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ABSTRACT

In this paper, the notions of fuzzy U-spaces and fuzzy ultranormal spaces are introduced and
studied. Sufficient conditions for fuzzy strongly zero-dimensional spaces to become fuzzy U-
spaces and  fuzzy U-spaces to become fuzzy strongly zero-dimensional spaces are obtained.
Certain fuzzy topological spaces which are not fuzzy U-spaces are identified. The inter-
relations between  fuzzy ultranormal  spaces and  fuzzy normal spaces are established and
sufficient  conditions under which fuzzy ultranormal become fuzzy U-spaces, are identified in
this paper.
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I. INTRODUCTION

The wuniverse is a complex system filled with uncertainties. Problems of vagueness
have probably always existed in human experience and vagueness is not regarded with suspicion,
but is simply an acknowledged characteristic of the world around us. Mathematics equips us
with the tools to quantify and manage these uncertainties. Human concepts have a graded
structure in that whether or not a concept applies to a given object is a matter of degree,
rather than a yes—or-no question and that people are capable of working with the degrees in a
consistent way. In 1965, L.A.Zadeh [40] in his classic paper, called the concepts with a graded
structure “ fuzzy concepts” and proposed the notion of a “fuzzy set“ that gave birth to the
field of fuzzy logic. The potential of fuzzy notion was realized by researchers and has
successfully been applied for new investigations in all branches of Science and Technology for
more than last six decades. In 1968, C.L. Chang [6] introduced the concept of fuzzy topological
space. Since then much attention has been paid to generalize the basic concepts of general
topology in fuzzy setting and thus a modern theory of fuzzy topology has been developed.

In the recent years, there has been a growing trend to introduce and study different
types of fuzzy topological spaces. Also a lot of fuzzy separation axioms have been defined that
generalize the classical ones and B.Hutton [13]in 1980 studied hierarchy of separation axioms in
fuzzy topological spaces and some hereditary properties of the separation axioms. In
2004, M. Henriksen and R.G.Woods [12] introduced the notion of cozero complemented space
and R. Levy and J. Shapiro [15] studied cozero complemented spaces under the name * z-good
spaces . In [2], F. Azarpanah and M.Karavan studied cozero complemented spaces in the name
“m-spaces ”. In 2009, Knox, M. L., et al [14] introduced the notion of weakly cozero
complemented space. The notion of feebly Fs-complemented spaces was introduced and studied
by T.Dube and O. Ighedo [7]. Motivated on these lines, the notions of Fj-complemented spaces,
weakly Fg;- complemented spaces and  feebly Fgj-complemented spaces in fuzzy setting were
introduced and studied by G.Thangaraj and L .Vikraman in [30,31,32].

In classical topology, the definition of U-space is due to Gillman and Henriksen
[11]. In 2020, W.D.Burgess, and R. Raphael [5] established that U-space is a topological space
in which any two disjoint co-zero sets can be separated by a clopen set. Motivated on
these lines, in Section 3, the notion of fuzzy U-space is introduced and several characterizations
of fuzzy U-spaces are established in this paper.
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The notion of zero-dimensional space was defined by Sierpinski, in 1921. A
topological space (X,t) is called zero dimensional provided that X has a basis consisting of clopen
sets. N.Ajmal and J.K. Kohli [1] extended the notions of connectedness to an arbitrary fuzzy
set and defined the notions of c-zero dimensionality, strong c- zero dimensionality and total
disconnectedness and studied their basic properties and interrelationships among them. In classical
topology, P.J. Nyikos [16] introduced and studied the notion of strongly zero- dimensional spaces
as Tychonoff spaces whose Cech-Stone compactification BX are totally disconnected. William G.
Bade [39 | defined a topological space X strongly zero -dimensional as given any two disjoint zero
sets Z; and Z, in X, there exists a clopen set C such that Z; €C, Z,NnC = 0. In
continuation of their works, in Section 4, the notion of fuzzy strong zero dimensional space
is defined in terms of fuzzy Gg -sets and sufficient conditions under which fuzzy strongly
zero-dimensional spaces become fuzzy U-spaces are explored. In Section 5, sufficient conditions
under which fuzzy U-spaces become fuzzy strongly zero-dimensional spaces are obtained and
some of the fuzzy topological spaces that are not fuzzy U-spaces, are also identified in this
paper.

R. Staum [17] introduced the notion of ultranormality in classical topology . In
2013, Joseph Van Name [38] gave an overview of the notions of ultranormality and
ultraparacompactness in the general topological and point-free contexts. Motivated on these lines, in
Section 6, the notion of fuzzy ultranormal space is introduced and inter-relations between
fuzzy ultranormal spaces and fuzzy normal spaces are established and sufficient conditions under
which fuzzy ultranormal spaces become fuzzy U-spaces, are obtained in this paper.

II. PRELIMINARIES
Some basic notions and results used in the sequel, are given in order to

make the exposition self - contained. In this work by (X,T) or simply by X, we will
denote a fuzzy topological space due to Chang (1968). Let X be a non-empty set and I,
the unit interval [0,1]. A fuzzy set A in X is a mapping from X into I. The fuzzy set
0x is defined as Ox (x) = 0, for all x€ X and the fuzzy set 1y is defined as 1x
x) =1, for all x €X. For any fuzzy set A in X and a family (%;);; of fuzzy
sets in X, the complement A', the wunion Vg A; and the intersection AjgA; are defined
respectively as follows : for each x€ X, A (x) = 1 — A(x), (Viej ki)(x) = supjg A (),
(/\iE]- A )(x) = infig; A; (x), where J is an index set.
Definition 2.1 [6]: A fuzzy topology on a set X is a family T of fuzzy sets in X
which satisfies the following conditions :

(a). 0x€e T and 1x € T,

(b). If A, BET, then A ABE€E T,

(). If A;j€ T for each i € J, then Vi, A €T

The pair (X, T) is called a fuzzy topological space ( briefly, fts ). Members of T
are called fuzzy open sets in X and their complements are called fuzzy closed sets in
X. A fuzzy set is considered fuzzy clopen if it is both fuzzy closed and fuzzy

open.
Definition 2.2 [6]: Let (X,T) be a fuzzy topological space and A be any fuzzy set in
(X,T). The interior, the closure and the complement of A are defined respectively as
follows :

(1. int(A) = v{peT: pus A},

). cd @ = A {p A<y, petTy.

Lemma 2.1 [3] : For a fuzzy set A of a fuzzy topological space X,

(1. 1=intd) = cl(1=2) and (i). 1=cl(d) = int (1= ).

Definition 2.3 : A fuzzy set A in a fuzzy topological space (X,T) is called a

(1). fuzzy regular-open set in (X,T) if XA = intcl(A) and
fuzzy regular-closed set in (X,T) if A = clint(A) [3].
(ii). fuzzy Gg-set in (X,T) if A = AZ; (), where NET for i€l
fuzzy Fg-set in (X,T) if A = VZ2,(%), where 1-N €T foriel[4]

(ii1). fuzzy dense set in (X,T) if there exists no fuzzy closed set p in (X,T)
such that A < p < 1. That is, cl(A) =1, in (X,T) [19].
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(iv). fuzzy nowhere dense set in (X,T) if there exists no non-zero fuzzy
open set pu in (X,T) such that p < cl(A). That is, intcl(A) = 0,
in (X,T)[19].

(v). fuzzy first category set in (X,T) if A =V2; (), where (A;)'s are fuzzy
nowhere dense sets in (X,T). Any other fuzzy set in (X,T) is said to be
of fuzzy second category [19].

(vi). fuzzy somewhere dense set in (X,T) if there exists a non-zero fuzzy
open set p in (X,T) such that u < cl(A). That is, intcl (1) # 0, in (X,T) [20].

(vii) .fuzzy residual set in (X,T) if 1— A is a fuzzy first category set
in (X,T) [21].

(viii). fuzzy simply* open set in (X,T) if A = pv §, where p is a fuzzy open
set and § is a fuzzy nowhere dense set in (X,T) and 1—A is called
a fuzzy simply* closed set in (X,T) [24].

(ix). fuzzy pseudo-open set in (X, T) if A= pVv &, where p is a non-zero
fuzzy open set and & is a fuzzy first category set in (X,T) [23].

Definition 24[ ] : A fuzzy topological space (X,T) is called a

(i). fuzzy normal space if for every pair of closed fuzzy sets P, Q such
that P < ¢ (Q), there exist open fuzzy sets A, B such that P < A, Q < B
and AAB=0 [9].

(ii). fuzzy connected space if it has no proper fuzzy clopen (closed and open)
set. [ A fuzzy set A in X is proper if A #0 and A #1] [8].

(iii). fuzzy extremally disconnected space if the closure of each fuzzy open
set of (X,T) is fuzzy open in (X,T) [10].

(iv). fuzzy P-space if each fuzzy Gg-set in (X,T) is fuzzy open in (X,T) [18].

(v). fuzzy D-Baire space if every fuzzy first category set in (X, T) is a
fuzzy nowhere dense set in (X,T)[22].
(vi). fuzzy perfectly disconnected space if for any two non-—zero fuzzy sets
A and p defined on X with A< 1 —p c(X) <1 — cl(p), in (X,T)[25].
(vii). fuzzy F'-space if A < 1 —p, where A and p are fuzzy F; -sets

in (X,T), then cdd) <1 —cl(p), in (X,T)[26].

(viii). fuzzy F-space if for any two fuzzy Fgs-sets A and p in (X,T) with
A < 1—p, there exist fuzzy Gg-sets a and B in (X,T) such that
A < q p<pB and a < 1-B, in (X,T)][27].
(ix). fuzzy 0" space if each fuzzy Gg-set in (X,T) is a fuzzy simply* open
set in (X,T)[28].
(x). fuzzy Brown space if for any two non-zero fuzzy open sets A and p
in (X,T), cld) £ 1—-cl(p), in (X, T)[35]
(xi). weak fuzzy Oz-space if for each fuzzy Fg-set & in (X,T), cl(§) is a
fuzzy Gg-set in (X,T)[34].
(xii).fuzzy weakly F;-complemented space if for each pair of fuzzy F;- sets and p, with py
< 1— p, in (X,T), there exist fuzzy Fg-sets A; and A, with
M <1—= 24, in (X,T) suchthat p; < Ay, p, < A, and cl (A V Ay) =1 [31].
(xiii). fuzzy feebly Fs-complemented space if for each pair of fuzzy F,-sets
i and p, with g; < 1— p, in (X,T), there exist fuzzy Fg-sets A; and A,
in (X,T) such that p; <1 — A, g, < 1— A, and cl (A; V Ay) = 1][32].
(xiv). fuzzy strongly hyperconnected space if and only if each fuzzy somewhere
dense set is a fuzzy open set in (X,T)[33].
(xv). fuzzy semi- P -space if each fuzzy Gg-set in (X,T) is an fuzzy
semi-open set in (X,T)[36].
(xvi). fuzzy S*N -space if for each pair of fuzzy closed sets p; and p, in (X,T)
with gy < 1 — p,, there exist fuzzy simply* open sets A, and A,
in (X,T) such that p < A, P < A, and A, <1 — A, [37].
Theorem 2.1 [35] : If (X,T) is a fuzzy Brown space, then there is no fuzzy set A
which is both fuzzy open and fuzzy closed in (X,T).
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Theorem 2.2 [33]:1If (X,T) is a fuzzy strongly hyperconnected space, then there is no
fuzzy set m which is both fuzzy open and fuzzy closed in (X,T).
Theorem 2.3 [32] : If a fuzzy topological space (X,T) is a fuzzy feebly Fs-

complemented space, then for each pair of fuzzy Fs-sets p; and p, with py < 1— p, in
(X,T), there exist fuzzy Gg-sets 6; and 6, in (X,T) such that p < &, p, < 6, and
int(6;) < 1 — int(85,).

Theorem 2.4 [32]: If a fuzzy topological space (X,T) is a fuzzy weakly Fs-
complemented space, then (X,T) is a fuzzy feebly Fs-complemented space.

Theorem 2.5[37]: If a fuzzy set A is a fuzzy simply*open set in a fuzzy topological
space (X,T), then <cl(A) is a fuzzy Fg-set in (X,T).

Theorem 2.6[28] : If a fuzzy set A is a fuzzy Gg-set in a fuzzy 0*space (X, T),
then cl(A) is a fuzzy Fg-set in (X, T).

Theorem 2.7[29]: If A is a fuzzy pseudo-open set in a fuzzy D-Baire
space (X,T), then A is a fuzzy simply*-open set in (X, T).
Theorem 2.8 [25]:If (X,T) is a fuzzy perfectly disconnected space, then X,T) is a

fuzzy extremally disconnected space.

Theorem 2.9[36]: If A is a fuzzy Gg-set in a fuzzy perfectly disconnected and fuzzy semi-
P-space (X,T), then cl(A) is a fuzzy open set in (X, T).

Theorem 2.10[36]:If a fuzzy topological space (X,T) is a fuzzy P-space, then
(X,T) is a fuzzy semi-P-space.

Theorem 2.11 [37]: If a fuzzy topological space (X, T) is a fuzzy perfectly disconnected and
fuzzy S*N-space, then (X,T) is a fuzzy normal space.

III. FUZZY U-SPACES

Motivated by the works of  W.D.Burgess and R.Raphael [S] on U-spaces in
classical topology, the notion of fuzzy U-space shall be defined as follows :
Definition 3.1 : A fuzzy topological space (X,T) is called a fuzzy U-space if for each
pair of fuzzy Fg-sets p; and p, with py < 1— p, in (X,T), there exists a fuzzy
clopen set A in (X,T) such that py < A, pn, < 1-— A
Example 3.1: Let X = {a,b,c,}. Let I = [0,1]. The fuzzy sets «, B,y A, &and O are
defined on X as follows:

a: X = 1 is defined by a(a) = 04; a) = 05; a(c) = 06,
B: X = I is defined by p(a) = 0.5 ; B()= 0.7; B(c) =04,
y: X —> I is defined by vy(a) = 0.6; y(b)= 04; y() = 0.5,
A: X = I is defined by A(a) = 0.6 ; A(b)= 0.5; A(c) = 0.5,
: I is defined by &(a) =04 ; 6(b)= 0.5; 6(c) = 0.5,
is defined by 6(a) = 0.5; 6(b)= 0.5; 0 (c) = 0.5

I
I is defined by p(a) = 0.6; p()= 06; p(c) = 0.6
{0, a, By,avB, avy, Bvy, an B, any, Bay, av[Ba v]Bv[any],
yviaaBlan[Bv ylBalavyl, yalav Bl, avBvy, 1}
is a fuzzy topology on X. By computation, one shall find that
p= {1-a} v{l-B}v{l-yj};
6 {1-[avB]}v{l—[aVvy]}Vv{1l-[BVy]};
§ ={1-[aVvy}Vv{l-(yVv[aaBD}Vv{l-[avBvyl}
I1-(@nB)={1—=(av[Bry])}V{l=(an[BvyDIV {1—=(BA[avy]), ar
fuzzy Fg;-sets in X. One can see that A = yv[aaB]l and A =1 — (aA[BVv Y]) and thus A is
an fuzzy clopen set A in X Also on computation one shall find that p£ 1 -0, p<£
I1—-[1—(a@aAB)], p£ 16, 6L 1—-[1—(anAPB)], ® <1—-86 and 1— (aAB) £1-6, in X
Thus, for the fuzzy F;-sets 6 and 6 in X with 6 < 1—-8 , there  exists a  fuzzy
clopen set A in X such that 8 < A and 8 < 1— A. Hence (X,T) is an fuzzy
U-space.
Example 3.2 : Let X = {a,b,c,}. Let 1 =[0,1]. The fuzzy sets a f,y, A, & 0 and
pare defined on X as follows:
a: X > 1 is defined by a(a) = 05; ab) = 04; a(c) = 0.7,
B: X = I is defined by p(a) = 0.6 ; B()= 0.5; Bc) =006,
y: X = I is defined by vy(a) = 04; vy ()= 0.6; y(c) =03,
A X > I is defined by A(d) = 0.6 ; A()= 0.5; A(c) = 0.7,
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6: X > 1 is defined by ©6(a) =04 ; 6(b)= 0.5; 6(c) = 0.3,
6: X > 1 is defined by 6() = 04; 6 (b)= 04; 0 (c) = 0.3,
p: X —>1 is defined by p(a)= 0.6; p(b)= 06; p(c) = 0.7.

Then, T = {0, a, B, v, avp, avy, Bvy, anB, arny, BAry, av[BA Y],

yvianaBl, Balavy]l, avBvy, 1}
is a fuzzy topology on X. By computation, one shall find that

avBvy {t1—a} v {1 - B} Vv{l-v};
1—=(Brfavy] {1-[avB]}v{l—[avy}Vv{1l—-[BVY]};
1-B {1-[avB]} V{1-[BVYyl}V {1l —-[avBvy]}

are fuzzy F;-sets in

One can see that A aVv and A= 1-[BAY]

= BAay and & =1-[aVp]

= any and 0= 1-[avBVvy]

= avfBvy and p =1—-[a A Y]

Then, A, 6,0 and p are fuzzy clopen sets in X. Also on computation one shall find that
1-B)s 1= {1 -(Balavy]} and(1= B)£ 1 =(avBvy), {1 —-(Bafav v]} =
1-{1 — (evBvy)} in X. Thus, for the fuzzy Fs-sets (1— B)and {1 —(BA[av y]}, in X

with (1— B )< 1— {1 —(BA[avVv y]}ithereexists no fuzzy clopen set o (=i, 6,6, p) in

X such that (1—-B)< o and 1 —(BA[av y] £ 1—0. Hence (X,T) is not an fuzzy

U-space.

Proposition 3.1 : If p; and p, are fuzzy Fg-sets with p < 1— p, in a
fuzzy U-space (X,T), then there exists a fuzzy clopen set A in (X,T) such that p; < A
< 11— .

°© @O n

Proof: Suppose that p; and p, are fuzzy Fg-sets with pu, < 1— W, in (X,T).
Since (X,T) is a fuzzy U-space, there exists a fuzzy clopen set A in (X,T) such that
Wm <A, gp <1— A Now u, < 1— A, implies that A < 1—pn, and thus

b < A < 1—p,, in (XT)

Proposition 3.2 : If p; and p, are fuzzy Fg-sets with p < 1— p, in a fuzzy
U-space (X,T), then cl(p) # 1 and cl(w,) # 1, in (XT).

Proof : Suppose that p; and p, are fuzzy Fg-sets with p; < 1— p,, in (X,T). Since (X,T) is
a fuzzy U-space, by Proposition 3.1, there exists a fuzzy clopen set A in (X,T) such thatp, <
A <1—y,.Then, cl(;) < c(d) < cl(l1—= py) and cl(py) <A <1 — int(py,). Now, A
being a fuzzy closed set in (X,T), cl(d) =X and then cl(p;) < A <1 — int(py).
Thus, cl(y) # 1, in (X,T). Also p, < 1— A, implies that cl(p,) < cl(1—2A) = 1— int(A) <
1 and thus cl(p, ) # 1, in (X,T).

Proposition 3.3 : If 6, and &, are fuzzy Gg-sets with 1 — § < &, in a fuzzy U-space
(X,T), then there exists a fuzzy clopen set A in (X,T) such that 1 — & < A < §,.
Proof: Suppose that &; and 6, are fuzzy Gg-sets withl — §; < §,, in (X,T). Then, 1 — §; <
1 —-(1-=28,), in (X,T). Since (X,T) is a fuzzy U-space, for the fuzzy Fs-sets 1 —8; and 1 —
6,, by Proposition 3.1, there exists a fuzzy clopen set A in (X,T) such that1 —
6, < A £1—(1- 6;). Then, 1-6=< A £ §,, n(XT).

Corollary 3.1 : If &, and 6, are fuzzy Gg-sets with 1—68; < §6,, in a fuzzy
U-space (X,T), then int (§;) # 0 and int(5,)# 0, in (XT).

Proof : Suppose that &8, and &, are fuzzy Gg-sets with 1 — §; < §,, in a fuzzy U-space
(X,T). Then, by Proposition 3.3, there exists a fuzzy clopen set A in (X,T) such that

1-86 < 2 £ & .Now A < §,, implies that int(A) < int(8,) and then A=
int(A) < int(6,) shows that int(8,)# 0, in(X,T). Also 1— 6; < A, implies that

cd(@1-8) <c(A).By Lemma 21, (- 8§)=1—-1int(§;) and then 1 — int(§;) <
A implies that 1 — A < int(§;) and thus int(6;) # 0, in (X,T).

Proposition 3.4 :If p; and p, are fuzzy Fg-sets with p; <1— p, in a fuzzy
U-space (X,T), then there  exists a fuzzy clopen set A in (X,T) such that p,
Ay < Bd(X).

Proof : Suppose that p; and p, are fuzzy Fg-sets with u; < 1— p,, in (X,T). Since
(X,T) is a fuzzy U-space, there exists a fuzzy clopen set A in (X,T) suchthat py < A, p, <
1— A Since A is a fuzzy clopen set in (X,T), cl(A) =Aand cl(1- A) =1
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—int(A)= 1—A. Now pu A py < AA[1—=2A]=cl(AM)Acl(1—2)=Bd()[22]and thus p; A
H, < Bd(d), in(X,T).

Proposition 3.5 :If p; and p, are fuzzy simply* open sets with c(pw) <
1 —cl(p,) in a fuzzy U-space (X,T), then there exists a fuzzy clopen set A in
(X,T) such that p; < A < 1-— p,.

Proof : Suppose that p; and p, are fuzzy simply* open sets in (X, T). By Theorem 2.5,
cl(py) and cl(p,) are fuzzy Fg-sets in (X, T). By hypothesis

c(p) < 1—cl(py), in (X,T). Since (X,T) is a fuzzy U-space, there exists a fuzzy clopen
set A in(X,T) suchthat cl(p) < A, cl(py) < 1— AThen, p; < cl(py) < Aand py, < cl(py) <
1—2A ,in (X,T) and thus it follows that p; < A < 1 — c(pw)< 11— p, and thus
Bl < A < 1— w, in XT).

Proposition 3.6 : If p, and p, are fuzzy Fg-sets with p; < 1— W, in a fuzzy
U-space (X,T), then there exists a fuzzy clopen set A in (X,T) such that int(p) < A
< 1-— int(p,).

Proof : Suppose that p,; and p, are fuzzy Fg-sets with pu; < 1— p,, in (X,T).
Since (X,T) is a fuzzy U-space, by Proposition 3.1, there exists a fuzzy clopen set A in
(X,T) such that py < A <1—p,. Then, intcl (pu )< mtcl(A) < intcl (1 —p,). Since A is a

fuzzy clopen set, intcl(A)= int(A)= A and then int (py;) < intcl(py )< A < 1 — clint(py)
< 1 — int(u, ). Hence, it follows that int(p) < A < 1— int(u, ).

Corollary 3.2 : If p; and p, are fuzzy Fg-sets with py <1— p, in a fuzzy U-space (X,T),
then int(p) < 1—int(y,), in (XT).

Proposition 3.7 : If p; and p, are fuzzy Fg-sets with p; <1— p, in a fuzzy
U-space (X,T), then there exists a fuzzy regular open set A in (X,T) such that int(
) < A < 1— int(yy).

Proof : Suppose that p; and p, are fuzzy Fg-sets with py < 1— p,, in (X,T).
Since (X,T) is a fuzzy U-space, by Proposition 3.1, there exists a fuzzy clopen
set A in (X,T) such tha iy < A <1-—y,. Then, intel (U )< intcl (A) < intcl
(1—=py) and intcl(py ) < intcl(A) < l—clint(y,) [by Lemma 2.1]. Since A is a fuzzy clopen
set, intcl(A)= int(A)= A and then A is a fuzzy regular open set in (X,T). Now int
()< intcl(p) < A <1 —clint(p,) < 1— int(y, ). Hence, it follows that int(y;) < A <
1—int(py ), in (XT).

IV.  FUZZY STRONGLY ZERO-DIMENSIONAL SPACES

Motivated by the works of P.Nyikos [16] and William G. Bade [39] on strongly
zero-dimensional spaces in classical topology, the notion of fuzzy strongly zero-dimensional
space shall be defined in terms of fuzzy Gg-sets as follows :
Definition 4.1 : A fuzzy topological space (X,T) is called a fuzzy strongly zero-
dimensional space if for each pair of fuzzy Gg-sets &, and 6, with & < 1-— 6§, in
(X,T), there exists a fuzzy clopen set A in (X,T) such that &, < A, &6, <1 — A
Example 4.1: Let X = {a,b,c,}. Let I = [0,1]. The fuzzy sets a, B,y A &, 6,p 1
and o are defined on X as follows :
a: X —> 1 is defined by a(a) = 04; ab) = 05; a(c) = 0.6,
B: X = I is defined by f(a) = 05; BM®)=07; PB() =104,

y: X = I is defined by 7vy(a) = 0.6; y()= 04; y(c) = 0.5,
A: X > I is defined by A(a) = 0.6 ; AM)=05; X(c) = 06,
6: X > 1 is defined by 6(a) = 0.5 ; 6(b)= 0.5; &(c) = 0.6,
0: X -1 is defined by 6(a) =04, 0()=05; 6() =04
p: X—>1 is defined by p(a) = 05; p)=0.5; p(c) = 04,
p: X =>1 is defined by p(a)=04; pd)= 04; ) = 04,
o: X>1 is defined by o(a =05; ob)=05; o(c) = 0.5.
Then, T = {0, a, B, v,avB, avy, BvYy, aan B, any, BAY, aVv[BA Y], Bv[aAay],

yvieaBlan[Bv yLBalavyl, yalav Bl avBvy, 1}
is a fuzzy topology on X. By computation, one shall find that
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Yy = v A (@vy) A(Bvy)A (yvIaarB])A (avBvy),
B = aA(anB)A(ary)ACan] Bvy]),
Bry = BA(BAY)IABVIaay]) ACav[BaryDA(BALav Y],
c = (avB)A(avy) A(Bvy), are fuzzy Gg-sets in X.

Let &6 =v, 6, =pn, 83= BAy and §, =0.0n computation, one shall find that
61 S 1 - 62 N 61 $ 1 - 63 N 61 $ 1 - 64, 82 S 1 - 83 N 82 S 1 - 84_ and 83 S
1 - &, in (X,T).

Now one shall see that A = avy and A =1 — (aAf) in (X,T). Thus, A is an
fuzzy clopen set in (X,T) and for the fuzzy Gg-sets &,, 8, with &, < 1 — §,, 5,
< X and 6, £ 1— A, in XT).

Also § = av[Bayland & =1—-(BA[avy] )in (XT). Thus, & is a fuzzy
clopen set in (X,T) and for the fuzzy Gg-sets &,, O3 with 6, < 1 - 65, &,
< 8§ and 63 < 1-— &, in (X,T).

Now one shall see that 6 = aAf and 6 =1 — (a vy) in (X T). Thus, 0 is a

fuzzy clopen set in (X,T) and for the fuzzy Gg-sets &,, 8§, with §, < 1 — 8,, 6, <
6 and 8, < 1— 0, in (X,T).

Also p = BA[avy] and p =1 —=(av[BAYy]) in (X,T). Thus, p is a fuzzy clopen set
in (X,T) and for the fuzzy Gg-sets &3, 6, with §;3 <1—- 68,4, 063 < p and 6, < 1— p, in
(X,T) and hence (X,T) is a fuzzy strongly zero-dimensional space.

Proposition 4.1 : If 6 < y, where § is a fuzzy Gg-set and y is a fuzzy Fg,-set
in a fuzzy  strongly zero-dimensional space (X,T), then there exists a  fuzzy clopen set
A in (X,T) such that 6§ < A < vy.

Proof : Suppose that 6 is a fuzzy Gg-set and vy is a fuzzy Fgz-set with § < vy ,in
(X,T). Then, 6§ <1 —(1 — y),where 1 — vy is a fuzzy Gg-set in (X,T). Since (X,T) is a
fuzzy strongly zero-dimensional space, there exists a fuzzy clopen set A in (X,T) such that
6 < Aand 1 —y <1 —2A and it follows that 6 < A < vy, in (X,T).

Proposition 4.2: If 1 — p, < p; ,where p; and p, are fuzzy Fg-sets in a fuzzy strongly
zero-dimensional space (X,T), then there exists a fuzzy clopen set & in (X, T) such that 1 —
b <86 < .

Proof : Suppose that 1 — p, < p; ,where p; and p, are fuzzy Fg-sets in (X,T). Then,
1 - [1—w] = 1—- py where 1 — p and 1 — p, are fuzzy Gg-sets in the fuzzy
strongly  zero-dimensional space (X,T). Then, there exists a fuzzy clopen set A in (X,T)
such that 1 — py < A and 1 — p, < 1 — A This implies that 1 — p, <1 — A < py. Let
6 =1—AThen, § is a clopen set in (X,T) such that 1 — p, <6 < .

Proposition 4.3 :If a fuzzy topological space (X,T) is a fuzzy perfectly disconnected and
fuzzy semi- P-space, then (X,T) is a fuzzy strongly zero-dimensional  space.
Proof : Suppose that &§; and §, are fuzzy Gg-sets with§; < 1 — §,, in (X,T). Since
(X,T) is a fuzzy perfectly disconnected space, for the fuzzy sets &;and 6, with 8§ < 1 — §,,
one will have that cl(§;) <1 — cl(6;),in (X,T). Then, & < cl(§;) < 1— cl(d,)< 1- 6,.
This implies that &, < cl(6;) and &, < 1— cl(6;).Since (X,T) is a fuzzy perfectly
disconnected and fuzzy semi-P-space, by Theorem 2.9, for the fuzzy Gg-set &;, cl(8;) is a
fuzzy open set in (X, T). Thus,cl(6;) is a fuzzy clopen set in (X,T). LetX = cl(8;). Hence,
for the fuzzy Gg-sets 6; and &, with & < 1-— 8, the existence of a fuzzy
clopen set A in (X,T) such that &; < A and 6, <1 — 2, proves that (X,T) is a
fuzzy strongly zero-dimensional space.

Corollary 4.1:1f a fuzzy topological space (X,T) is a fuzzy perfectly disconnected and fuzzy
P-space, then (X,T) is a fuzzy strongly zero-dimensional space.
Proof: The proof follows from Theorem 2.10 and Proposition 4.3.

Remarks :It should be noted that fuzzy strongly zero-dimensional spacesneed not be fuzzy
U - Spaces. For, consider the following example:

Example 4.2 : Let X = {a/b,c,}. Let 1 = [0,1]. The fuzzy sets « B, vy, 6; and
are defined on X as follows :

a: X > 1 is defined by a(a) = 04; ab) = 05; a(c) = 06,

B: X = I is defined by @ = 06; PL(b)= 04; B(c) =05,

y: X —> I is defined by vy(a) = 0.7; y(d)= 0.6; y(c) = 04,
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§:X =» 1 is defined by §i(a) = 04; 5 (b)= 04; 84(c) = 04.

X =1 is defined by py(a) = 0.6; mp(b) = 0.6; py(c) = 0.6.

Then, T = {0, a, B, Y,avB, avy, Bvy, anB, ary, BAry, an[Bv Yyl

yalav Bl, Bvlaay], 1} is a fuzzy topology on X. By computation, one shall
find that

a(=1—=(@nrlavB]), ary ( = 1= (avB) ), an[Bvy] (=1= (Bv[laay])and yn
[av B] (= 1—a) are fuzzy clopen sets in (X,T).

By computation, one shall find that & =a AB A Yy ;

8, = [avB] Afavyl A [Bvyl { =Bv[anay] }

S3=a A(Can[BvY])AC yalav B]) {=anay },

8,=B Alav Bl AIBAYI A (yalavBD)ABVIany]l ) { = Bay}, are fuzzy Ggsets
with §; < 1— 6,,6; < 1-8; and 63 <1-6, , 86, < 1— §,
and &3 < 1-— 6, in (X,T).

Now, (i) for the fuzzy Gg-sets &, and 6,, there exists a fuzzy clopen set aAy in
(X,T) such that & < any, & <1 -—[any]

(ii). for the fuzzy Gg-sets &; and 63, there exists a fuzzy clopen set yAalav B]
in (X,T) such that 8§ < yaA[av B] , 6, <1 —(yalav B]).

(iii). for the fuzzy Gg-sets &3 and 8§, , there exists a fuzzy clopen set aAy in
(X,T) such that &3 < aaAy, 6, <1 - (anry).

(iv). for the fuzzy Gg-sets 06, and 6, , there exists a fuzzy clopen set aAy in
(X,T) such that & < aaAny, 86, < 1— (anry).

(v). for the fuzzy Gg-sets &3 and 8, , there exists a fuzzy clopen set aA[Bv y] in
(X,T) such that &3 < aA[Bv Y], 6, <1 —=(axA[BVY])
Hence it follows that (X,T) is a fuzzy strongly zero-dimensional space.
Now p =1-=68;, mw =1—-06,u = 1—-68;3, up, = 1—98,, are fuzzy F-sets
in (X,T). On computation, one shall find that p, £ 1 — p,, W £ 1 = g,

b £ 11— p and pp £ 1 - p3, p £ 1 - py and M3 £ 1 — py, in (XT).

Also p, < a, but pu, £ 1 — a. Hence it follows that (X,T) is not a fuzzy U-
space.

Proposition 4.4 : If a; and a, are fuzzy closed sets such that oy <1 — a, in a fuzzy
normal and fuzzy strongly zero-dimensional space (X,T), then there exists a fuzzy clopen set
A in (X,T) such that oy <A and a, < 1 — A

Proof : Suppose that oy and a, are fuzzy closed sets such that oy <1 — a, in (X,T). Since
(X,T) is a fuzzy normal space, there exist open fuzzy sets &; and 6, such that a; < &y,
a, < 8,and 8 AS, = 0. Then, §; < 1— &, in(X,T). Now (X,T) being a fuzzy strongly
zero-dimensional space and each fuzzy open set is a fuzzy Gg-set in fuzzy topological spaces,
for the fuzzy Gg-sets 6; and &, with & < 1— 6§, in (X,T), there exists a fuzzy clopen
set A in (X,T) such that &6 < A, &, < 1 — A Then, it follows that a; < A and a, <
1 — A, in (X,T).

Corollary 4.2 : If o and a, are fuzzy closed sets such that oy <1 — @, in a fuzzy
normal and fuzzy strongly zero-dimensional space (X,T), then there exists a fuzzy clopen set
A in (X,;T) such that a; < A < 1— a,.

V. FUZZY ©U-SPACES AND OTHER FUZZY TOPOLOGICAL SPACES
It should be noted that fuzzy strongly zero-dimensional spaces need not be fuzzy U -
Spaces. For, consider the following example:
Example 5.1 : Let X = {a/b,c,}. Let 1 = [0,1]. The fuzzy sets « B, vy, 6; and 1y
are defined on X as follows :
a: X —> 1 is defined by a(a) = 04; a) = 05; a(c) =06,

B: X = I is defined by f(a) = 06; B(b)= 04; B(c) =105,
y: X = I is defined by vy = 0.7; y(®)= 0.6; y(c) = 04,
6;:X = 1 is defined by 6;(a) = 04; 6;(b)= 04; &;(c) = 04.

WX =1 is defined by p(a) = 0.6; p(d)= 0.6; pq(c) = 0.6.
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Then, T = {0, «a, B, v,aVvB, avy, Bvy, aAB, ary, BAy, an[BVv Y]

yAalav Bl, Bvlfaay], 1} is a fuzzy topology on X. By computation, one shall
find that

a(=1-(nlavpl), any ( = 1— (@vB)), an[Bvy] (=1~- (Bvlaayl)and ya
[av B] (= 1—a) are fuzzy clopen sets in (X,T).

By computation, one shall find that & =a AB Ay ;

8, = [avB]l Afavyl A [Bvy]l { =Bv[aay] }

S3=a A(Can[BvY])AC yalav B]) {=anay },

8,=B Alav Bl AIBAY]I A (valavB)A(BIany]l) { = Bay}, are fuzzy Ge-scts
with §; < 1— 6,,6;, < 1—-8; and 635 <1—-6, , 86, < 1— §,
and &3 < 1-— 6, in (X,T).

Now, (i) for the fuzzy Gg-sets &; and &,, there exists a fuzzy clopen set any in
(X,T) such that & < any, &8, <1 —[any]

(ii). for the fuzzy Gg-sets &, and 63, there exists a fuzzy clopen set yAalav B]
in (X,T) such that 8§ < yaA[av B] , 86, <1 —(yalav B]).

(iii). for the fuzzy Ggs-sets &3 and &6, , there exists a fuzzy clopen set aaAy in
(X,T) such that &; < aaAy, 6, <1 - (aAy).

(iv). for the fuzzy Gg-sets 06, and 6, , there exists a fuzzy clopen set aAy in
(X,T) such that &; < aany, 6, < 1— (anAy).

(v). for the fuzzy Gg-sets &8; and 8, , there exists a fuzzy clopen set aA[Bv y] in
(X,T) such that &3 < aA[Bv Y], 6, <1 —(aA[BVY])
Hence it follows that (X,7) is a fuzzy strongly zero-dimensional space.
Now p =1-—68;, g =1—=06,,pu3 = 1 =683, 4 = 1—9,, are fuzzy Fs-sets
in (X,T). On computation, one shall find that p, £ 1 — p,, W £ 1 - uys,

b £ 11— p and pp £ 1 - p3, lp £ 1 - py and M3 £ 1 — py, in (XT).

Also pn, < a, but pu £ 1 — a. Hence it follows that (X,7) is not a fuzzy U-
space.

The following proposition gives a condition wunder which fuzzy strongly zero-
dimensional spaces become fuzzy U-spaces.
Proposition 5.1 : If a fuzzy topological space (X,T) is a fuzzy F-space and fuzzy
strongly  zero-dimensional space, then (X,T) is a fuzzy U-space.

Proof : Suppose that p, and p, are fuzzy Fg-sets with p; < 1 —p,,in (X,T). Since (X,T) is a
fuzzy F-space, for the fuzzy Fg-sets py; and p,, there exist fuzzy Gg-sets o and [ in
(X,T) such that p < a, p, < B and a < 1-—B. Now (X,T) being a fuzzy strongly zero-
dimensional space, for the fuzzy Gg-sets o and B with a < 1—f, there exists a fuzzy
clopen set A in (X,T)such that « < A, B < 1—A Then, a < A < 1- 3 in (X, T). Thus
B < a < A and gy, < B < 1— A Hence, for the fuzzy Fg-sets p; and p, with

< 1— p, in (X,T), the existence of a fuzzy clopen set A in (X,T) such that p; < A, p, <
1— A, shows that (X,T) is a fuzzy U-space.
Corollary 5.1 : If a fuzzy topological space (X, T) is a fuzzy F-space, fuzzy
perfectly disconnected and fuzzy semi- P-space, then (X,T) is a fuzzy U-space.
Proof: The proof follows from Proposition 5.1 and Proposition 4.3.
The following proposition gives conditions under which  fuzzy U-spaces become

fuzzy strongly zero-dimensional spaces.

Proposition 5.2 : If a fuzzy topological space (X,T) is a fuzzy perfectly disconnected
and fuzzy U-space which is also a fuzzy 0d*space, then (X,T) is a fuzzy strongly
zero-dimensional  space.

Proof : Suppose that &; and 6, are fuzzy Gg-sets with & <1— §,, in
(X,T). Since (X,T) is a fuzzy 0*space, by Theorem 2.6, cl(d;) and cl(§,) are Fg-sets in
(X,T). Also since (X,T) is a fuzzy perfectly disconnected space, for the fuzzy sets &, and
6, with 6; <1— 6, , one will have that cl(6;) < 1= cl(s;), in (X,T). Now (X,T)
being a fuzzy U-space, there exists a fuzzy clopen set A in (X,T) such that cl(§;) < A
and cl(6,) < 1— A Then, it follows that &, < cl(§) < A and 6, < cl(6,) < 1—- A

Thus, for a pair of fuzzy Gg-sets 6,and &, with §; < 1— 6, in (X,T), there exists a
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fuzzy clopen set A in (X,T) such that 6; < A, &, <1 — A Hence, it follows that (X,T) is
a fuzzy strongly zero-dimensional space.

The following proposition gives conditions under which fuzzy F'-spaces become
fuzzy U-spaces.
Proposition 5.3 : If a fuzzy topological space (X,T) is a fuzzy strongly zero-dimensional
fuzzy F’'-space which is also a weak fuzzy Oz-space, then (X,T) is a fuzzy U-space.

Proof : Suppose that p, and p, are fuzzy Fg-sets with py < 1—p,, in (X,T). Since
(X,T) is a fuzzy F'-space, cl(py) < 1— cl(iy), in (X,T). Now (X,T) being a fuzzy weak
fuzzy Oz-space, for the fuzzy F, -sets p, and p,, cl(y;) and cl(p,) are fuzzy

Gg -sets in (X,T). Thus, cl(py) and cl(yu,) are fuzzy Gg-sets such that cl(p) < 1-— cl(py)
in the fuzzy strongly zero-dimensional space (X,T). Then, there exists a fuzzy clopen set A in
(X,T) such that cl(p,) < A, c(py) < 1 — A This implies that p; < cl(yy) < A and p, <
cl(py) < 1—A .Thus, for the fuzzy F;-sets that p; and p, with gy < 1—p,, the
existence of a fuzzy «clopen set A in (X, T) such that p < A, p, < 1 — A shows
that (X,T) is a fuzzy U-space.

The following proposition gives conditions under which fuzzy feebly F;-
complemented spaces become fuzzy U-spaces.
Proposition 5.4 :If a fuzzy topological space (X,T) is a fuzzy feebly Fs-

complemented, fuzzy P-space which is also a fuzzy strongly zero-dimensional  space, then
(X,T) is a fuzzy U-space.

Proof: Suppose that p; and p, are fuzzy Fg-sets with gy < 1—p,, in(X,T). Since (X,T) is
a fuzzy feebly Fj-complemented space, by Theorem 2.3, for the fuzzy Fg-sets p; and py,
there exist fuzzy Gg-sets &; and 6, in (X,T) such that p; < 6;, P, < 6, and int(§;) <
1 — int(§,). Since (X,T) is a fuzzy P-space, the fuzzy Gg-sets &, and &, are fuzzy open
in (X,T) and thus int(8§,) = 6; and int(6,)= §,. Thus, for the fuzzy Fg-sets p; and u,,
there exist fuzzy Gg-sets &; and 6, in (X,T) such that p < 6;, W < 6, and §; <
1 — 8,. Now (X,T) being a fuzzy strongly zero-dimensional space, for the fuzzy Gg-sets &,
and &, with &; < 1 — §,, there exists a fuzzy clopen set A in (X,T) such that &; < A,
6, < 1— A. Thus <8 <A, p < 6,< 1-— A, in (X,T). Hence, for the fuzzy
Fg-sets p; and p, with py < 1— p, in (X,T), the existence of a fuzzy clopen set A in
(X,T) such that 3 <A, p, < 1— A shows that (X,T) is a fuzzy U-space.

Corollary 5.2 : If a fuzzy topological space (X,T) is a fuzzy weakly Fs-
complemented, fuzzy P-space and fuzzy  strongly  zero-dimensional space, then (X,T) is a
fuzzy U-space.

Proof : The proof follows from Theorem 2.4 and Proposition 5.4.
The following proposition gives conditions under which fuzzy weakly F,-
complemented spaces become fuzzy U-spaces.

Proposition 5.5: If a fuzzy topological space (X,T) is a fuzzy weakly Fs-
complemented and fuzzy perfectly disconnected space, then (X,T) is a fuzzy U-space.

Proof : Suppose that p; and p, are fuzzy Fg-sets with p; < 1 —p,, in (X,T).

Since (X,T) is a fuzzy weakly Fs-complemented space, for the fuzzy Fg-sets p; and p,
with g < 1— p, in (X,T), there exist fuzzy F;-sets A; and A, with A, < 1 — A,, in (X,T)
such that p; < Ay, M <A, and cl (A VAy) =1.Then, p; < Ay < cl(Ay), P < A, <
cl(A;) and 1 — ¢l (A, V Ay) =0, in(X,T). By Lemma 2.1, 1—cl(A; V A;) = int (1 —
[A; V A;]) and then, int( [l=—2]A[l—=2,]) = 0. This implies that int (1 — A;) A int(
1—2,)= 0, in(X,T). Then, int(1—2,) < I—int(l—=2;) and 1 —cl(A;) < 1—=[1—=cl(A)]
Thus, 1—cl (A;) < c(2y), in (XT).

Now (X,T) being a fuzzy perfectly disconnected space,A; < 1— A,, in (X,T) implies
that cl(A;) < 1— cl(A,).Then, cl(A) < 1— cl(A;)< cl(A) and thus cl(A;)) = 1— cl(Ay).
This implies that cl(A;) is a fuzzy clopen set in (X, T). Now | < cl(d;), W, < cl(Ay)
= 1—cl(2A;) and hence, for the fuzzy Fg-sets p; and p, with p; < 1 — p, , the existence of
a fuzzy clopen set cl(A;) in (X,T) suchthat p; < cl(A;) and p, < 1-—cl(A;) shows that
(X,T) is a fuzzy U-space.
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The following proposition shows that fuzzy U-spaces are neither fuzzy Brown
spaces nor fuzzy connected spaces
Proposition 5.6 : If a fuzzy topological space (X,T) is a fuzzy U-space, then (X,T) is
not a fuzzy Brown space.
Proof: Suppose that p; and p, are fuzzy Fg-sets with py < 1 —p,, in(X,T). Since (X,T) is a
fuzzy U-space, by Proposition 3.1, there exists a fuzzy clopen set A in (X,T) such that
B < A £<1-—yp,. Thus, the existence of a fuzzy clopen set A in (X,T) shows,
by Theorem 2.1, that (X,T) is not a fuzzy Brown space.

Proposition 5.7 If a fuzzy topological space (X,T) is a fuzzy U-space, then (X,T) is
not a fuzzy connected space.
Proof : Suppose that p, and p, are fuzzy Fg-sets with py < 1—p,, in (X,T). Since (X,T) is
a fuzzy U-space, by Proposition 3.1, there exists a fuzzy clopen set A in (X,T)such that
B < A <1—p,. Thus, the existence of a proper fuzzy clopen set A in (X,T)
establishes that (X,T) is not a fuzzy connected space.

The following proposition shows that fuzzy  U-spaces are not fuzzy strongly
hyperconnected spaces.
Proposition 5.8 : If a fuzzy topological space (X,T) is a fuzzy U-space then (X,T) is
not a fuzzy strongly hyperconnected space.
Proof : Suppose that p; and p, are fuzzy Fg-sets with gy < 1 —p,, in(X,T). Since (X,T) is a
fuzzy U-space, by Proposition 3.1, there exists a fuzzy clopen set A in (X,T)such that
B < A <1-—y,. Thus, the existence of a proper fuzzy clopen set A in (X,T)
establishes , by Theorem 2.2, that (X,T) is not a fuzzy strongly hyperconnected space.

Proposition 5.9 : If p; and p, are fuzzy simply* open sets with B <1— p, in
a fuzzy perfectly disconnected and fuzzy U-space (X,T), then there exists a  fuzzy
clopen set A in (X,T) such that p; < A <1— p,.

Proof : Suppose that p; and p, are fuzzy simply* open sets in (X,T) with
b < 1— p,. Since (X,T) is a fuzzy perfectly disconnected space, for the fuzzy sets
and p, with iy < 1— pwy, cl(yy) < 1— c(yy), in (X,T). By Theorem 2.5, cl(py) and cl(y,)
are Fg-sets in (X,T). Now (X,T) being a fuzzy U-space, by Proposition 3.1, there exists a fuzzy
clopen set A in (X,T) such that cl( ;) < A < 1— «cl(ny) and thus p <cl(py) < A <1-
cl(u) < 1— py. Hence, it follows that p; < A <1— p,, in (X,T).

Proposition 5.10: If p, and p, are fuzzy pseudo-open sets with the property that cl () <

1 — cl(ny) in a fuzzy D-Baire and fuzzy U-space (X,T), then there exists
a fuzzy regular open set A in (X,T) such that int(p;) < A < 1— int(uy).
Proof : Suppose that p; and p, are fuzzy pseudo-open sets with cl(p) <1 — cl(

Ky), in (X,T). Since (X,T) is a fuzzy D-Baire space, by Theorem 2.7, p; and p, are
fuzzy simply* open sets in (X,T) and by Theorem 2.5, cl(p;) and cl(p,) are fuzzy Fg,-

sets in (X, T). Then, cl(py)and cl(p,) are fuzzy Fg-sets with cl(py) < I—cl(p,),in
(X,T). Now (X,T) being a fuzzy U-space, by Proposition 3.1, there exists a
fuzzy  clopen set A in (X,T) such that cl(p) < A <1— cl(y,) and thus p <
c(pu) < A< 1- c(py) €£1— . Hence, it follows that p < A <1-— p,, in (X,T).

Then, intcl (g; )< intcl (A) < intel (1 —py)and intel (uy )< intcl(A) <l—clint(p,) [by Lemma
2.1]. Since A is a fuzzy clopen set, A is a fuzzy regular open set in (X,T).Now int (i)
< intcl(p; ) £ A < 1—clint(uy) < 1— int(yy). Hence, it follows that int(p;) <A < 1-—

int (py ).

VL FUZZY ULTRANORMAL SPACES

Motivated by the works of R.Staum [17] and John Van Name [38] on ultranormal
spaces in classical topology, the notion of fuzzy ultranormal space shall be defined as
follows :
Definition 6.1: A fuzzy topological space (X,T) 1is called a fuzzy ultranormal space if
for each pair of fuzzy closed sets p; and p, with by < 1— p, in (X,T), there exist
fuzzy clopen sets A; and A, with A, < 1— A, in (X,T) such that b <A, M <
A
Example 6.1: Let X = {a,b,c,}. Let 1 = [0,1]. The fuzzy sets a, [ and y are defined
on X as follows:
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a: X > 1 is defined by a(a) = 05; a) = 0.6; a(c) =04,
B: X = I is defined by f(a)= 04; B((b)=05; B(c) = 0.6,
y: X —> I is defined by vy(a) = 0.6; y()= 04; y(c) = 0.5.
Then, T = {0, @, B, Y,aVvB, avy, Bvy, an B, arny, BAYy, aVv[BA v],Bv[anay],
yviaaBlan[Bv ylLBalavyl, yalav Bl, avBvy, 1}

is a fuzzy topology on X. On computation, one shall see that avf, avy, Bvy,
an B, any, BAy, aviBa v] Bvl[aayl, yvaaBl,an[Bv v, Balav v], yA[av B] and
avBvy, are fuzzy clopen sets in (X,T).

On computation , one shall see that for the fuzzy closed sets 1—oa and 1— (avp)
with 1—a < 1—[1—-(avB)] in (X,T), there exist fuzzy clopen sets Bv[aay] (= 1-
(@an[Bv y]) and with aA[Bv Y] (= 1— (Bv[aay]) such that 1—a < Bv[aay] and
1-—(avB)< an[Bvy] with Bvlaayl] < 1 — (aA[BVvY]), in (XT).

Also, for the fuzzy closed sets 1—a and 1—(Bvy) with 1—a < 1—-[1-(BVvYy)]

in (X,T), there exist fuzzy clopen sets Bv[aAvy] (=1- (an[Bvy])and an B
(=1—(Bvy))suchthat 1—a < Bv[aany]l and 1—-(Bvy)< an B with Bv|aay]l< 1- [an
B]), in (X,T).

For the fuzzy closed sets 1—a and 1—(avpfvy) withl—a < 1-[1—=(avBvy)
] in (X,T), there exist fuzzy clopen sets Bv[aAavy] (= 1- (an[BVv Y]) and

any (=1—-(avB)) such that 1—a < Bv[aay] and 1-(avBvy) < aA y with
Bvlaayl< 1 —[an v]), in (X,T).

For the fuzzy closed sets 1—a and 1—(Bv[aay] ) withl—a < 1-
[I=(Bv [aay]D] in (X,T), there exist fuzzy clopen sets Bv[aAavy] (= 1- (an
[Bv Y1) and an[Bvyl(=1—-(Bv[aay])) such that 1—a < PBv[aay] and 1-
Bv lany]l) < an[Bv y]with Bvlaay]<1—(an[BVvY],
in (X,T).

On computation, one shall verify that for each pair of fuzzy closed p; and
Hp with py < 11—y, ,[where iy , pp =1-6, 1-y,1-(avp), 1 -(avy),1l-Bvy), 1-
(@nB), 1=(ary),1 =(BAY), 1 =(aVvIBAy], (A=BvlanryD, 1 —=(yviaaBD, I=(an[Bvy
D, 1=-BA[avyD, 1= (yAlav BD),1—(avBvy), in (XT), there exist fuzzy clopen
sets A; and A, with A < 11— A, [ where A, , A= avB, avy, Bvy, aa B, any,
BAy, av[BAa v] Bvlaay], yv aanBlan[Bv y]Balav y], yA[av B] and avBvy] in
(X,T) such tha p; < 2A;, p < A, and hence (X,T) is a fuzzy ultranormal space.
Example 6.2: Let X = {a,b,c,}. Let T = [0,1]. The fuzzy sets a, B,y 6, 863 and &,
are defined on X as follows:
a: X —> 1 is defined by a(a) = 04; a) = 05; a(c) = 0.6,
B: X > I is defined by p(a) = 0.6 ; ()= 04; B(c) =05,
y: X —> I is defined by vy(a) = 0.7; y((b)= 0.6; y() = 04,
6,: X - I is defined by &,(a) = 04; 6,(b)= 0.5; 5, (c) = 04,
6;3: X = I is defined by &83(a) = 0.6; 63(b)= 0.5; 85(c) = 04,
6,: X = I is defined by §,() = 04; 6,(b)= 0.5; 8,(c) = 0.5.
Then, T = {0, a, B, Y, avB, avy, Bvy, aanB, anry, BAy, Bvlaay],
an[Bvyl, yalav B], 1} is a fuzzy topology on X. On computation, one shall
see that

8 (= a, 1 —yalav B, 8 (= any, 1- (@avp),

8 (= yal[Bvyl, 1—=1[Bvlanay]), 8, (=yalav Bl,1—a, ) are fuzzy clopen
sets in (X,T).Now 1—f8 and 1— (avy) are fuzzy closed setsin (X,T) such that (1—-B) <
Il —=[1=(avy)] and 1-=(avy) < §;

(i=1,2,34) and there are no fuzzy clopen sets §; in (X,T) such that 1-8 < 6,
Hence (X,T) is not a fuzzy ultranormal space.

Remarks : It is to be noted that fuzzy ultranormal spaces are fuzzy normal spaces
whereas fuzzy normal spaces need not be fuzzy ultranormal spaces.

The following proposition gives a condition for fuzzy normal spaces to become
fuzzy ultranormal spaces.
Proposition 6.1 : If a fuzzy topological space (X,T) is a fuzzy normal and fuzzy perfectly
disconnected space, then (X,T) is a fuzzy ultranormal space.
Proof: Suppose that &; and 6, are fuzzy closed sets in (X,T) with 6, £1-6,.
Since (X,T) is a fuzzy normal space, for the fuzzy closed sets 6, and §,, there exist
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fuzzy open sets A; and A, with A < 1— A, in (X,T) such that 6; < A; and
62 < 7\2 . Then, 61 < )l]_ < Cl(}\l) and
6, < Ay <cl(A).Now (X,T) being a fuzzy perfectly disconnected space, for the fuzzy sets

Mand A, with Ay < 1— A, cl(Ay) €1 — cl (), in(XT). By Theorem 2.8, the fuzzy
perfectly disconnected space (X,T) is a fuzzy extremally disconnected space and thus, for the
fuzzy open sets A; and A,, cl(A;) and cl (A, ) are fuzzy open sets in (X,T). Thus, cl

(A1) and cl (A, ) are fuzzy clopen sets in (X,T). Thus, for each pair of fuzzy closed sets
6; and 6, with 6 < 1—- 8, in (X,T), there exist fuzzy clopen sets cl (X)) and cl
(Ay) with cl (X)) <1 — cl(d;), in (X,T) such that p < cl(d;) and p, < cl(A,) .Hence
(X,T) is a fuzzy ultranormal space.

The following proposition gives a condition for fuzzy ultranormal spaces to become
fuzzy U- spaces.

Proposition 6.2: If a fuzzy topological space (X,T) is a fuzzy ultranormal and fuzzy
P-space, then (X,T) is a fuzzy U- space.

Proof : Suppose that p; and p, are fuzzy Fg-sets with p; < 1 —p,, in (X,T). Since
(X,T) is a fuzzy P-space, the fuzzy Fg-sets p; and p, are fuzzy closed sets in (X,T).
Now (X,T) being a fuzzy ultranormal space, for the fuzzy closed sets p; and p,, there
exist fuzzy clopen sets A; and A, with Ay <1— A, in (XT) such that iy < Ay, u, < A,.
Now A, < 1— A, implies that A, < 1— A;.Then, py < A; and p, < A, < 1-—2A; in (XT).
Hence, for the fuzzy Fg-sets p; and p, with p < 1— p, in (X,T), the existence of a
fuzzy clopen set A; in (X,T) such that p; < A; , p, < 1— A;, shows that (X,T) is a fuzzy
U-space.

Corollary 6.1 : If a fuzzy topological space (X,T) is a fuzzy normal, fuzzy perfectly
disconnected and fuzzy P-space, then (X,T) is a fuzzy U- space.

Proof: The proof follows from Propositions 6.1 and 6.2.

Corollary 6.2 : If a fuzzy topological space (X,T) is a fuzzy normal, fuzzy perfectly
disconnected and fuzzy P-space, then (X,T) is a fuzzy strongly zero-dimensional fuzzy U-
space.

Proof: The proof follows from Corollary 4.1 and Corollary 6.1.

From Corollary 6.2, one will infer that those fuzzy P-spaces having fuzzy normality

and fuzzy perfectly disconnectedness are fuzzy U- spaces with  fuzzy  strongly  zero-
dimensionality .

The following proposition gives a condition for fuzzy S*N- spaces to become fuzzy
U- spaces.

Proposition 6.3 : If a fuzzy topological space (X,T) is a fuzzy perfectly disconnected, fuzzy
S*N-space, then (X,T) is a fuzzy U- space.

Proof : Suppose that p; and p, are fuzzy Fg-sets with pu; < 1—,, in(X,T). Now (X, T) being
a fuzzy perfectly disconnected space, for the fuzzy sets p; and p, with p; < 1—p,, cl
() <1 = cl (), in (X,T). By Theorem 2.11, the fuzzy perfectly disconnected and fuzzy S*N-
space (X,T) is a fuzzy normal space and thus (X,T) is a fuzzy normal and fuzzy perfectly
disconnected space. By proposition 6.1, (X,T) is a fuzzy ultranormal space . Then, for the
fuzzy closed sets cl () and «cl(p,) with cl(uy) <1 —cl(u,), there exist fuzzy clopen sets
A oand A, with Ay <1— A, in (X,T) such that cl (i) < Ay, cl(uy) < A,. Then, cl(y) <
A and cd(uy) <A, < 1— Ay. This implies that p; < c(u) < Ay and p, < () <
1 — A;. Hence, for the fuzzy Fg-sets p; and p, with p; < 1 — p,, the existence of a fuzzy
clopen set A; in (X,T) such that pw < A , u, < 1— A;, shows that (X,T) is a fuzzy
U-space.

Remarks : The inter-relations between fuzzy U-spaces and other fuzzy topological spaces can
be summarized as follows :
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Fuzzy feebly Fj;-complemented, fuzzy P- Fuzzy ultranormal

space and fuzzy strongly zero-dimensional and fuzzv P-spaces

Fuzzy strongly zero-dimensional , fuzzy F’-space

and weak fuzzy Oz-spaces Fuzzy U-spaces

Fuzzy strongly dimensional, fuzzy F-spaces

Fuzzy perfectly disconnected

Fuzzy weakly F;-complemented and fuzzy il (i S geaees

perfectly disconnected spaces

Remarks : It is to be noted that the converses of the above implications need not be
true.

(). Fuzzy U —spaces need not be fuzzy ultranormal and fuzzy P-spaces. For, in example 3.1,
(X,T) is not a fuzzy P-space, since the fuzzy Gg-set[aVB] A[a VvV y]A[B VY], is nota
fuzzy open set in (X,T). Also, 1 —y and 1 —[aVB] are fuzzy closed sets suchthat 1 —y <
I1— (1 = [aVvPB]). It is found that there exists no fuzzy clopen set A; in (X, T) such that
1—-vy < A and thus (X,T) is not a fuzzy ultranormal space.

(ii). Fuzzy U —spaces need not be fuzzy F'-spaces and fuzzy perfectly  disconnected spaces. For,
in example 3.1, (X,T) is not a fuzzy F'-space, since for the fuzzy Fy-sets 6 and & with
0<1 -0, cl(8)% 1—cl(d) where cl(0)=1—-( BA[aVv y])ancl(6) =1 — y. Also(X,T) is not
a fuzzy perfectly disconnected space, since cl(8) £ 1—cl(§) for the fuzzy sets 6 and &
with 0 <1 —26, in (X,T).

VII. CONCLUSION

In this paper, the notion of fuzzy U-space 1is introduced and several characterizations of
fuzzy U-spaces are established. Also the notion of fuzzy strongly zero-dimensional space is
defined in terms of fuzzy Gg-sets and studied. It is established that fuzzy F-spaces which are
either fuzzy  strongly zero-dimensional or fuzzy perfectly disconnected , fuzzy semi -P- spaces,
are fuzzy U-spaces and those fuzzy U-spaces which are fuzzy perfectly disconnected and fuzzy
0*spaces, are fuzzy strongly zero-dimensional spaces. Also it is obtained that fuzzy strongly zero-
dimensional fuzzy F'-spaces which are weak fuzzy Oz-spaces and fuzzy feebly Fj-complemented,
fuzzy P-spaces which are fuzzy strongly zero-dimensional spaces, are fuzzy U-spaces. It is
found that fuzzy weakly Fgs-complemented and fuzzy perfectly disconnected spaces are fuzzy
U-spaces. It is proved that fuzzy U-spaces are neither Brown spaces nor fuzzy connected

spaces. It is also found that fuzzy U-spaces failed to be fuzzy strongly hyperconnected
spaces. The notion of fuzzy ultranormal space is introduced and the inter-relations between
fuzzy ultranormal spaces and fuzzy normal spaces are  established in this paper. It is

obtained that fuzzy normal spaces which are possessing fuzzy perfectly disconnectedness are
fuzzy ultranormal spaces. Also it is established that fuzzy ultranormal and fuzzy P-spaces are
fuzzy U-spaces and fuzzy P-spaces having fuzzy normality and fuzzy perfectly disconnectedness are
fuzzy U-spaces with fuzzy strongly zero-dimensionality . It is also established that those
fuzzy S*N-spaces possessing fuzz perfectly disconnectedness, are fuzzy U- spaces.

REFERENCES

[1]. N.Ajmal, J.K.Kohli, Zero dimensional and strongly zero dimensional fuzzy topological spaces, Fuzzy Sets and
Systems, 61 (1994), 231 - 237.

[2]. F. Azarpanah and M. Karavan, On nonregular ideals and z°-ideals in C(X), Czech. Math. J. 55 (130) ( June
2005), 397 — 407.

DOI: 10.9790/5728-2106020519 www.iosrjournals.org 18 | Page



ON FUZZY U-SPACES

[3] K K. Azad, On Fuzzy Semi Continuity, Fuzzy Almost Continuity and Fuzzy Weakly Contiunity, J. Math. Anal.
Appl, 82(1981), 14 - 32.

[4]. G. Balasubramanian, Maximal Fuzzy Topologies, Kybermetika, Vol.31, No.5 (1995), 459 — 464.

[5]- W.D. Burgess, and R. Raphael, Tychonoff spaces and a ring theoretic orderon C(X), Topol. Appl. 279, (2020)
107250.

[6]. C.L .Chang, Fuzzy Topological Spaces, J. Math. Anal. Appl., 24, (1968),182 - 190.

[71. T.Dube and O.Ighedo, On Lattices of Z-Ideals of Function Rings, Math. Slovaca, Vol. 68, No.2 (2018),
271 —284.

1 U. V. Fatteh and D. S. Bassan, Fuzzy Connectedness and Its Stronger Forms, J. Math. Anal. Appl., 111 (1985), 449 -464..

1 A. A. Fora, Separation axioms for fuzzy spaces, Fuzzy Sets and Sys., 33 (1989),59 —70.

0]. B. Ghosh, Fuzzy Extremally Disconnected Spaces, Fuzzy Sets and Sys., Vol.46, No.2 (1992), 245 —250.

1].  Gillman, L. and Henriksen, M., 1956. Rings of continuous functions in which every finitely generated ideal is

principal, Trans. Amer. Math. Soc,(82),366 -391.

[12]. M. Henriksen and R.G. Woods, Cozero -complemented spaces; when thespace of minimal prime ideals of
a C(X) is compact, Topology Appl. 141 (2004), 147 —170.

13].  Hutton B., 1975, Normality in Fuzzy topological Spaces, J. Math. Anal. Appl., 50, 74 - 79.

14].  M.L.Knox, R.Levy, W.Wm. Mcgovern, and J. Shapiro, Generalizations of complemented rings with applications
to rings of functions, J. Algebra Appl. 8 (2009), 17 - 40.

[15].  R.Levy and J.Shapiro, Rings of quotients of rings of functions, Topology Appl., Vol. 146-147 (2005), 253 - 265.

[16]. P.J.Nyikos, Not every zero-dimensional realcompact space is N-compact, Bull. Amer. Math. Soc., 77 (1971) 392 -

396.

[17].  R. Staum, The algebra of bounded continuous functions into nonarchimedean field, Pacific J. Math.,, 50 (1974), 169 -
185.

[18]. G. Thangaraj and G. Balasubramanian, On Fuzzy Basically Disconnected Spaces, J. Fuzzy Math., Vol. 9, No.l (2001),
103 - 110.

[19]. G.Thangaraj and G. Balasubramanian, On  Somewhat Fuzzy Continuous Functions, J. Fuzzy Math, Vol 11,
No.2 (2003), 725 -736.

[20].  G. Thangaraj, Resolvability and irresolvability in fuzzy topological spaces, News Bull. Cal. Math. Soc., 31 (4 -
6) (2008), 11-14.

[21].  G. Thangaraj and S. Anjalmose, On fuzzy Baire Spaces, J. Fuzzy Math. Vol. 21, No.3 (2013), 667 - 676.

[22]. G. Thangaraj and S. Anjalmose, On fuzzy D-Baire Spaces, Ann.Fuzzy Math. Inform., Vol. 7, No.1 (2014), 99 —
108.

[23]. G.Thangaraj and K. Dinakaran, On Fuzzy Pseudo- Continuous Functions, [IOSR. J. Math., Vol. 13, No. 5
(2017), 12 - 20.

[24]. G.Thangaraj and K. Dinakaran, On fuzzy simply* continuous functions, Adv. Fuzzy Math.,, Vol. 11, No.2
(2016), 245 - 264.

[25]. G.Thangaraj and S.Muruganantham, On Fuzzy Perfectly Disconnected Spaces, Inter. J. Adv. Math., 2017, No.5 (2017)
,12-21.

[26].  G. Thangaraj and S.Muruganantham, On Fuzzy F'-spaces, J. Phy. Sci., Vol. 24 (2019), 97 —106.

[27]. G.Thangaraj and S. Muruganantham, Fuzzy F- Spaces, Ann. Fuzzy Math. Inform., Vol. 25, No. 2 (2023), 99 —
110.

[28]. G.Thangaraj and J.Premkumar, On fuzzy 0"*-spaces, Adv. Fuzzy Sets & Sys., Vol. 27, No.2 (2022), 169 -188.

[29]. G. Thangaraj and N.Raji, On Fuzzy Baire Dense Sets and Fuzzy Pseudo-Open Sets, Adv. Fuzzy Sets and Sys.,
Vol. 27, No. 1 (June 2023),31 — 64.

[30]. G.Thangaraj and L. Vikraman, On Fuzzy [F] o-Complemented Spaces, Adv.Appl. Math. Sci., Vol.22, No.
9(2023), 1991 — 2008.

[31]. G.Thangaraj and L. Vikraman, On fuzzy weakly [F] o —Complemented spaces, (Accepted and to be published in
Ann. Fuzzy Math. Inform, South Korea ).

[32]. G.Thangaraj and L. Vikraman, Fuzzy feebly [ F] o —Complemented spaces, Universal J.Math. & Math.
Sci., Vol.21, No.2 (2025), 67 - 89.

[33]. G.Thangaraj and L. Vikraman, Some remarks on fuzzy strongly hyper- connected spaces, High Tech. Letters,
Vol. 29, No.12, (2023), 735-753.

[34]. G. Thangaraj and M. Ponnusamy, On fuzzy Oz-Spaces, Adv. Appl. Math. Sci., Vol22, No.5 (2023), 939 -
954.

[35]. G.Thangaraj and M. Ponnusamy, Some Remarks on Fuzzy Brown Spaces, High Tech. Letters, Vol. 30, No.5,
(2024), 653 - 672.

[36]. G.Thangaraj and A.Vinothkumar, On Fuzzy Semi-P-spaces and  Related Concepts, Pure & Applied Math. Jour
., Vol. 11,No. 1(2022), 20 -27.

[37]. G.Thangaraj and A.Vinothkumar, On Fuzzy S*N —spaces, Ann. Fuzzy Math. Inform., Vol. 30, No.l, ( August 2025), 97
- 112.

[38]. J. Van Name, Ultraparacompactness and Ultranormality, Preprint, available as  arXiv:1306.6086, [math.GN] 2013.
https://doi.org/10.48550/arXiv.1306.6086

[39]. William G.Bade, Two properties of the sorgenfrey plane, Pacific J. Math., Vol. 51, No.2 (1974),349 -354.

[40]. L A.Zadeh, Fuzzy Sets, Inform. and Control, Vol. 8 (1965), 338 -353.

DOI: 10.9790/5728-2106020519 www.iosrjournals.org 19 | Page


https://doi.org/10.48550/arXiv.1306.6086

