 1 × … ×   E  n


    F


       (   E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n ) ∗


      E 1 ∗    ⨂ ^  𝜋 …    ⨂ ^  𝜋     E  n ∗


  j


  T ∈   𝒮 2  (   E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n   ; F )


  T


    T ^  ( x ) ∈   𝒮 2  (   E 1 × … ×   E  n ; F )


                                  T ^  ( x )   : y ∈   E 1 × … ×   E  n →   T ^  ( x ) y = T  (   e 1  ⨂ . . . ⨂   e  n )


   (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n )         j  k ∈   J  K   , k = 1 , … , n


    E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n


     (   e    j 1 1  ⨂ . . . ⨂   e    j  n 1 ) ∗


  T ∈   𝒮 2  (   E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n   ; F ) →   j  a =


    ∑    j  k ∈   J  K   , k = 1 , … , n     (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n ) ∗ ⨂   T ^  (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n ) ∈    (   E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n ) ∗  ⨂ ^   𝒮 2  (   E 1 × … ×   E  n ; F )


  x =   ∑  j = 1    n 1    u  j 1  ⨂ . . . ⨂   u  j  n =   ∑    j  k ∈   J  K ,   k = 1 , … n   〈    (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n ) ∗ , x 〉  (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n )


  T  ( x ⨂ y ) =   ∑    j  k ∈   J  K ,   k = 1 , … n   〈    (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n ) ∗ , x 〉   T ^  (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n ) y


  =   ∑    j  k ∈   J  K   , K = 1 , … n   (    (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n ) ∗ ⨂   T ^  (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n ) )  ( x ⨂ y )


      T  (    (   e    j 1 1  ⨂ . . . ⨂   e    j  n  n ) ∗ ) ∈   𝒮 2  (   E 1 × … ×   E  n ; F )


     (   E 1    ⨂ ^  𝜋 …    ⨂ ^  𝜋   E  n ) ∗ =     E 1 ∗    ⨂ ^  𝜋 …    ⨂ ^  𝜋     E  n ∗


    𝒮 2  (   E 1 × … ×   E  n ; F )


              Π  p  n  (   E 1 × … ×   E  n ; F )


  A ∈   𝛱  p  n  (   E 1 × … ×   E  n ; F )


     (   e  j  i )  j ∈   J  K


      E  i   ,   1 ≤ i ≤ n


     (   ∑  m ∈   I 1 × … ×   I  n     ‖ A  (   e    m 1 1 …   e    m  n  n ) ‖  p )   1  p ≤   𝜋  p  ( A )   ∏  i = 1  n     ‖    (   e  m  i )  m ∈   I  K ‖  w , p ≤   𝜋  p  ( A )


    I  K


    J  K


  m


  i = 1 , … n


  A ∈   𝒮 2  (   E 1 × … ×   E  n ; F )


     ‖ A ‖  H s ≤   𝜋  p  ( A )


  A ∈   𝒮 2  (   E 1 × … ×   E  n ; F )


  m ∈ N


    e  i ∈   E  i   ,   i = 1 , … m


     (   f  j )  j ∈ J


  F


                       (   ∑  i = 1  m     ‖ A  (   e  i ) ‖  p )   1  p =    (   ∑  i = 1  m    ∑  j ∈ J     |  〈   e  i ,   A ∗  (   f  j ) 〉 |  p )   1  p


          ≤    (   ∑  j ∈ J     ‖   A ∗  (   f  j ) ‖  p )   1  p     s u p  𝜑 ∈   B    E  i ∗    (   ∑  i = 1  m     | 𝜑  (   e  i ) |  p )   1  p


            =    ‖ A ‖  H s      ‖    (   e  i )  i = 1  m ‖  w , p


  A ∈   𝛱  p  n  (   E 1 × … ×   E  n ; F )


    𝜋  p  ( A ) ≤    ‖ A ‖  H s


  n > 1


  k ≤ n − 1


                                        A ∈   𝒮 2  (   E 1 × … ×   E  n ; F ) →   A 1 ∈   𝒮 2  (   E 1 ,   𝒮 2  (   E 2 × … ×   E  n ; F ) )


    A 1  (   e 1 )  (   e 2 , …   e  n ) = A  (   e 1 , …   e  n )


    e  k ∈   E  k ,   k = 1 , … n


    A 1 ∈  Π  p  n  (   E  1   ,   𝒮 2  (   E 2 × … ×   E  n ; F ) ) ⊂  Π  p  n  (   E 1 ,  Π  p  n  (   E 2 × … ×   E  n ; F )   )


    𝜋  p  (   A 1 ) ≤    ‖   A 1 ‖  H s =    ‖ A ‖  H s


  A ∈   𝛱  p  n  (   E 1 × … ×   E  n ; F )


    𝜋  p  ( A ) ≤   𝜋  p  (   A 1 ) ≤    ‖ A ‖  H s


  2 ≤ p ≤ ∞


  T   :     E 1  ⨂ . . . ⨂   E  n ⨂   E  n + 1  ⨂ . . . ⨂   E  n + k → F


      T ^   :     E  n + 1  ⨂ . . . ⨂   E  n + k →   𝒮 2  (   E 1  ⨂ . . . ⨂   E  n ; F )


    𝒮 2  (   E 1  ⨂ . . . ⨂   E  n ; F )


     [   a  p ]  n   𝜋  p  n + k  ( T ) ≤   𝜋  p  k  (   T ^ ) ≤    [   b  p ]  n   𝜋  p  n + k  ( T )


    a  p


      b  p


    𝜃  j =    (   e    i  n + j  n + j )  1 ≤   i  n + j ≤   m  n + j ⊂   E  n + j


    w  p  (   e    i  n + j  n + j   : 1 ≤   i  n + j ≤   m  n + j ) ≤ 1


  i ≤ j ≤ k


    A    𝜃 1 …   𝜃  K   :


    E 1  ⨂ . . . ⨂   E  n →   l  p    m  n + 1 …   m  n + k  ( F )


    A    𝜃 1 …   𝜃  K  (   e 1 …   e  n ) = T  (   e 1 …   e  n ,   e    i  n + 1  n + 1 …   e    i  n + k  n + k )   ,   1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k  


    A    𝜃 1 …   𝜃  K


    𝜋  p  K  (   A    𝜃 1 …   𝜃  K ) ≤   𝜋  p  n + k  ( T )  


    2 ≤ p ≤ ∞


  s


   1 2 =  1  p +  1  s


  p = 2


  s = ∞


  𝜇 =  (   𝜇    i  n + 1 , …   i  n + k )   ,   1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k


    S  𝜇  (  (   e    i  n + 1 , …   i  n + k ) ,     1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k   ) =  (   𝜇    i  n + 1 , …   i  n + k   e    i  n + 1 , …   i  n + k   ) ,     1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k


    S  𝜇


     1 2 =  1  p +  1  s


         ‖   S  𝜇 ‖ ≤    ‖ 𝜇 ‖    l  s    m  n + 1 …   m  n + k


                          S  𝜇 °   A    𝜃 1 …   𝜃  K   :     E 1  ⨂ . . . ⨂   E  n →   l  p    m  n + 1 …   m  n + k  ( F )


    𝜋  p  n  (   S  𝜇 °   A    𝜃 1 …   𝜃  K ) ≤   𝜋  p  k  (   A    𝜃 1 …   𝜃  K )  ‖   S  𝜇 ‖


    𝜋  p  n  (   S  𝜇 °   A    𝜃 1 …   𝜃  K ) ≤   𝜋  p  n + k  ( T )    ‖ 𝜇 ‖    l  s    m  n + 1 …   m  n + k


  F


    l  p    m  n + 1 …   m  n + k  ( F )


        S  𝜇 °   A    𝜃 1 …   𝜃  K


                                                                   ‖   S  𝜇 °   A    𝜃 1 …   𝜃  K ‖  H s ≤    [   b  p ]  n   𝜋  p  n  (   S  𝜇 °   A    𝜃 1 …   𝜃  K )


    𝜇    i  n + 1 …   i  n + k   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ,   1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k


                  ∑    i  n + 1 …   i  n + k = 1    m  n + 1 …   m  n + k     ‖   𝜇    i  n + 1 …   i  n + k   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ‖  H s 2 =    ‖       S  𝜇 °   A    𝜃 1 …   𝜃  K ‖  H s 2


    𝜇    i  n + 1 …   i  n + k = 1


    T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k )   :     E 1  ⨂ . . . ⨂   E  n → F   ,


  1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k


     (   ∑    i  n + 1 …   i  n + k = 1    m  n + 1 …   m  n + k       |   𝜇    i  n + 1 …   i  n + k | 2  ‖   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ‖  H s 2 )   1 2 ≤    [   b  p ]  n   𝜋  p  n + k  ( T )    ‖ 𝜇 ‖    l  s    m  n + 1 …   m  n + k


     ‖ 𝜇 ‖    l  s    m  n + 1 …   m  n + k ≤ 1


     (   ∑    i  n + 1 …   i  n + k = 1    m  n + 1 …   m  n + k     ‖   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ‖  H s  p )   1  p ≤    [   b  p ]  n   𝜋  p  n + k  ( T )


     (   ∑    i  n + 1 …   i  n + k = 1    m  n + 1 …   m  n + k     ‖   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ‖  H s  p )   1  p ≤    [   b  p ]  n   𝜋  p  n + k  ( T )


    w  p  (   e    i  n + 1  n + 1   : 1 ≤   i  n + 1 ≤   m  n + 1 ) …   w  p  (   e    i  n + k  n + k   : 1 ≤   i  n + k ≤   m  n + k   )

