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Abstract:

Introduction: In the field of graph theory, graph labeling is one of the fastest growing area. A graph labeling is
defined as an assignment of integers to the nodes or edges or both based on certain conditions. Many types of
graph labeling techniques have been studied by several authors.

Objectives: The application of labeling of graphs has diverse fields in the study of the data base management,
secret sharing schemes, physical cosmology, debug circuit, X-ray, crystallography, astronomy, radar and much
more.

Methods: This paper is based on Odd-even congruence labeling of different types of graphs. The vertices and
edges are labeled by an assignment of natural numbers. It is based on modular arithmetic property known as
congruence graph labelling of a graph. In congruence graph labelling vertices are assigned by odd integers and
edges are assigned by even integers with the property of congruence labelling.

Results: This labeling method has been identified on bistar graph, path union of star graph, path union of bistar
graph, subdivision of star graph.
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I.  Introduction

In this paper all graphs G considered as finite, undirected, connected and without loops. The vertices and
edges of a graph G denoted by V(G) and E(G) respectively. The cardinality of vertex set is denoted by |V (G)|
and the edge set is denoted by |E(G)| are called the order and size of the graph G. For standard terminology of
Graph Theory we used [1]. For all detailed survey of graph labeling, we refer [2]. While studying graph theory,
one that has gained a lot of popularity during the last 62 years is the concept of labeling of graphs due to its wide
range of applications. A labeling of a graph G is one-to-one mapping that carries the set of graph elements onto a
set of numbers, called labels. In 1967, Rosa [5] published a pioneering paper on graph labeling problems.
Thereafter many types of graph labeling methods have been studied by several authors.

Odd-even congruence labeling introduced by G.Thamizhendhi and K. Kanakambika [6] and they proved
behaviour of several graphs like bipartite graph, comb graph, star graph, graph acquired by connecting two copies
of even cycle C, by a path P, , shadow graph of the path P, and the tensor product of K; ; & P, as Odd-even
congruence graph. They defined an odd-even congruence graph, if vertex and edge set are assigned by distinct
odd and even integers respectively, further f (up) =f (uq) (mod g(e)) , up and u, are adjacent vertices in G.
In this paper we investigate the existence of Odd-even congruence labeling for vertex switching graph, friendship
graph, shell graph, generalized butterfly graph, fan graph, P, + mK; graph.

Definition 2.1 A star graph is defined as a simple graph with one central vertex connecting to all other vertices
called leaves where these leaves are not connected to each other.

Definition 2.2 A bistar is a graph defined by joining the Centre vertices of two copies of by taking two copies
of K, , by an edge and it is denoted by B, ,,.The vertex set of

Bunis V(Bpn) = {V1,V2, V3, e cos oo, Uy U, Uy Uy, U, Uy e e oo ,U,} where v,u are apex vertices and
V1, V2, U3, cen cee vee eey Uy Ug, Ug, Usg,y e e e , U, are pendent vertices. The edge set of B, ,is
E(Bn‘n) = {VV1, VU, VV3,, v e ee ee, UV, DU, UUy, Uy, UUsg, e e e , Ul }.

Definition 2.3 The path union of a star graph denoted as P(n. Kl’fm) where v is a root vertex of K ,,.

Definition 2.4 The path union of a bistar graph denoted as P(n. B};l‘m) where v is a root vertex of By, ,,,.
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Theorem 3.1 The Bistar graph B,, ,, is an Odd-even congruence graph.

Proof:
Suppose V(B ,) = {v,u; : 1 <i < n} U {v,u} be the vertex set and
E(Bu,) ={vv,uu;: 1 <i<n} U {vu}
Then  |V(Bpn)| =2n+2
and |E(B,,)| =2n+1
We have d = min{(2n + 2),2n + 1}
=2n+1
Define vertex labelling
f:V(Ban) = {1,3,7,11,15, ... ... ...} as
fw)=4i—-1, 1<i<n
fw)=1
fw) =5
fu;)=4i+9, 1<i<n
The induced edge labeling defined as
f*+E(Byn) = {2,610, ... e vev cev eee eee.. } such that
f*lvy;)) =4n -2, 1<i<n
frvu) =4
ffluw) =4i+4 , 1<i<n
We observe that
fr(vy) divides |f (v) — f(vy)]
f*(vu) divides |f(v) — f(u)| and
[ (uwy) divides | f (w) — £ (u;)l

Hence bistar graph B,, ,, admits odd-even congruence labelling.

Example: 3.2.
Consider a bistar graph B, ,, where n = 4.

uy 13 uy 17

ty 15 vy 11 1 5l ug 21

Fig-1
Fig:1 shows that graph B,, ,, for n = 4 admits odd-even congruence labelling.

Example: 3.3.
Consider a bistar graph B, ,, where n = 5.

uy; 13 g 17

vy 15 vy 11 us 29 iy 25

Fig-2

Fig:2 shows that graph B,, ,, for n = 5 admits odd-even congruence labelling.
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Theorem 3.4. The path union of star graph P(n. Kl"_m) where v is aroot vertex of K ,,, is an Odd-even congruence
graph.

Proof:
Suppose the vertex set of the path union of star graph P(n. Kl'fm) be defined as

V(P(nKiw)) ={vuv/:1<i<n,1<j<m)
and the edge set of the path union of star graph P(n. Kf,m) be defined as

E (P(n. Kfm)) = {viviﬂ ,vivij ,vnv,{ 11<i<n-1,1<j< m} such that x; = v;v;,; and yl.j = vivi’

respectively.

The vertex labelling defined as

v,=1

fWiv) = f(vy) + 121 1<is<n-1
vi=3

f*™) =f(w)+2 1<j<m
fiz) = fv}) + 12 + 1) 1<j<n-1
fw/*™) =fw))+2 1<j<m-1,1<i<n-1
The edge labelling defined as

flx) =12i 1<i<n-1

fO) =2j 1<jsm

fOh) =x +2) 1<j<m

It is clear that f(x;) divides |f (v;41) — f(v;)|

fO7) divides |f(v)) = f(v1)] 1<j<m

f,) divides |f(v),,) = f(wis1)| 1<i<n-1
Hence, we conclude that the path union of star graph P (n. Kl",m) where v is a root vertex of K; ,, is an Odd-even
congruence graph.

Example: 3.5.
Consider the path union of star graph P (n. Klv,m) where v is a root vertex of K, ,,, where n = 2.

v 1 19 vy 13

o} 11 v} 27 v3 20 v 31 vl 33 v} 35

Fig.3
Fig:5.13 shows the path union of star graph P(Z.K{fm) where v is a root vertex of K;,, admits odd even
congruence labelling.

Ny 2 =
vy 3 vy 5

Example: 3.6.
Consider the path union of star graph P (n. Kfm) where v is a root vertex of K, ,,, where n = 3.

war o Ww gl

Fig.4

735 163 w65 6T w60 W7l
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Fig:4 shows the path union of star graph P(3. Kl'fm) where v is a root vertex of K; ,,, admits odd even congruence
labelling.

Theorem 3.7. The path union of bistar graph P(n. B,’,’Lm) where v is a root vertex of By, ,, admits an Odd-even
congruence labelling.

Proof:
Suppose the vertex set of the path union of bistar graph P(n. B,';l‘m) be defined as

V(P(n.B#l,m)) = {vi,ui,vij, u{ :11<i<n,1<j< m}
and the edge set of the path union of bistar graph P(n. B%,m) be defined as

E (P(n. B,‘;Lm)) = {vivi viwg, viv!  wud v, v upu), c1<i<n—1,1<j<m} such that x; =

ViVigr, Y] = v,z = viu;, wl = wu respectively.
The vertex labelling defined as

v, =1

fip) = fvy) +12i 1<is<n-1
vi=3

f(vf+1)=f(v1j)+2 1<j<m
fh)=fOH+12G+1)  1<j<n-1
fw*™) =f(w)+2 1<j<m-1,1<i<n-1
u =y +2

fluip) =2f(w) + 11 1<i<n-1

uf =2u; + 1 1<i<n
f/™) =f(ul)+2 1<j<m-l

The edge labelling defined as

flx) =120 1<i<n-1

fO) =2j 1<jsm

fOh) =xi+2j 1<j<m

fz)=v"+1

f(ziy1) = 2f(z) 1<i<n-1

fwh) =v;+1 1<i<n

fwi) =w/ +2 1<is<n-1, 1<j<m-1
It is clear that f(x;) divides |f(v;41) — f(v;)]

fOi) divides |f(v]) — f(vy)| 1<j<m
f(z;) divides |f (v;) — f(uy)]

f(w}) divides |f(u)) — f(uy)| 1<i<n

Hence, we conclude that the path union of bistar graph P(n. B,‘;l,m) where v is a root vertex of By, ,, is an Odd-
even congruence graph.

Example: 3.8.
Consider the path union of bistar graph P(n. B};’_s) where v is a root vertex of B, ,, wheren =2andm =5
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AT ) B

uy 37

u}83 w17l u5 179
o
w8l g1 w175 W 1T
Fig. 5
Fig: 5 shows that the path union of bistar graph P(n. Bg_s) where v is a root vertex of B, ,, where n = 2 and
m = 5 admits odd-even congruence labelling.

Example: 3.9.
Consider the path union of bistar graph P(n. Bg_s) where v is a root vertex of B, ,, wheren =3 andm =5

T B! nY i W g6 BeT e

ul 147 155 ud 3l B3 ul6l 1 659

Wi w15l o153 R U T ) w653 wl6E 637

Fig.6

Fig:6 shows that the path union of bistar graph P(n. Bé’_s) where v is a root vertex of By, ,, where n = 3 andm =
5 admits odd-even congruence labelling.
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Theorem:3.10. Subdivision of Star Graph S (Sp) is an odd-even congruence graph.

Proof: Suppose the star image S (Sp) of the vertex set be
V[S(Sp)] = {u, Uy, Uy, U, o ... ey Up, V1, Vg, Vg, e oo .....vp} and the edge set be E[S(Sp)] =
{uuq, uu,, uug, ... ... e Ullp, Up Vg, UV, Uz Vg, cen cne o ..upvp}.
Thus, |[V[S(S,)]| = 2p + 1 and
E[S(s)]l = 2p
Then d = min{2p + 1,2p }
= 2p
Let x; = uu, and y; = u,v,
Define the bijection f : V[S(Sp)] - {1,3,57,9,.......... } is defined as
fw=1
fu)=2i+1for1<i<p
f(v) = f(up) +4
fw)=fw)+4forl<i<p-1
The edge labeling g : E[S(Sp)] - {2,4,68..........} is defined as
glx;)) =2i forl1<i<p
g1 = g(x,) +2
9Wi) =gy) +2 for 1<i<p-1
Clearly
g(x;) divides |f(u;)) — f(w)| for1 <i<p
g(y;) divides |(f(v) — f(w))| for1 <i<p
Thus, we conclude the subdivision of Star Graph S (Sp) is an odd-even congruence graph.

Example 3.11 The graph S (Sp) is an odd-even congruence graph for p = 4.

v 13 vo 17 vy 21 vg 25

Fig-7

Fig -7, shows that S (5,,) admits odd-even congruence labeling for p = 4
Example 3.12 The graph S (Sp) is an odd-even congruence graph for p = 5.

us 11

20

vy 15 vo 19 vz 23 vg 27 vs 31

Fig-8
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Fig -8, shows that S (Sp) admits odd-even congruence labeling forp = 5

II.  Conclusion
The labeling of graphs is an interesting and vast research area which is very useful and it is extended in

various topics by several people. In this paper we have studied Odd-even congruence labeling behaviour of bistar
graph, path union of star graph, path union of bistar graph, subdivision of star graph. To derive similar results for
other graph families is an open problem.
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