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Abstract:

The the problem of inferring the jump probabilities of a discrete Random Walk from the probability distribution
of the process out equilibrium is addressed. Numerical methods and algorithms for solving this problem in I and
2 dimensions, based on the Chapman-Kolmogorov equation, are investigated. The quantification of the a
posteriori error of the calculated value is performed. Numerical experiments show the ability of the proposed
computational procedure to infer the Random Walk parameters and the related accuracies.
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I. Introduction

The discrete Random Walk (RW) is the simplest Markov chain used for modelling the motion of non-
deterministic time dependent observables. Discrete Markov chains are characterized from stochastic transition
matrices [10] that are candidates for phenomenological modelling of observables for practical applications.
Although modelling with Markov chains for discrete time and space domains could seem an over simplification
of real random fluctuating phenomena, in some context they are the preferred tools of investigation, see e.g. [9,
18, 19]. Therefore, the estimation of the values of the transition matrix from measured observables plays a
fundamental role in modelling. In statistical disciplines this task is called inference, in other research branches the
terms calibration, identification or reconstruction are used.

The inference of the transition probability matrix of a Markov chain from sequences of sampled values
dates back to the 1950s [1, 4, 6] and nowadays the research is still active. Following this early-stage research line,
much of the current scientific literature is devoted on improvements of maximum likelihood statistical estimators
from a single long sequence of data; see [3, 11, 13, 14, 22, 21] for a sample of literature. Within this, most of the
analysis is focused on reversible Markov chains at equilibrium [13, 14, 22, 21] using the detailed balance
condition. Some latest literature is concerned with the reconstruction from ensembles or aggregate data [5, 16,
17], when the single sequence is not available.

In this paper the analysis is centered on the inference of the inhomogeneous RW from ensemble data,
i.e. from the probability distribution, evolving out of equilibrium or during transients, possibly with short
observation time. In order to accomplish this task we use the feature of Markov processes, that is the Chapman-
Kolmogorov equa- tion, proposed in [2] for the identification of the Fokker-Planck equation. Moreover, we
perform estimations of the a posteriori error for each single calculated value, that depend considerably on the
numerical and measurement approximation errors.

The paper is organized as follows. In Section II we prepare the discussion with the definitions of inhomo-
geneous RWs in 1 and 2 dimensions. In Sect. III the proposed methods and algorithms for the inference or
reconstruction of the RW parameters and the related uncertainty estimates are illustrated. Numerical tests are
provided in Sect. I'V. Finally, a section of conclusions completes the paper.
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II. Discrete space inhomogeneous random walk with drift

Following the same arguments of [2]. our discussion is based on the inhomogeneous Random Walk (RW), also
known as Bernoulli process, on the uniformly spaced discrete domain Mas = i = mdy, m € Z} of size Av > 0. If
the walk position X'is initially placed to x% & My and at each time step j it is subject to a displacement according
to the outcomes of independent random jumps W then at time »

b
H=50+ S, &)
=1
where IF; may assume the values Ax or -Ax, outcoming with probability p(x) € [0, 1] and gix) & [0, 1] respectively
and such that p(x) + g(x) = 1. We define the drift i/(x) as

px):= plx) - glx) = 2p(x) - 1, (2)

hence p(x) = (1 + p(0))/2, glx) = (1 - pix))/2.
The probability measure associated to this stochastic process ¥, can be written as the sum of each path of the
binary tree as follows
PG =(2k - m)Ax + x0T, = x0) =

A=1
;,i,, T [Il+0(E) ue?)

EeGln =0

This is the probability to find the process [ at the position xm = x2: 2 + X% € May, where kis the number of

positive Axjumps of W%, =1, ... n, when it starts at x/%. This means that both k and # determine the displacement

from the initial position according to the amount (2k - m)Ax. The symbol z represents a binary vector that spans
over all the possible combination Caip, &) of length n with & digitsequalto 1, eg.forn=4and k= 2is C:2(4, 2) =

{1100, 1010, 1001, 0110, 0101, 0011}, and o {z) is a sign function that is 1 for z=1 and =1 for z = 0. The product
represents the product of probabilities corresponding to the events of positive and negative jumps respectively.

MNotice that the mean and the variance of X can not be written in a simple form as in the homogeneous case,

because the random variables are not identically distributed at each time step x. From (3) it would be possible to

(3)
A=dliepr 5 o)

write a combinatorial formula for the mean of X5, but for our purpeses this is not necessary. Indeed, we focus our
discussion on the local evolution of the process, hence within this view the conditional mean E[Xq+1[% = ) =
Lrdxrepresents the local drift of the BW.,

The further step of our discussion is to describe the 2-dimensional RW motion on a mesh [2]. Let Mz% =
{lxw, = m1AX, Yy, = m2AY), for (my, m2) € Z7) be the 2-dimensional discrete rectangular grid of step sizes Ax
and Ay for each dimension. Likewise to the former definition, we write X, = (X3, ¥ for the position at time n of
the 2D RW with values on x = (x,3) € M%,_ ., and Ax = (Ax, Ay) for grid step sizes in vector form, where we use
the bold characters for vectors symbols. At each time step the process initially placed in (tw.Jmz) moves towards
one of the 4 nearest neighbour points of the grid according to the following random vector valued variable o(x)
defined in the following table

(+1,0) with prob. pi(x)

B0, -1) with prob. pa(x)

ofx) = . 0
(-1,0) with prob. pi(x)
O
Dll +1) with prob. palx),
jointly to the normalizing condition
po(x) + pulx) + pa(x) + palx) = 1. (5)

The dependence of the jump probability on the grid poesition, defines an inhomogeneous RW. The 2D walk process
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at the time step 7, started at Xo = x'%, reads as

R
X,=x9+ Ax' X 0(X;-1), (6)
=1

where ¢ is the Hadamard product. For ease notation, in place of ¢ (x) we shall use the discrete random variable
zx} € {0, 1, 2, 3} to refer to the 4 possible outcomes with the corresponding probabilites &(x}. Eg. letz= 3 then
according to (4] the outcome of 0is ¢ (z) = (-1, 0). The definition of the RW can be given in terms of the drifts
Y1, ). pzix, ¥) along the two dimensions and a function afx, y), according to the following relationship

2ilx,3) =j{g_{x,y} )

p3,) == (alx, v) - i, 1))

(7)

pole, ¥y =" (=alx, ¥) = palx, ¥) + 1)

polx, 3) =7 (—ale, ¥) + p2lx, 3) + 1).

[ e A o]

The probability measure is defined as follows. Let &1 be the number of positive jumps along the x direction, 1 be
the total number of jumps along the x direction, &y be the number of pesitive jumps along the y direction and #z
be the total number of jumps along the y direction, then for (6) the conditional probability to find the process at

time 7 2 1 to the point (¢, ) = (tor,-n, + 3%, Y2z, -n, +14%) is
P =((2k - n)Ax, (2k - m2) Ay) + x9Xp = 50} =

=1
> [Ip.(x ©) r
r=Calp e b ) =0 =gl fx e B iz

(8)

where z = (z, z,, . . ., 5 is a vector whose elements spans over the set of all Cul. . .) combinations of the digits
0, 1, 2, 3 of length n with & the count of 05, k1 the count of 15, 71 is the count of the odd numbers 1 and 3, iz the
count of the even numbers 0 and 2, such thatn = n1 + 72, and &1 < #1, o £ sz, As an example, forz = 30110231
itisn=8m=5m=3 kh=2kKh=3

When the random walk is homogeneous, Le. g are independent on x. the formula for the probability measure
is explicit with Newton's binomials terms as follows

PO =28 - n)Ax, (2k - m2)Ay) + xUXp = 3% =
. - )
v & n-fl nmm:#ﬂp?ﬁ?f“ﬂ: &)

A om-h&

m=0

Finally, we natice the difference in the mapping of coordinates between the 1D and 2D cases. From Eq. (3)
for a given time step # and the number of positive jumps &, the coordinate of the displacement from the initial
position is uniquely determined. Instead, from Eq. (8] for a given time step n and positive jumps &, &1 in the
two dimensions, the displacement from the initial positien is not uniquely determined, since there is one degree of
freedom in the choice of 1 and »z setby r =1 + 2.

Motice that these RWs can be defined in terms of stochastic transition matrices. We call direct problems when
these matrices are given and the Markov chain properties are analysed. For instance, given the drift at each grid
points L), £m € Moz and the initial distribution /%,at time n = 0, by performing Monte Carlo simulations of
the RW we can obtain the experimental distribution 7} of the probabilities of the process at each time step g, that
will be used for the purpose of numerical experiments.

In general the RW is dispersive with finite velocity of propagation, that is if we set the initial value of the
RW concentrated at the point x!¥, then at the time step a the distribution of the process will be contained into
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the discrete domain [ - nAx, £ + nAx] © May whereas outside this domain the distribution will be surely
vanishing. Aside special values of Li(x) this process has no equilibrium and without domain boundaries.

II.1 Error estimates

We recall here the basic statistical error estimates of the distribution generated from a RW, that will be used in the
section of numerical experiments. Let & be the number of repetitions of an experiment for the estimation of the
expectad value £ of the measured probability £7 of the random walk at the location 1 at time 7, and £ the binary
random variable whose value is 1 ifg'f\g\ = In and 0 if .\Fg'\.;jz X
For gaussian random variables we use a Chebyshev-like inequality [12] for large R
n T

:El_[lgig-y"ﬁ-,i"'larf.‘}i3F (10)
Thus, if we settle on the probability that the frequency approximates the expected value with an approximation
value £ that is B£” is constant, we see that as £ goes to zero the number of Monte Carlo simulation must grow as
R More precisely. let @ = 0%/(3Re%) be the maxinmum deviation probability of the confidence interval & then it

N _
canbeestimatedas£ = o0%/(3aR). Furthermore if the values of /™ are close to 0, then @ * f, so that
r—

S
£= 3oE (11)

Notice that the Bernstein inequality [23] used for limited random variables gives little improvements.

In the following in place of the maximum deviation probability we shall use the significance [evel, albeit this
definition is not properly correct in this context. As an example, if we suppose for fan uniform distribution on
the domain of 40 points, we get f = 0.025. Let R = 108 and o = 0.2 is g5 f) = 2- 1074, equivalent to relative
error 8- 107% for f.

III. The reconstruction of the RW parameters

In the previous section we have introduced the inhomogenecus Random Walk process . as the random movement
of a particle on a grid. that is driven according to the jump probabilities depending on the position on the grid.
The inverse problem face the reconstruction or the inference of the jump probabilities, i.e. the drifts, at each grid
point, when the probability distribution of X is known.

II1.1 One dimensional case

Our framework for solving this problem is based on the Chapman-Kolmogorov equation for the RW process. Let
i be the probability that the particle is located at g at the time step #, we have the following CK equation

Frr=0t U= e+ 77

e m+1 =

Pr-1 1)
1

stating that the probability £;*! to find the particle in m at the time step # + 1 is the sum of the two probabilities
arriving from the peighhours, each calculated as the product of the probability at the previous time step by the
jump probability (left or right) at that lorations. For the inverse problem the fj; are supposed given and pw are
unknowns.

As we have discussed in the former section, when p € (0, 1) the RW represents a dispersive dynamics, meaning
that at each time step the domain of the process increases of 2 points, in this sense we refer to it as a moving
domain. Whereas for the cases p = 0 and p = 1 the process is deterministic with a preferred direction, hence it

can no longer be called dispersive. From now onwards we suppose p € (0, 1) except eventually at the boundary
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of the domain, as we shall discuss. Outside this domain the probability of the process is zero, hence we use this
information to set the boundary values for the system (12). as follows. Let us suppose that at time n + 1 the
domain of the probability distribution, where it is surely non-vanishing is indexed by m=1,... M and for m < 0
and m = M+ 1 the probabilities /5,71 will be surely zero, then from Eq. (12] we see that only 1/ - 2 unknowns
Pmcan be determined, form =2, ..., M- 1. Furthermore, at the time step athe domain has size /- 2 for
m=2,...0M-1and will be surely fT = /&= 0. This missing of information is intrinsic into the nature of the
Chapman-Kolmogorov equation and, unless the boundaries values of p are known at the boundary of the domain,
the values p1 and gy can not be determined.

Therefore, from this discussion we have found that the Eq. (12) must be completed with the boundary con-
muqn,?;] = _fi“ = }':{ = _}‘;_H = (1. T'he values of pw can be found from Eq. {1Z]) by recursion, provided that the

starting values are p1 = " =™ 4)/£" and ps = (" - £~/ A

Instead, for a static bounded domain a reflecting barrier [8] can be placed at the boundary M = 1, thatis p1 =1
is kmownm, hence we get p3 = (5 + /", - /"¢')/ /" because it is supposed that / may be non-vanishing. We will
use the last expression for ps, which accounts for the case f > 0. in such a way that when it is non-negative, we
set ;1 = 1. ie. areflecting barrier at the boundary domain m = 1, whereas in the case f7 = 0 we say the process
has not any barrier or the barrier has not yet been reached at the domain's boundary so that the value of p1 can not
be determined. $Similar remarks can be done at the other boundary m = M.

With this initial preparation, from Eq. (12) starting with m = 2 and by recursion, we get the following (forward)
explicit formula for pa

L= LIF

m3fi T 3 ez fuiag (13)
Pm = s L m=2...M-1
H

where the symbol [mJ is the greatest integer less than i and &w 3 is the Kronecker-& symbol for m = 3. For the
drift we have (im = 2pm = 1. Notice that this formula expresses the impossibility to calculate the value of ps. for
a vanishing values of /% A similar explicit formula can be derived from (12) by starting the computation from
m = A= 1 and proceeding the recursion with backward counting of m.

The pm computed with (13] are subject to the accuracy of /7,as in the case of real observables measurements
or statistical fluctuations. This influence could be so strong that the calculated values of pm could lay outside the

theoretical interval [0, 1]. For this reason a quantification of the uncertainty of the solution is an important task of

the reconstruction problem [15]. The standard law of error Erupagatinn is a basic approach to achieve this task.
Let £617) be the absolute error associated to f, then trom [ 13) the absolute error ») for the calculated dritt

m 3

Hmreads as 1
[(m—2)21 b

BBy = i [owEal £5) + Onsed )+ 5 Ealfiog) + Ealpi f-2) - (14)
17 =0

Motice that this formula allows to estimate the error of the drift punctually, Le. for each point of the grid.
The algorithm for (13) and [14), and its backward version, can be formulated as follows.

Algorithm 1

I IMput dala:; probabiliny distrioutions 7 and 10Tt and relaied ansofite errors Efd”) and Eghd 1) af the
" . ] .

RWat the 2iime steps namd n+ 1 form = 1, ... . M computation direction flag de = 1 for forward de = 0
Jor backward

2. Initial settings: set the unknowns values pm = NalV and errors glin) = NaN, form =1, L. M

ian

ifde == 1 continue. if de == 0 jump to step 8.

4. Iff > 0 recognize a reflecting barrier atm = 1 and set p1 = 1.
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3. Starting values: pr = 7= ™4 ps = F= M1+ 7 galuz) = gad™ + gaf™ 1), alUs) = gald™ +
2 1 2
Gt T l_J_ 3 2 1 1 3

o2

6. Tterationformula: form=30M-2, do pm+1 = 1 = ™1+ put and Efls+1) = Sl )+ ™1+
mil oM B+1 E
Eallie-1), end-for.
7. Jumpiostep 11

8. Iffy, > 0 recognize a reflecting barrier at m = M and set py = 0.
9. Starting values: pu1 = 1 pacz = 0 = L galling 1) = g1, Ealfig 2) = gl 1) + &)
M

M1 M U -1 i
10. Tteration formula: form=M-2103, do pw1 = -1  + ™1 + pu+1 and Elim-1) = & ) +

m+1 m m+1
Eal ) + Eallim=1), end-for.

11. Extract the probabilities and the errors: for m =2 to M =1, do pm = pu/§" and glpin) = (Eallim) +
g Lal|pn|)/ [ end-for;
12, Find the local drift; Um = 2 + pw - 1 and its related absolute error £oflin) = 2€alUn).

Notice that when [} = 0 the corresponding [w is sat to NalV.

We have included the case of a reflecting barrier for a finite domain, although it will not be used in the
numerical experiments.

Everything illustrated so far is the Algorithm that by using two time steps of the probability distribution of
the RW, calculates the unknown drifts by using all the space points at once. Notice that this algorithimn can not be
extended to the 2 dimensional case on the square grid.

The other option for the drift estimation is the using of the CK Eq. (12) for a given m evaluated at two different
time steps w1, 7z in order to build a system of 2 equations for the unknowns Lim_1, Um=1. rather than p.. as follows

1 1 |

_Jﬁhl Jf-"ll- U _zf’tl_i_l_j'ﬂll_'_fl 1'
B P T R o e o (15)
- m+ mtl m e m-

then selving it for each m = 2, .. . . M = 1. This methed is net equivalent to the previcus since the \. are calculated
locally in space from a system of only 2 equations. From numerical experiments we found that this method is very
sensitive to uncertainties and it is vulnerable to singularity or ill-conditioness of the coefficient matrix. Therefore,
in order to improve the accuracy of the solution, we consider the CK equation at ny, ... . pg fime steps in order to
increase the number of equations in the system, so that (15) becomes overdetermined with the coefficient matrix
rectangular of size (&, 2), as follows

d O O
- 0 -2}“'“4—}“’ +
r?.:—l. mTI 1 m..—]_ n_ql—l ml—l
:l-f:—i "gﬂ% Hm-1 — ]-2]:'@ +f-r:‘-l—‘1—"f:—1 Ell:: (16)
Bt T B T
St ST “2ETLE R T A
This system in the form AA,U =& can be solved as aleast squares preblem
min I{p -5, iedTdy=4ATs. (17)

This system of X equations for 2 unknowns can be solved by using the Moore-Penrose pseudoinverse of the
coefficient matrixz, With the purpose to improve the quality of the numerical results, we add a Tichonov term of
regularization

min (|4 -5 [F+yligu -8, (18)
3 2 2
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where y is the regularization weight, (0 is a vector or a matrix and correspondingly £ is a scalar or a vector, both
encoding the type of regularization on the unknown p. The solution of this minimization problem is achieved by
solving the following system

A b
u= 2 _ (19)
¥a VB
The choice
0=1(1,-1) (20)

and # = 0, minimize the derivative of the drift 4.

For the error estimation to the solution of this problem, when the data are affected from uncertainty, we follow
the valuable analysis of [7] providing the component wise error estimation to the selution x of a full rank equation
system .4y = b, when 4 and b are subject to perturbations. For convenience, we report here that useful results.

Theorem 1 ([7]) Let Ax = b be an equation system with fidl rank matrix A and § 4 and Gf be some perturbations
of the system matrix and known term respectively, Wy and (g be the relative ervors defined by the component wise
inequalities as follows: |0 Aij| < Weldiil |0b) < Wby and Py ury = I = AA%, then provided that the spectral
radius 0 of the matrix Y
_ MTHE Pyl 1
I [ V| E (R P[P 1
satisfi (A ) < 1/w, with w = max((s, Ws), then the absolute error on the solutionx is bounded by the following
component wise mequality

6x] = w JATIB|+ 4] + AT A 1147+ Olw?), (22)

wherer = b — Ax is the residual of the eguetion system and AT denotes the Moore-Penrose pseudoinverse.

The expression inside the brackets provides an estimate of the amplification of the data uncertainty. Notice that
for the numerical implementation of (22) a better choice is to check for the full rank of 4”4 rather than 4.

This important inequality provides estimates of uncertainties of the calculated drifts (or prohabilites) u: for
each grid point of the random walk domain, provided the setting 4 := ATA andb:= AT 5.

By sumimarizing, if the maxinmumn relative errors w of the inpul:_dal:a fis known, then (22) provides component
wise error estimates for each component the unknown g, The algorithm for computing this reconstruction problem
can be formulated as follows.

Algorithm 2

1. Input data: probability distributionf" afthe RWform =1 . . . Mand for n = ny, .. U time steps, the
weight y and the resularization parameters Q and B af (20), the mecimum relative error W for §7. Set the
vactor [Uw for saving the results and & s for the bounding errors. Sef a vector counter cw 10 zero.

)

Jterate aver the space gridpoints m=2... M= 1

[

Build the matrices of Eg. (16) for a given m and all n, then the system (19).
4. [fthe system maitrix has not rank 2, then fump the next two steps.

3. Solve the system of Eg. (17) with the pseudoinverse method. Store the two solutions temporary in 1 and
f+1. Calculate the component wise bounding errors OJ_1, O +1 with (22).

6. Checkthe counterscifori=m-1,m+ 1 Ifci == 0 then iy = [i-m, elseifc: > 0 then iy = Ui+ fi-m. Do
the same for the bounding errors G Increment the counters by 1: =+ 1
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7. End of iteration 2.
8. Divide lUm and O L for the value of the counters cm. Now Um and O Uw ave calculated End

Motice that the counter cx keeps track of the of the calculated U, since it could be calculated twice. At the
step 5. the Matlah@[20] functions lzgmippors Or lsanennas, provide a better numerically stable routines for
solving the equation system.

II1.2 Two dimensional case

This section is devoted to the solution of the inverse problem for the the 2D-RW (&), i.e. the calculation of the

table (4] for each point x of the domain when the 2D probability distribution _f"w is given on M?,_, for some
values of n. To pursue this aim we follow the technique illustrated in [2]. For convenience we report here the

definitions.
Let 0" = polim, 1) the unknowns probabilities, the Key relationship with /™  is established by the Z-dimensional
L) o
CK equation analogous to Eq. (12). that is

ml_m )+ a +f e+ (23)
i meld meld w4l md+l mtld mtld omd-l omd-l
This equation conveys the probability that the RW reaches the point (1, [) at time # + 1 by jumping from the 4
nearest neighbours, according to the table (4). The total probability distribution is subject to conservativeness
accordingto Ty 1, =1, Vh
By using many CK equations (23). for n = a1, ... i, with X = 4, we build the over-determined equation
te
system 0 m D -

m i m a
fmetd Tmirl ferlg fmden U f

gt
o, M fou 7700 mHEg ot

o pm=Lf Py ; peq =1 S 24
_'fﬁ‘_i.—..' Lo g fﬁ-i.l_'lélds!& ST R L4
D vas ren ew aan |:| ”E:EEE

nr Ry

nx nx - e +1
IM_H fﬁ:‘—l -rm+1.,=-' ;n_c,._.'—l -1 -F;:J

that can be solved as a least-square problem min, |4p = & ||23 similarly to (17].
The algorithm implementing the solution of the inverse problem is based on Algorithm 1 of [2]. as follows.

Algorithm 3
1. Input data: probability distribution [T of the RW, for n = i, na, ... i, time steps, the maximum relative

grror W far 1. Sat the marrices P arg © pY o Save the results and the Dounding arrors. Set count. ps =
- ] w w

0 matrix to flag the calculated values of pl.

[

. Start the iteration over all the values of (m, [) of the grid domain given by the size af j‘“ﬁ

Laa

. Build the matrices of Eq. (24) for a given (m, ) and for alln = ny, na, ool
4. Ifthe system matrix has not rank 4, then jump the next step.

3. Solve the sysiem (19) with the Moore-Penrose pseudoimnverse. Calculate the component wise bounding errors
O P with (22). Cumulate the calculated values of p*' and increments the counter count. p™ ++. During

the iteration aver all points (m, 1) of the domain, the p*, could be calculated more than once repeatedly.
The counters count p™ keep frack of the calculated values of the corresponding pF.

6. End of iteration 2.
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7. Averages the calculated p: p2 /count. pbL, in order to take in account for the eventually repetitions of the
it Tk

calculated values of pil.

8 With p* calculate the reguived WY, U2 and Gus

Notice that this algorithm dose not guarantee the normalization of the jump prohabilites, (5).

IV. Numerical experiments

In this section we illustrate the numerical experiments for testing the algorithms for the reconstruction problems.
The goal of our problem is the inference of the drift y(x) of the RW from the measured experimental probability
distribution {7 for a set of values of n. For the purpose of numerical tests, we set the object of calibration {/(x),
then, in order to mimic the measured probability distribution £, starting from a random initial point with a given
distribution, we computationally generate the values ' with Monte Carle bunches of the RW (1). The estimates
Lim = ) are found by using the proposed algorithms. Similar tests are performed for pn(x, y), pa(x, y) and
alx, ¥) in the 2D case.

IV.1 Numerical experiments for 1D-RW

For the first test we set the drift function
pl) = =021+ 0.02x) + 0.03x00x = 5) = 0. 02x O =x = 10} (25)

with two discontinuities in x = 5 and x = -10, marked by the () step functions. Indeed, this function is evaluated
on the discrete domain My, hence continuity is meaningless in this context, but the choice is motivated for testing
with a rapidly changing function.

The data of the BW are generated with a grid step size Ax = 1, starting at a point randomly chosen with uniform
distribution on the grid points [-4, 4] nMy, then evelving for ¥ = 15 time steps, according to the jump prebability
plx) related to the drift (25) with (2), Le. pix) and g(x). evaluated on the discrete RW domain [-19, 19] =[0, 14]
M =T

The experimental discrete probability distributionf™ is calculated by recording the position of the RW in
normalized histograms with a binning process. resulting from a bunch of MC simulations with R repetitions. For
the purpose of the statistical convergence test, the bunches of size R = 104, 10°, 105, 107, 108 are executed.

In Fig. 1 we show a sample of the generated f",gvolving during the transient represented by histograms, for a
MC bunch with R = 108,

In Fig. 2 we show the results of the reconstruction with Alg. 1 for data /3, generated with & = 107, at time step
n= 14. The same data are individually used in place of /" in (14) with & = 0.2 for the estimation of g{£"). In
particular, the left picture depicts the computed . in the forward direction, dc=1, where the black dots represents
the computed yw and the grrorbars the estimated uncertainty intervals with a significance level o = 0.2, The lines
are the reference solution of the true u(x). We note that the estimated errors are large at the boundary of the
domain, where the values of the prohabilites are closer to zero and maore sensitive to statistical errors. This effect
is more pronounced on the right side of the domain, because of the cumulative effect of the forward computation
that proceed from left to right. The results of the backward computation are not shown, since they are similar, but
with grrorbars larger to the left side of the domain. In the right picture of Fig. 2 we show the results of the two
computations merged in a such way to take, for each point of the domain, the value with the smaller grrorbar. We
can appreciate the good agreement with the given p(x) within the estimated uncertainty.

In Fig. 3 we show the reconstructed pix) with Alg, 2 for data generated with R = 10fand n=2, ... . V= 2
Errorbars are calculated by using the Bjirk formula (22). Notice that for some peints the grrorbars were not
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Figure 1: Histograms of the evolution of the computationally generated probability distribution of the RW with
R=10%

Figure 2: Computed U» with Alg. 1 and R = 107 vs. exact u(x). Left: forward computation. Right: post-processed
with merged forward-backward computation results.

Figure 3: Computed pm with Alg. 2 vs. exact pix). R = 108
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Figure 4: Action of the regularization in Alg. (2) on the computed drift, R = 104, Left without regularization.

Right regularized with y = 1.
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Table 1: Convergence results as a function of the number of samples £

R e2(u) Alg. 1 | ez(p) Alg. 2
105y =1 - 6.80-1072
104 6.54.1072 2.88-1071
108 2.05-102 1.02-101
108 1.10-1072 1.60-10°2
107 3.60-1073 1.25-10°2
108 9,73.104 7.04.1078

calculated because of the failure in satisfying the hypothesis of Thim 1. We see the good prediction, albeit with
larger grrarhars with respect to those estimated with Alg, 1.

Fig. 4 shows the calculated p» without regularization on the left. and with regularization on the right, with
v = 1, for f},generated with § = 104

For the convergence test, we define the average square error between the given and computed drift, as follows

£5(U) —ELM:);E'-LE?
sizef)

In Table 1 is reported the result of convergence test for different number of samples & of the RW for both algo-

rithms, We see the error decreases proportionally to the square root R. For the case with & = 10* the test with
regularization shows a relevant improvement of the accuracy of U Anyway, for larger value ® = 10° of samples

this effect is lost.
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Figure 5: Probability distribution of the 2D RW at the final time T = 14.

Figure 6: Computed L1, U, a for the 2D Random Walk, portrayed as surfaces.

IV.2? Numerical experiments for 2D-EW

For the 2D RW we set the following objects of reconstruction

Ll = 0.02x
by, 1) = 0.01y- 0.10(y+ 0.1) - 0.10(-x) (26)
aly,y) = 0.5+ 0.01x + 0.010(y + 0.1),

corresponding to

polx) = (0.5 - 0.01x + 0.01y - 0.110(y+ 0.1) - 0.10(-x))/2
pilx) = (0.5 +0.03x + 0.010(y + 0.1))/2
pe(x) = (0.5 - 0.01x + 0.010( + 0.1))/2
pilx) =(0.5-0.01x - 0.01y + 0.096(y + 0.1) + 0.10(-x))/2.
Here we do not compute the probability distribution with MC simulation, rather with the exact formulas (8) and
(7). This is motivated by the high sensitivity of the inverse problem that will be discussed below. The grid step sizes
are Ax = Ay= 0.1, Fig. 5 depicts the distribution [, computed by using that exact formulas with (26), starting
with probability 1 at the coordinate (0, 0), for N = 14 time steps on the domain [-3, 3] =[0, 141 nMa01 *Tu
The input data f ;for Alg. 3 are selected for # = 2,... N and the relative accuracy is set £ = N- 10715, This
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Figure 7: Left: absolute error between the computed and true U2, Right: absolute error estimate of the computed
Lz caleulated with a relative error of 3- 10715 on the distribution.

e F) | true &2(u2) | Bjork £2(u2)

Negpp, = 3010715 4071071 1.45-1071
107, =20 1.23-1073 3.69-1073

Table 2: Test for accuracy of the computed drift (2. True and estimated errvor with the Bjdrk formula.

follows from (8], since the RW accumulates the floating point error £gpr at each step of the walk. Indeed, this
accuracy assumption represents a lower bound, because this value should be multiplied by the Newton's binomial
products. The objects of reconstruction a, 1 and pz computed with Alg. 3 are shown in Fig. 6.

With the aim to check the algorithm with a lower data accuracy, we performed a MC second test as follows.
A gaussian random variable with a standard deviation 107 was added to the exact distribution, then repeated the
computation for 20 time. Einally the results were averaged.

In Fig. 7 we show the absolute errors for the reconstructed Uz represented as black bars for each grid point.
The left picture illustrates the true absolute error defined as [z = — U20xp)|. The right one depicts the estimated
uncertainty according to Bjdrk (22). We see that the calculated [z is in agreement with the assigned (26) within
an accuracy of 1012, Notice that the Bjirk error estimates does not use the given Uz(x) and have almost the same
order of magnitude of the true, albeit they represents lower bounds. For g1 and a we get similar results not shown

here.

This result shows that the computation magnifies the input data uncertainty with a factor 104 This information
is useful for the estimation of the accuracy of f, or the size of a MC bunch in order to predict the accuracy of
the reconstructing parameters, e.g. as follows. From (11] and supposing f oc 1/M, we get the relative accuracy

r=&/f =}/ 30R sothat
1Nl
R= 3 &
Ifwe wish g{u) = 1072, due to the amplification factor 10* we need g(f) = 10°% and, assuming ); = 14 and
o = 0.2, we estimates R oc 105, Anyway, this value is excessive because the Tchebicey bound is not very sharp.

Motice that the magnify factor depends on the shape of the distribution data _Q‘_, but the analysis of this
relationship is beyond the scope of this paper.

Furthermore, in Table 2 in the first line we report the average square error of Fig. 7 of the calculated Uz, for
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the true error (2nd celumn) and Bjérk estimate (3rd column). In the second line we report the estimated error for
the second test. We see a similar drop of accuracy of magnitude 10* between the input data and output values iz
of the algorithm.

V. Conclusions

A technique for the inference of the parameters of RWs using the Chapman-Kelmogorov equation with transient
probability distribution was presented. Moreover, a posteriori punctual error estimates of the reconstructed values
was calculated. For the 1D case two algerithms were formulated, the first calculates the solution along the states of
the RW and have better accuracy than the second, that compute locally on the state by using an interval of sampled
time values. The latter algorithm is extended to the 2D case. Numerical tests show the ability of the proposed
techniques to deal with the reconstrucion of RW, and to provide the related uncertainty and error amplification
estimates.
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