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Abstract: 
The the problem of inferring the jump probabilities of a discrete Random Walk from the probability distribution 

of the process out equilibrium is addressed. Numerical methods and algorithms for solving this problem in 1 and 

2 dimensions, based on the Chapman-Kolmogorov equation, are investigated. The quantification of the a 

posteriori error of the calculated value is performed. Numerical experiments show the ability of the proposed 

computational procedure to infer the Random Walk parameters and the related accuracies. 
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I. Introduction 
The discrete Random Walk (RW) is the simplest Markov chain used for modelling the motion of non-

deterministic time dependent observables. Discrete Markov chains are characterized from stochastic transition 

matrices [10] that are candidates for phenomenological modelling of observables for practical applications. 

Although modelling with Markov chains for discrete time and space domains could seem an over simplification 

of real random fluctuating phenomena, in some context they are the preferred tools of investigation, see e.g. [9, 

18, 19]. Therefore, the estimation of the values of the transition matrix from measured observables plays a 

fundamental role in modelling. In statistical disciplines this task is called inference, in other research branches the 

terms calibration, identification or reconstruction are used. 

The inference of the transition probability matrix of a Markov chain from sequences of sampled values 

dates back to the 1950s [1, 4, 6] and nowadays the research is still active. Following this early-stage research line, 

much of the current scientific literature is devoted on improvements of maximum likelihood statistical estimators 

from a single long sequence of data; see [3, 11, 13, 14, 22, 21] for a sample of literature. Within this, most of the 

analysis is focused on reversible Markov chains at equilibrium [13, 14, 22, 21] using the detailed balance 

condition. Some latest literature is concerned with the reconstruction from ensembles or aggregate data [5, 16, 

17], when the single sequence is not available. 

In this paper the analysis is centered on the inference of the inhomogeneous RW from ensemble data, 

i.e. from the probability distribution, evolving out of equilibrium or during transients, possibly with short 

observation time. In order to accomplish this task we use the feature of Markov processes, that is the Chapman-

Kolmogorov equa- tion, proposed in [2] for the identification of the Fokker-Planck equation. Moreover, we 

perform estimations of the a posteriori error for each single calculated value, that depend considerably on the 

numerical and measurement approximation errors. 

The paper is organized as follows. In Section II we prepare the discussion with the definitions of inhomo- 

geneous RWs in 1 and 2 dimensions. In Sect. III the proposed methods and algorithms for the inference or 

reconstruction of the RW parameters and the related uncertainty estimates are illustrated. Numerical tests are 

provided in Sect. IV. Finally, a section of conclusions completes the paper. 
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