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Abstract:

In this article we introduce and study the notions of Aj-lacunary strongly summable, A3- Cesaro strongly
summable, A3- statistically convergent and Aj-lacunary statistically convergent sequence of interval numbers.
Consequently, we construct the sequence classes £5(4%),0£(43), s'(43) and s (A3) respectively and investigate
the relationship among these classes.
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I. Introduction

The concept of interval arithmetic was first introduced by Dwyer [1] in 1951. It was later developed by
Moore [10], Moore and Yang [13]. Furthermore, several authors have studied various aspects of the theory and
applications of interval numbers in differential equations [13], [14], [15].

The sequence of interval numbers was first introduced by Chiao [20], who defined the usual
convergence. Bounded and convergent sequence spaces of interval numbers were introduced by Sengonul and
Eryilmaz [18] and showed that these spaces are complete metric space.

A set consisting of closed interval of real numbers X such that a < x < b is called an interval number.
A real interval can also be considered as a set. Denote the set of all real valued closed intervals by R. Any member
of Ris called closed interval and denoted by X. Thus X = {x € R:a < x < b}. In [20], an interval number is
closed subset of real line R.

Let x; and x,.be the first and last points of the interval number x respectively. For x , X, € R, we have
X1 =Xy © Xy, = Xpp, Xyp = Xg,
Xi+% ={x €Rixy, + x5 S x < xpp + 5}
ax ={x € R:ax;, < x <ax, }if a>0.
={x ERiax; Sx < axll}if a <0.
and
X1.X2 ={x € R: min(xll.le, X1y X200 X1, X2 xlr.xZT) <x< max(xll.le, X1, X2, xlr.le,xlr.xzr)}.The set
of all interval numbers R is complete metric space under the metric defined by —
d(x,y) = max{|xll — x21|, |x1r - x2r|} (see [18]).
Let us consider the transformation f:N - R by k — f(k) = x where x = (&} )which is known as

sequence of interval numbers. X, denotes the k" term of the sequence X = (X;). The set of all sequences of
interval numbers is denoted by w' can be found in [18].

II.  Definitions And Main Results
Let X be a linear metric space. A function p: X — Ris called paranorm if —
(DHp(x) =0 forallx € X
2)p(—x) =p(x) forallx € X
B)px+y) <pkx)+p(y) forallx,y e X

(4)If (1,,)be a sequence of scalars such that 1,, - 0as n - o0 ypd (xn) be a sequence of vectors with
p(x, —x) >0 asn > o then p(Anx, — Ax) = Oasn — oo,
A paranorm p for which p(x) = 0 = x = 0 is called total paranorm and the pair (X, p) is called a total

paranormed space.
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Let ¢ = (¢,),be a sequence of Young functions i.e. ¢,: R* —» R* is an increasing and convex function
such that ¢,, (x) = 0 for x > 0and ¢,(0) = 0. The Musielak-Orlicz sequence space £¢ is given by —
29 = {x = (x)n: Xn Pn(Alxy]) < 0,2 >0} . This becomes Banach space under the norm

(Luxemburg)
. ||
lx|p = infin > 0: E bn T <1,n>0

Let ¢ = (¢y) be the sequence of Young functions. The space consisting of all those sequences X =
1
— - i Xk . . .
(x)in w' such that ¢ <%) — 0 as k — oofor some 1 > 0 is known as class of entire sequences of interval

numbers defined by sequence of Young functions and is denoted by f¢. The space consisting of all those
1
sequences X = (X, )in w' such that sup | ¢ <%) < oo for some 11 > 0 is known as class of analytic sequences
k

of interval numbers defined by sequence of Young functions and is denoted by Z¢.

Lemma 2.1: Let (a;) and () be sequences of real or complex numbers and (p,) be a bounded sequence of
positive real numbers, then
lak + Bil”* < D(lage|Pk + | By |PF)
and [A]Px < max(1,|A|%)
where D =max(1,|A|¥"1),H = supp, , A is any real or complex number.

Lemma 2.2: If d is translation invariant then
(@ d(x, +7,,0) < d(x,0) +d(3,,0)
(b) d(ax;,0) < |ald(%,0), la| > 1.

Let x = (x)) be sequence of interval numbers, p = (p,)be sequence of strictly positive integers,A =
(a,) be non-negative regular matrix and ¢ = (¢, )be a sequence of Young functions, we define the following
classes of sequences of interval numbers as follows :

L Pk
_ o |45 %
Iy(Ap 43) = x=(xk):£lm2ank dl ¢ " ,0 =0
k
4 Pk
— _ |43 |*
Ap(A,p,43) = (X = (X): sup Zank dl ¢ ,0 < oo
n - n
for some 1 > 0. We can specialize these spaces as follows:
(a) If A = I, the unit matrix then —
Pk
= - =\ xklk
Fy(,p,43) =<{x = (Xx): Iilm ¢ =0
Pk
s |A1S;xk|k
Ay(1,p,83) = 1% = :sup | |d| ¢ <o
(b) If we take ¢p(x) = x then we get —
Pk
- |45 |k
IF'(A,p,45) =<x = (x): llmZank d 7 ,0 =0
k

)<

A(4.p.A7) ={f = (0):sup (zkank [d <%0)
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(c) If A = (any)is Cesaro matrix of order 1 and p, = p then we have -
D

1
% = (%): lim 23R, |d ¢<@,o) =0

Te(pa3)

p

1
S\lz = (= 1 Pl
Ao (&) =1% = G:sup | iy [d ¢<%,o) <o
The space I' is defined as follows;
< [F
I =% = (%,): ’Eim %Zﬁzl% = 0] for some n > 0.

III.  Main Results
Theorem 3.1: If d is translation invariant then the class of sequence F(b (p, 43) is closed under addition and
scalar multiplication of interval numbers.

Proof: Letx = (x) € f(,,(p,A;) and y = (ik) € f(,,(p,A,s,)
In order to prove the result, we need to find some 773 > 0 such that

1
s — o1
ercl=1% d ¢<|Av(axk+bxk)|k,0) 50 as ko oo

n3

Since x = (x;) € f¢(p,A§) and y = (ik) € T¢(p, A3), there exists some n; > 0 and , > 0 such that —

=

1
Z;rcl:l% d ¢<M’S’77L1k|k,0> -0 as k - o and

[ 1
5T K
Zﬁ:li d ¢<—|A";;k| ,0> -0 as k - oo.

Since @ is non-decreasing, we have

p P
n 1 n 1 1
1 A3 (ax, + by, )|¥ 1 As(ax,)|x |45 (by, )|k
z_ d ¢ | v( k yk)| ’0 SZ— d ¢ | v( k)l +| v( yk)l '0
k=1n (E k=1n U UE
n 1 1 bl s % P
1 k|ASx |x k|ASy
3 Ha( 4 jalel45% < | 1D, [F
en UE UE
1 1 1
1 ASx. [k |bl|ASy, |¥
SN[ [l bl
e UE UE
Take 73 such that
1 ) { 1 1 1 1}
— =min{——,——
N3 lalP n, " [bIP 1,

Then,
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e N3 M2

n _ _ L P n - % 1 "’
21 il o [43(a%e + b3, Szld " [ " 143,
n Lin \ m /

n 1 P n 1 P
1 45|, |k 1 / 85y |* \
<> -|d| o CLLL £ ~la| o 145
k=1n M k=1n \ M2 /
) P
S (i b7,k
Hence 2:1% d qb(M,O) —0as k — oo
3

So ax, + bx;, € F¢ (p, 43). This completes the proof.

Theorem 3.2. Let x = () be sequence of interval numbers. The sequence class 74, (A, p, 43)is complete w.r.t

the topology generated by the paranorm / defined by —
N
n

h(R) = sup > awe|d| ¢

k=1

s
| vxkl

,0

Where M = max {1, s%p (%)}

Proof. Obviously h(8) = 0and h(—x) = h(x). It can also be easily seen that h(x +y) < h(x) + h(y) as d is
translation invariant.

14
Now for any scalar A, we have Illﬁk < max(1, sup|A]), so that h(Ax) < max(1,sup|A|), A fixed
implies Ax — 6. Now let 1 — 6, x fixed for sup|1| < 1, we have
1
Pk\ M

R
Yk=1ank |d| ¢ (@, 0) < ¢ for some N > N(¢).
§ Pk\ M
o L
Also,for1<n < Nand| X}i_;an |d| ¢ <@, 0) < ¢ there exists m such that
r s 1Pk\ M
Z‘l’cl:m Qi |d| ¢ (%: 0) <E&.
Taking A small enough, we then find
- ek
n |A43x %
Yk=m Ank |d| ¢ T,O < 2¢ for all k.

Hence h(A1x) —» 0 as 1 — 0. So, % is a paranorm on Fd,(A, p,43).
To show the completeness, let {E(i)}be Cauchy sequence in fd, (A,p, 43).
Then for given € > Othere exists positive integer » such that —
1
1 P\ M

—i —Jjk
|A§xk—A,s,xk|

Zank d ¢)

,0 <eforallj — ooi,j =71.

Since d is translation invariant, so
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[

Pk\ M
1
—_i —_jlk
|A,S,x;Lc—A,s,x{(|

Zank d ¢

,0 <e¢forall i,j=>r.andeachn.

Hence
1
i o jlk
|agk - a5k

d| ¢

,0 <eforal i,j=>r.

Therefore {E(i)} is a Cauchy sequence in the metric space of interval numbers which is complete and
hence ¥’ > ¥ asj — oo

Keeping 1y = r and letting j — oo, once can find that —
1
|43 - a5 |

Mayld| ¢ ,0 <eforall ry=r.

Since d is translation invariant, therefore
1

L Piy\ M
( ( 433, - 45% | \ \|
Z aueld| | ——— .0 <e¢
A b
- X in f¢,(A, p, 43). It can be easily seen that x € f¢(A, p, 43).
Thus F¢ (A, p, 43) is complete. This completes the proof.

ie ¥

Theorem 3.3.1f 0 < inf p;, < p, < 1,then I';(4,p) C I'4(A).
Proof. Letx = (xx;) € fd, (A,p). Since 0 < inf py < pi < 1, the result follows from the following inequality

Pk

1 1
x, |k X, |k
Eankd(j)lkl,o SEankdgblkl,O
e n n

k

Theorem 3.4.1f 1 < p; < supp, < 0, then T'y(A) C I'4(4,p)..
Proof. ¥ = (%) € I'»(A). Sincel < p, < supp;, < o then for each
0 < € <1 there exists a positive integer n, such that

_ 1
[xk |k

Yk Ani | d ¢< "

,0) <& < 1 for somen > n,.

The result follows from the following inequality

Pk

1 1
Xi |k x5 |k
S i | d ¢(%,o) < Tt |d ¢<%,o)

Theorem 3.5. Suppose X = (xy)is strongly 43 -lacunary strongly summable to
Xo. Then

lim =T xey, d(45%, %o)=0.

p-oo hp p

Now the result follows from the following inequality:
Zkelp d(A,S,fk,fo)EscaTd{k <n d(A-,S]fk,fO) = E}
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Theorem 3.6. If a sequence X = (i) of interval numbers is43-bounded and A’ - statistically convergent, then it

is 43 - Cesaro strongly summable.
Proof. Suppose x = (xy)is 4;-bounded and A3 - statistically convergent to x. Since x = (X )is 45-bounded, we
can find a interval number M such that d(4;5x, xy) < M for all keN

Again since X = (x,)is 43- statistically convergent to X,, for every & > 0

lim;card{k <n:d(45x, %) = €} =0,
n

Now the result follows from the following inequality
1 — —
;Z1sk5n d(45%k, X0)=

1 = = 1 > ¥
—leksn d(Aixk,xO)"" ;leksn d(Aixk! Xo)
d(A%Ek,Yo)ES d(Af;}k,Eo)<£

<= card{k < n:d(43%,, %) = €} +¢

Theorem 3.7. Let 0 be a lacunary sequence. Then if a sequence x = (x;)isd;-bounded and A3- lacunary
statistically convergent, then it is 43- lacunary strongly summable.
Proof. Proof follows by similar arguments as applied to prove above Theorem.

Theorem 3.8. If a sequence x = (X )is 43 - statistically convergent and lim inf, (%”)> 0 then it is 4;-lacunary

statistically convergent.

Proof. Assume the given conditions. For a given & > 0, we have

{k € L,: d(45x,, %) = e} = {k < n:d(45x,, %) = €}

Hence the proof follows from the following inequality:

%card{k < prd(45%,, %) = e}z% card{k € L: d(45%,, %o) = €}

L2 cardk € 1 A3, %0) > ¢)
14

IV.  Conclusion:

In this article, we introduced and studied new notions of convergence and summability for sequences of
interval numbers using the generalized difference operator A3,. The concepts of A3 -lacunary strongly summable,
A5 -Cesaro strongly summable, A;-statistically convergent, and Aj-lacunary statistically convergent sequences
were defined, and the corresponding sequence spaces ly(AS), of(A3), s'(A3), and sj(AS)were constructed.
Inclusion relations among these classes were established, generalizing several known results in summability
theory. The results extend existing frameworks to interval-valued sequences and provide a basis for further
research in generalized difference sequence spaces.
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