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Abstract: In this paper we study theory of absolutely p-summing and Hilbert-Schmidt multilinear operators for
Hilbert spaces. We present some new characterization of this operators by using classical results of Banach
space theory and established new connection with tensor products. We also improve some previous results
about multilinear settings.
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I. Introduction:

Many researchers generalized the concept of absolutely summing linear operators (see [1,7, 8]) to the
multilinear framework by several different approaches. The importance of the theory of summing operators,
there have been some attempts to generalize concept, related results and tools to the multilinear setting. A.
Pietsch ask a question for some value of p,p;, ..., the space of the absolutely (p, py, ... Pn)- summing n-linear
operators on Banach space coincides with the space of the Hilbert —Schmidt n-linear operators on Hilbert
spaces. In Matos [2] prove that this question of Pietsch has negative answer. Matos [3] generalize the concept of
linear summing to the multiple p-summing operator, named it fully absolutely summing and independently by
Bombal, Perez-Garcia and Villanueva in [4], multiple summing. Many results proven in this direction for the
class of multiple summing operators, illuminated that this class seems to be one of the most successful extension
of the linear case. As a importance of the perspicuous theory of absolutely summing linear operators, the study
of summability properties of multilinear operators focuses on operators that improve the summability of series.
A desirable result in the theory is what has been called in the literature a coincidence result. This result consists
in finding example of Banach spaces X, ... X,,, Y or general conditions on them, that ensure a better summability
behaviour of every continuous n-linear operator from X; X ... X X, to Y or improve the summability behaviour
of those operator that already enjoy some summing property. It is worth mentioning that this situation of lifting
properties from bilinear to multilinear operators is non-trivial in many case. It is not true that the multilinear
theory follows by induction from the linear case. Many example of the difficulties of lifting the linear theory to
the multilinear setting can be found in the literature see [5]. For coincidence results type and cotype space plays
a fundamental role for linear and non-linear operators. we established a connection with Hilbert-Schmidt
operator on Hilbert space and characterize different property with them together tensor product approach.

II. Notations and Preliminaries:

In this section we introduce some basic terminology and properties concerning the multilinear
operators and Hilbert-Schmidt operator. let X;,Y,i € N be Banach space and H;, E;, F, i € N be Hilbert space.
L(X,Y) be denote the Banach space of bounded linear operator from X to Y and L™ (X; ... X,;; Y) ,m = 2 be the
Banach space of all bounded m-linear operator from X; X ... X X,,, to Y. As usual E;®, ... ®E,, stands for the
projective tensor product of the Banach spaces E; ... E, and E;®, ... ®.E,, denote injective tensor product of
E, ..E, and E*, X" stands for its topological dual and By denote closed unit ball of X. Given linear operator u :
X->Y andv:E - F,u®v: XQF - YQ®F will be linear operator given by u®v(x®e) = u(x)®v(e) and K
be denote the basic field (R or C). Remaining notation and terminology used along this paper is standard in
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Banach space theory see [1,6]. This sources are also our main references for basic facts, definitions and
unexplained notation.

Let 1 < p < oo, a sequence (e,), C E is strongly p-summable if (||e,||),, € [, and [, (E) be the Banach space

1
of all such sequences endowed with the norm ||(e,,)ll, = CallenllP)? and sequence (e,), € E is weakly p-

1
summable if for every ¢ € E*, ((p(en))n € l, and len)nlly = sup {(Zn(q)(en))p)p tpE

BE*}

Definition 2.1 A linear operator T : E — F is said to be p-summing if there exist a constant C > 0 such that

1
(Zn(T(en))p)” < Cll(ex)nlly for each finite sequence (ey), € E and minimum of C is called p-summing
norm of T, and I, (E, F) denote Banach space of p-summing operators from E toF and T € Il (E, F) ,m,(T)

denote its p-summing norm.

Definition 2.2 Let 1 <p < o and A =1, a Banach space E is said to be an L, ; space if for every finite
dimensional subspace A of E , there is a finite dimensional subspace B of E containing A such that d(B, l;}) <A
where n is the dimension of B, that means there exist an isomorphism u : B = I} with [lull[lu™|| < 1. A
Banach space E is said to be L, -space if it is an £, ; for some > 1. L,(u) is an example of an L,, -space.

Definition 2.3 A Banach space E is said to have cotype g = 2 if there exist a constant C > 0 such that every
sequence of vectors ey, ... e, € E, we have
1 1 3
CallellDe < ¢ (fo IZ,7:(®)e;l? dt)2 where (1,),be sequence of Rademacher

functions and least constant C is denoted by Cq(E).

mq,..M .o . . . .
Let n,my,..m, €N, (ei 1"“in)i11...in:nl denote a multiindex sequence with the index i; varying from 1 to
mnp

. mq,..My my
m; (1 <j<n)and Zil:---in e;,,..i, means the same as Zi1=1 ....Zin=1 €y, iy -

Definition 2.4 let 1 < p < oo, a multilinear operator T : E; X ... X E,, = F is multiple p-summing if there exists

1
\Mmj P\p
a constant C > 0 such that for every sequences (ei’j ) C E; we have, (Z:’lll__’.iT"”T(eill, el )p <
ij=1 !
mj w
j J
(<)
/i1
P

lj—

CITj= (1

The multiple p-summing norm of T is denoted and defined as m,(T) = min(C: C satisfy (1)) and
N3 (Ey, ... Ey; F) denote the class of multiple p-summing n-linear operator which is Banach space together with

the normm, (T) .

Definition 2.5 let 1 < py, ...p,, < q < 0, a multilinear operator T : E; X ... X E,, = F is multiple (q, py, ... Ppn)-

j

m
summing if there exist a constant C > 0 such that for every choice of sequences (eij) - E; , we have
i]'=1

1

(il (el - ef)I)" < T

iq,iy

w

\Mi
]
(e5)
1/ j.=1
pj

@)
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The multiple (q,py,...pp)-summing norm of T is denoted and defined as 7y, p)(T) =

min(C: C satisfy (2)) and 0 p,.pm) (B - En; F) be denote class of multiple (q,py, ... pp)-summing

multilinear operators which is Banach space with norm m(g ,, . (T).

Definition 2.6 A linear operator T : H; - H, is called Hilbert-Schmidt operator if the series ||T||, =

1
i lITe,lI?)z converges for at least one orthonormal base (e,,) of H; and it does not depend on the choice of
the orthonormal base (e,,) and the class §,(H;, H,) denote the space of all Hilbert-Schmidt operator which form

1
Hilbert space with norm ||T||, = (Xq=1lITen1?)z and inner product (S, T) = Yovrm=1{fm Sen)fm Te,) where
(e,) and (f,;) are orthonormal base of H; and H; respectively. The double sequence of Hilbert-Schmidt
operator e;; ®f, defined by e; ®f, : x € H; — (e;,, x)f;n € H, form an orthonormal base of S, (H;, H,) .

Definition 2.7 let Hy, ... H,, H be Hilbert space, a multilinear operator T : H; X ...X H, = H is said to be
Hilbert-Schmidt if there exist C > 0 such that

1
1Tlas = (Ztsersimern T (el el )IIY) < € 3)

Where (ei]} ) C H; is an orthonormal basis (1 < j < n) and least constant C is called Hilbert-Schmidt norm
ijEIj

of T and it denoted by ||T||ys . 3 (Hy, ... Hy; H) denote the class of all Hilbert-Schmidt operator from H; X ... X
H,, to H and it is Hilbert space with this norm ||T|| 45 and the inner product defined as

(S’ T) = Zilell,...ineln<T(eill! e[;)is(ellll eZ;Ll)) (4)

Theorem 2.8 The class of Hilbert-Schmidt multilinear operators and the class of multiple 2-summing operators
are identically isometric.

Theorem 2.9 For a multilinear operator T : E; X ... X E,, = F, the following results are equivalent,
(a) T is Hilbert-Schmidt

(b) T is multiple p-summing for every p € [2, ).

Theorem 2.8 and 2.9 are proved in [3].

Let E,F,G are three seperable Hilbert spaces, and S,(E,F) , $,(F,G) be Hilbert space of Hilbert-Schmidt
operators.

Theorem 2.10 The space §,(S,(E,F),G) of H-S operator from §,(E,F) to G is isometric to the space
SZ(E*, S, (F, G)) of H-S operators from E* to §,(F, G).

Proof:letT € §, (E*, S,(F, G)) be the operator that associates with every ¢ € E* the operator T (@) € S,(F,G),
this H-S operator T (¢) has its norm equal to

2

ITIE, r6) = ZE5=1 (T @) fir 97) )

where f; and gj are orthonormal base of F and G respectively. The norm of T is equal to

2

ITI3 = EZ=allT (@)lI5, r,6) = =1 T (@) fir 95) (6)

where ¢,, is an orthonormal base of E*.
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Let B € S,(E,F)be a H-S operator defined with respect to the orthonormal base (¢,®f;) by , B =
Z?ﬁi:l An i ¢, ®f; , where i € lZ(N x N)

We define a operator T € S,(S,(E, F), G) with protection of T as a way
T(B) = 21010,1'=1 An i T((pn)fl (7)
It is clearly that T satisfy, T (¢, ®f;) = T(@,)f; , hence

ITI? = Eni=alIT (@ ®fDNG = Eni=alIT (@) fill

= 3% e (T foxp) = 1T (®)

This implies that T is H-S operator. therefore the mapping T € S, (E*,é‘z (F, G)) to T € 8,(S,(E,F),G) is an

isometry and it is one-one on to.

Since T € §,(S,(E, F),G), then for all fixed ¢ € E*,p®f € S,(E,F). The operator T(¢p) defined as T(¢) :
f €F - T(p®f) € G is H-S operator connected with T by equation (7). Thus we satisfy that T : ¢ — T (@) €
S, (F, G) is H-S operator from E* to §,(F, G).

The space §,(E*, F) is the Hilbert tensor product of the seperable Hilbert space E and F. We denote this space
by EQ F = S,(E*, F) and its elements by,

B = Z;.zo,i=1 an,ien®fi = Z‘;.lo=1 en®xn
where(an,i) € I*(N x N) and x, = X2, a,;f; and (e,) & (f;) are orthonormal bases of E and F .
III.  Characterizations and Results:

In this section, we first characterize Hilbert-Schmidt operator and p-summing operator and after establish some
connections & results with tensor product approach. It is remark that every Hilbert-Schmidt operator is compact
and every p-summing operator between Hilbert spaces is also compact.

Lemma 3.1 Let E, F and G are Hilbert spaces and A : E X F = G is compact, then there is an orthonormal basis

(en fn) in E X F such that (e, f;,) = a,gn , Where g, is an orthonormal sequence in G, a, = 0 and lim «,, =
n—-oo
0.

Theorem 3.2 An operator A : E X F — G is Hilbert-Schmidt if and only if A is absolutely p-summing operator.

Proof : let suppose A is absolutely p-summing operator then it clearly A is compact operator. let (e, f;,,) be
orthonormal basis in E X F. Let 1, be the n-th Rademacher function defined as  r,(t) = (sin%n)k,

for2™k <t <2™(k+1)
=0, for t=2""kandt=1,wherek=0,1,..2" —1; neN

We set a positive integer N, and set for k =0,1,..2No —1 and x, EE XF in a way as Xy =
Yo 1k (e, fo) . where K = 1, ((2k + 1)2-<No+1>) k=01,..2"—1; neN,

Then, N4 = ||ZN2, rEAen f)|

1
= ”2221 rr{( angn” = (Zivlil arzl)z
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L No 1
Therefore, ZZNO L Ax||IP ) = 27 (BNo. q2)? 9
n=1

We choose, if a = Y.72,(a,e;)a, fi)(e;, f;) € E X F, then

i )P = BN, 7@, e) (@, F|” =20 [ET0270 |50 1 (6){a, e0) (@ )|t
Hence, (2% |(x )7 7 = (2% X721 (4502 5 1 ()@, e0) (a, )| e )

1

=27 ([ [5he, 5 (0% e (@ f)| dt )7

Therefore, by Khinchin inequality,

1 1 N
N 1 N
(S22 e 1P < 27 €, (EN% 1, endla f)2)7 < 27 Cyllal (10)
where Cp is a constant depending on p only.

From (9) & (10) and using definition of absolutely p-summing operator on E X F,

1 Ng

No 1
2o No_ 2o
27 (Zn2, @2)? < Ksupyapes (Z2o3 I @I )P < KC,2 0

1
Thus, (211\1]21 az)? < KC, forevery N, €N

Since  ||A(e,, f)Il = @, for n € N, and hence ¥_,||A(e,, f)lI? < (KCp)Z < oo
This implies that A is H-S operator.

Conversely, letif A € §,(E X F; G) ,then

1 1
IAll; = (Er=1l{A(en, fu), g2 = iz a?)z < o
where(e,,), (), (gr) be orthonormal sequence in E, F and G~ respectively.
Let (x,,,) be an arbitrary sequence in E X Fand letfor0 <t <1,

b(t) = A1y n(Day(en fi) where 1, be nth Rademacher function, then by using the Khinchin
inequality, we get

SuPjale1 Linmtl (tm, @) = A7 supocrer el (X, b())]
> A7 [ B I8 1 ()@ (X, (e frdgn)ldt
= AT S [ 180 5 ()@, (e fudgndldt
> (V24) " B (55 a2 (e fr)gn) )2

= (V24) " S5l Ax,yl

This implies A € I1,,(E X F; G). Finally , let p > 1 and ¢ = p(p — 1)~! then,
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1
Qm=1Km[P)P = supge_ 1, 1a=1 Xm=1]tmKml

We use definition of p-summing operator, we get

1
XEm=1llAx,||P)P = SUPy®_ |tm|9=1 Ym=1lAtnXm|
<+24 SUPy®_ . |ty|9=1 SUP||all=1 Ym=1l{tmXpm, a)|

= ‘/EASHP||b||=15uP||a||=1 Ym=1ltm{xm, a)|

1
= V24 supypj=1,jal=1 Cazt | (m, (€n, ) gn) PP
Hence the proof.

Theorem [1]3.3 let 1 < p < q, and E be an L, 3-space and F be an L, ;/-space. Then every operator T : E > F
is 2-summing with 7, (T) < K AA'||T|.

Corollary 3.4 let T : E — F be an operator, then following condition are equivalent,
(a) T is a Hilbert-Schmidt operator,

(b) T factor through an L,-space,

(¢) T factor through an L,-space.

Proof : (a) &(b), since T is H-S operator then T is 2-summing operator, this implies we apply Pietsch
factorization theory we have a regular Borel probability measure g on compact Hausdorff space K, a closed
subspace X, of L,(u) and an operator T : X, — F such that Tj,iz(e) = Te for all e € E. This show that T
factor through a C(K)-space, and if T factor through an L. -space, then by theorem 3.3, T is 2-summing and so
it is H-S operator.

(a) ©(c) we remarks that dual of C(K)-spaces are L, (u)-spaces, through the measures yu that arise is non o-
finite. It is relatively simple to use localization property to show that C(K)" is an £, -space for each A > 1, and
hence C(K)* as the space of regular Borel measures defined on compact Hausdroff space K. Since T : E — F is
Hilbert-Schmidt operator, then so T* is also, and any factorization T* : F - C(K) — E lead to a factorization
E—> Ly > Fof T=T" and we know if E is an L, ;-space and F is £, ;/-space then every operator T : E = F
is 2-summing and so T is H-S operator because every Hilbert space is isomorphic to a subspace of an L, (u)-
space and to a quotient of a C (K)-spaces simultaneously. Hence the proof.

We define inner product in the space E; &... ®E,, which is tensor product of Hilbert space E;, 1 < i < n.
(x,y) = 271, Tet (i, vi) o (U, vR) (1n
where x = Y71 uf ®...®Qu! ,y = N2, vk ®... Qv .

The space E; ®...QE, with this inner product is denoted by E;®,..Q&, E, and its completion by
E,®, .. ®,E, and its norm is denoted by ||. ||, . let (e]-")jel is an orthonormal basis for Ex, k = 1...n then
K

(ejl1 ®... ®e]-':l) jx € Jx ,k = 1,...,n is an orthonormal basis for E;® ... ® E,,.
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Theorem 3.5 The space S,(E;®y ...Q,E,;F) of Hilbert-Schmidt operators from E;®, ..&,E, to F is
isometric to the Hilbert tensor product of (E1®,, ...@nEn)* and space of Hilbert-Schmidt operator from
Ey X ...X E, to F. In particular (E; & ... @nEn)* is isometric to E; "® ... ® . E,".

Proof : it is convenient to make explicit the isometry j.let T € 52(E1®,T w®E, ; F ) , we relate T to the
operator T(x) € §,(E; X ... X E; F) defined by

T(x):y€EE X.XE, > T(x)y =T(e; ®...R®e,)

If (¢} ®...®¢") jx €Jx,k =1,..,nis an orthogonal base of E;® ... ®,E, and (e} ®... ®ej§1)* is its dual
base. The isometry is defined by

T € 8;(Es®p ... ®pEn i F) = jo = Yicercketn(el ®...0e) @ T(e} ®...®e!) €
(E:®y .. ®rEy) ®S,(Ey X ... X Ey; F)

Since, x = $72 u! ®... QU = ¥j e/ iemr.nl(el ®...®€l) , x) (e} ®... Qe
Then , T(x®Y) = jejck=1,.n{(e}, ®...®€) %) T(ef, ®...®¢]! )y
= Sjrer kot (e} ®... @) @ (e} ®...®el)) (x®y)
Hence T((e}! ®...®ej':t)*) € S,(E; X .. X E,; F) and clearly,
(E,® .. ®nEn)* =E,"®, .. ®,E,". Hence the proof.
Theorem 3.6 The space S,(E; X ... X Ep; F) is isometric isomorphic to the space T3 (E; X ... X Ep; F).

Proof: Let A € IT} (E; X ... X Ey; F) and (eji)jel is an orthonormal base of E;,1 < i < n since, we know that
K

1 .
(Zme]lx...xln”A(erlnl e??ln)||p)p < T[p(A) H?=1||(erln)melx||w,p = ”p(A) (12)

For every finite subset Iy of J ,with m element, i = 1, ...n and m be natural. Thus A € §,(E; X ... X E,;; F) and
ANl s < mp(A).

Next , we consider A € §,(E; X ... X E; F) we take if n=1, we consider m € N, e; €E;,i = 1,..m and an
orthonormal base (f]) ; of F,then

je

SAE)IPY = (S Selten A (E )P

< (Zje/l

1 1
* P\p I
A (FIF)? suppes,. (Eiloe)P)?
= lAllus l(e)iZ 1 llw,p -
Hence , A € IT}(E; X ... X E; F) and m,(A) < [|Allys -
Now , we take n > 1 and we assume that it is true for all k < n — 1. Since the mapping

A€ SH(Ey X . X Eps F) = Ay € 85(Ey, 8,(Ey X ... X Ep; F))
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Where A, (e;)(ey, ...e,) = A(ey, ...ep) fore; € Ey, k = 1, ...n is an isometric isomorphism. We have,

Ay € MH(Ey,8,(Ey X .. X E; F)) € IR (Ey, IM(Ey X .. X Ep3 F) ) with m,(A4;) < |4y llys = llAllgs - by
induction hypothesis, we obtain

A € IT}(E; X .. X Ep; F) and ,,(A) < m,(A;) < ||Allys. Hence the proof.

Theorem 3.7 Let 2<p<owand T: E;...QE,QF,,1 Q... QE,,, = F be multiple p-summing operator
thenT : Epyq ®...QF, 1k = S,(E; ®...®E,; F) is multiple p-summing with respect to the Hs norm on
S,(E; ®...QE,; F) and [ap]nn{,”k (T) <wk(T) < [bp]nn{,”k(T) where a, and b,, are Khinchin Constant.

Proof : Let 6; = (e.n+j)

int) C E,,; be some finite order structure such that w, (e et 11 <ipy <

15in+j5mn+j

Mpy j) < 1 foreach i < j < k and we define the operator
A91---91( : E1 R... ®En N l;"n+1---Tnn+k (F) as

— n+1 n+k P
Ag, g.(e1..en) = T(e1 el € Ln+k) 1<ip41 SMpypq, -l Sy S My

Now, by definition of multiple p-summing operator, it follows that Ag, g, is multiple p-summing and

K
Tl'g(AglmgK) < mp**(T) , since 2 < p < oo we define s as %= %+§ if p =2thens = co.

Let u = (l‘in+1....in+k)'1 Siptr S Mpgq, ool <ipgr <My be a finite system of scalars and let define a

operator,

Sy ((ein+1,...in+k)' 1< ln+1 = Mpt1, w1 < lntk =< mn+k) = (.uin+1,...in+kein+1,...in+k ): 1< lns1 =

Mpt1, w1 < in+k < Mpsk -
Clearly S, is bounded linear operator and from Holder’s inequality , % = % +§ , we have ||Su|| <
[l /mn+1-muyk , then by the ideal property of the class of multiple p-summing operator. it implies that

S

Su°Ag, .0+ E1®...QF, > l;n”““'m"” (F) is multiple p-summing and

”5(5;401491...91() = T[g(Ael---eK) ”Sﬂ ”

Thus, (5,4, .0) < TR (D) ll mnss s

Since F is a Hilbert space, then l;n n+1-Ttk (B s also Hilbert space. It is clearly that Su°Ag, .0, is a Hilbert-
Schmidt operator and

15:°A6, .6l < [by] 73 (S,546, .6,.)

But by theory of multiple Hilbert-Schmidt operator , all operators,

n+1 n+k

Hipr oinare (ein+1 . Ln+k) 1<ines Smpyq, ol < ipyg < My are H-S operator and

mn+1---mn+k” i . A( n+1 n+k)|| ” ”
Zin+1---in+k:1 ﬂzn+1...ln+kT ezn+1 - Ln+k Hs S A91 Ok Hs

If we take g, i, = 1, thus all operators
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P ,n+1 n+k P
T(ej,, Ln+k) Ei®.QFE, > F,1<i,,1 <Myyq, -1 <l < myyy are H-S operators and

Mpg1-Mptk +1 +k k
(Zinz:i.in+2+1|'u'ln+1 Ln+k| || (817:1+1 " 17:14.}()”1_15) —[ ] TL+ (T)””” mn+1 Mtk

We taking supremum over all ||u|| jmn+1-muie < 1, then LHS becomes,
S

Mpt1--Mntk
n+1 n+k)|| [ ] n+k
[IT(els el | < [bp] mpt(D)
in41insk=1

Hence by similar argument, we obtain,

1
(2 Tl el )P < (B T T, (e 1 s < i) oy (e 12

Intk < Mpgr ) . hence the proof.
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     (   e  j  i )  j ∈   J  K


      E  i   ,   1 ≤ i ≤ n


     (   ∑  m ∈   I 1 × … ×   I  n     ‖ A  (   e    m 1 1 …   e    m  n  n ) ‖  p )   1  p ≤   𝜋  p  ( A )   ∏  i = 1  n     ‖    (   e  m  i )  m ∈   I  K ‖  w , p ≤   𝜋  p  ( A )


    I  K


    J  K


  m


  i = 1 , … n


  A ∈   𝒮 2  (   E 1 × … ×   E  n ; F )


     ‖ A ‖  H s ≤   𝜋  p  ( A )


  A ∈   𝒮 2  (   E 1 × … ×   E  n ; F )


  m ∈ N


    e  i ∈   E  i   ,   i = 1 , … m


     (   f  j )  j ∈ J


  F


                       (   ∑  i = 1  m     ‖ A  (   e  i ) ‖  p )   1  p =    (   ∑  i = 1  m    ∑  j ∈ J     |  〈   e  i ,   A ∗  (   f  j ) 〉 |  p )   1  p


          ≤    (   ∑  j ∈ J     ‖   A ∗  (   f  j ) ‖  p )   1  p     s u p  𝜑 ∈   B    E  i ∗    (   ∑  i = 1  m     | 𝜑  (   e  i ) |  p )   1  p


            =    ‖ A ‖  H s      ‖    (   e  i )  i = 1  m ‖  w , p


  A ∈   𝛱  p  n  (   E 1 × … ×   E  n ; F )


    𝜋  p  ( A ) ≤    ‖ A ‖  H s


  n > 1


  k ≤ n − 1


                                        A ∈   𝒮 2  (   E 1 × … ×   E  n ; F ) →   A 1 ∈   𝒮 2  (   E 1 ,   𝒮 2  (   E 2 × … ×   E  n ; F ) )


    A 1  (   e 1 )  (   e 2 , …   e  n ) = A  (   e 1 , …   e  n )


    e  k ∈   E  k ,   k = 1 , … n


    A 1 ∈  Π  p  n  (   E  1   ,   𝒮 2  (   E 2 × … ×   E  n ; F ) ) ⊂  Π  p  n  (   E 1 ,  Π  p  n  (   E 2 × … ×   E  n ; F )   )


    𝜋  p  (   A 1 ) ≤    ‖   A 1 ‖  H s =    ‖ A ‖  H s


  A ∈   𝛱  p  n  (   E 1 × … ×   E  n ; F )


    𝜋  p  ( A ) ≤   𝜋  p  (   A 1 ) ≤    ‖ A ‖  H s


  2 ≤ p ≤ ∞


  T   :     E 1  ⨂ . . . ⨂   E  n ⨂   E  n + 1  ⨂ . . . ⨂   E  n + k → F


      T ^   :     E  n + 1  ⨂ . . . ⨂   E  n + k →   𝒮 2  (   E 1  ⨂ . . . ⨂   E  n ; F )


    𝒮 2  (   E 1  ⨂ . . . ⨂   E  n ; F )


     [   a  p ]  n   𝜋  p  n + k  ( T ) ≤   𝜋  p  k  (   T ^ ) ≤    [   b  p ]  n   𝜋  p  n + k  ( T )


    a  p


      b  p


    𝜃  j =    (   e    i  n + j  n + j )  1 ≤   i  n + j ≤   m  n + j ⊂   E  n + j


    w  p  (   e    i  n + j  n + j   : 1 ≤   i  n + j ≤   m  n + j ) ≤ 1


  i ≤ j ≤ k


    A    𝜃 1 …   𝜃  K   :


    E 1  ⨂ . . . ⨂   E  n →   l  p    m  n + 1 …   m  n + k  ( F )


    A    𝜃 1 …   𝜃  K  (   e 1 …   e  n ) = T  (   e 1 …   e  n ,   e    i  n + 1  n + 1 …   e    i  n + k  n + k )   ,   1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k  


    A    𝜃 1 …   𝜃  K


    𝜋  p  K  (   A    𝜃 1 …   𝜃  K ) ≤   𝜋  p  n + k  ( T )  


    2 ≤ p ≤ ∞


  s


   1 2 =  1  p +  1  s


  p = 2


  s = ∞


  𝜇 =  (   𝜇    i  n + 1 , …   i  n + k )   ,   1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k


    S  𝜇  (  (   e    i  n + 1 , …   i  n + k ) ,     1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k   ) =  (   𝜇    i  n + 1 , …   i  n + k   e    i  n + 1 , …   i  n + k   ) ,     1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k


    S  𝜇


     1 2 =  1  p +  1  s


         ‖   S  𝜇 ‖ ≤    ‖ 𝜇 ‖    l  s    m  n + 1 …   m  n + k


                          S  𝜇 °   A    𝜃 1 …   𝜃  K   :     E 1  ⨂ . . . ⨂   E  n →   l  p    m  n + 1 …   m  n + k  ( F )


    𝜋  p  n  (   S  𝜇 °   A    𝜃 1 …   𝜃  K ) ≤   𝜋  p  k  (   A    𝜃 1 …   𝜃  K )  ‖   S  𝜇 ‖


    𝜋  p  n  (   S  𝜇 °   A    𝜃 1 …   𝜃  K ) ≤   𝜋  p  n + k  ( T )    ‖ 𝜇 ‖    l  s    m  n + 1 …   m  n + k


  F


    l  p    m  n + 1 …   m  n + k  ( F )


        S  𝜇 °   A    𝜃 1 …   𝜃  K


                                                                   ‖   S  𝜇 °   A    𝜃 1 …   𝜃  K ‖  H s ≤    [   b  p ]  n   𝜋  p  n  (   S  𝜇 °   A    𝜃 1 …   𝜃  K )


    𝜇    i  n + 1 …   i  n + k   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ,   1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k


                  ∑    i  n + 1 …   i  n + k = 1    m  n + 1 …   m  n + k     ‖   𝜇    i  n + 1 …   i  n + k   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ‖  H s 2 =    ‖       S  𝜇 °   A    𝜃 1 …   𝜃  K ‖  H s 2


    𝜇    i  n + 1 …   i  n + k = 1


    T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k )   :     E 1  ⨂ . . . ⨂   E  n → F   ,


  1 ≤   i  n + 1 ≤   m  n + 1 , … , 1 ≤   i  n + k ≤   m  n + k


     (   ∑    i  n + 1 …   i  n + k = 1    m  n + 1 …   m  n + k       |   𝜇    i  n + 1 …   i  n + k | 2  ‖   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ‖  H s 2 )   1 2 ≤    [   b  p ]  n   𝜋  p  n + k  ( T )    ‖ 𝜇 ‖    l  s    m  n + 1 …   m  n + k


     ‖ 𝜇 ‖    l  s    m  n + 1 …   m  n + k ≤ 1


     (   ∑    i  n + 1 …   i  n + k = 1    m  n + 1 …   m  n + k     ‖   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ‖  H s  p )   1  p ≤    [   b  p ]  n   𝜋  p  n + k  ( T )


     (   ∑    i  n + 1 …   i  n + k = 1    m  n + 1 …   m  n + k     ‖   T ^  (   e    i  n + 1  n + 1 …   e    i  n + k  n + k ) ‖  H s  p )   1  p ≤    [   b  p ]  n   𝜋  p  n + k  ( T )


    w  p  (   e    i  n + 1  n + 1   : 1 ≤   i  n + 1 ≤   m  n + 1 ) …   w  p  (   e    i  n + k  n + k   : 1 ≤   i  n + k ≤   m  n + k   )

