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Abstract

In this paper we prove a common fixed point theorem for compatible mappings of type (K) that satisfy an integral-
type inequality within the framework of intuitionistic fuzzy metric spaces. Additionally, a common fixed point
result is derived for self-mappings in such spaces under the same integral-type inequality conditions. In this paper
we will generalize the result of Tenguria A., Rajput A. and Mandwariya V. [17].
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I. Introduction

Zadeh [21] introduced the concept of fuzzy set A in X is a function with domain X and value in [0, 1].
Deng [3], Erceg [4], Fang [5], George and Veeramani [7], Kaleva and Seikkala [10], Kramosil and Michalek [11]
have introduced the concept of fuzzy metric spaces in different ways. Atanassove [1] introduced and studied the
concept of fuzzy metric spaces with the help of continuous t- norms and continuous t-conorms as generalization
of fuzzy metric space due to George and Veeramani [7]. Several authors [12, 13, 14, 16] proved some fixed point
theorem in intuitionistic fuzzy metric space. Further Coker [2] introduced the intuitionistic fuzzy topological
spaces. Turkoglu et al. [18] proved Jungck’s common fixed point theorem [9] in the setting of intuitionistic fuzzy
metric spaces for commuting mappings. In this paper we prove a common fixed point theorem for compatible
mappings of type (k) satisfying integral type inequality.

II.  Preliminaries
Definition 2.1. [17]. A binary operation * : [0, 1]x [0, 1] = [0, 1] is continuous t — norm if * is satisfies the
following conditions:
(1)* is commutative and associative;
(i1)* is continuous
(ii)a * 1 = a, for all a € [0,1];
(iv)a * b < c *xd whenevera < c and b < d foralla,b,c,d € [0, 1].

Definition 2.2. [17]. A binary operation ¢ : [0,1] X [0,1] — [0, 1] is continuous t — conorm if ¢ is satisfies the
following conditions:

(1)¢ is commutative and associative;

(ii) ¢ is continuous;

(iii)ae0=aforallae[0,1];

(ivyaob < codwhenevera < candb < d foralla,b,c,d € [0, 1].

Definition 2.3. [17]. A, 5 — tuple (X, M, N,*, ¢) is said to be an intuitionistic fuzzy metric space if X is an arbitrary
set, * is continuous t — norm, ¢ is continuous t — conorm and M, N are arbitrary fuzzy sets on X2 x (0, %)
satisfying the following conditions for all X,y,z€ X,s,t > 0

OME,y, ) +NEK, y,t)<1

()M (x,y,0)=0

(1)) M (x, y, t) =1 ifand only if x = y;

(VME,y,t)=M(y, x,t) #0 for t £ 0;

VMK, Y, )*M(y,z,5) <M (X, z,t +5);

(vi) M (%, y, *): [0,00) = [0, 1] is continuous.
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(vii) tlim My, t) =1
(vil) N(x, y, 0) =1
(ix) N(x,y, t) =0 if and only if x = y;
(x) N(x, y, t) = N(y, X, t) # 0 for t # 0;
(xi) N(x,y,1) o N(y, 2, ) 2 N(X, z, t + 5);
(xil) M(x, y, -): [0,00) = [0, 1] is continuous.
(xiii) }im N(x,y,t) =0
Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and N(x, y, t) denote
the degree of nearness and the degree of non-nearness between x and y with respect to t, respectively.

Definition 2.4. [17]. Let (X, M, N, *, ¢) be an intuitionistic fuzzy metric space. Then a sequence {x,} is said to
be

Convergent to a point x € X if

lim M(x,,x,t) =1 and lim N(x,,x,t) = 0 for all t > 0.

X—0o X—00

Cauchy sequence if
lim M(x,4,, %,,t) = 1 and lim N(xp4p, X, t) = 0 forall t >0, p > 0.
n—-oo n—oo

Definition 2.5. [17]. A sequence {x,,} in an intuitionistic fuzzy metric space (X, M, N, *, ¢) is called complete if
and only if every Cauchy sequence in X is convergent.

Definition 2.6. [17]. Let S and T be self mappings of an intuitionistic fuzzy metric space (X, M, N,* ¢). Then a
pair (S, T) is said to be compatible if

lim M(STx,,TSx,,t) = 1and lim N(STx,,TSx,,t) =0

n—-oo n—-oo

For all t > 0, whenever {x,} is sequence in X such that lim Sx,, = lim Tx, = u, for some u € X.

n—oo n—oo

Definition 2.7. [17]. Let S and T be self mapping of an intuitionistic fuzzy metric space (X, M, N, *, ¢). Then a
pair (S, T) is said to be compatible of type (A) if
lim M(STx,, TTx,,t) = 1 and lim M(TSx,, SSx,,t) =1

n-oo n—oo

And

lim N(STx,, TTx,,t) = 0 and lim N(STx,,, TTx,,t) =0
n-o n-co

For all t > 0, whenever {x,} is sequence in X such that lim Sx,, = lim Tx, = u, for some u € X.
n—-oo n—-oo

Definition 2.8. [17]. Let S and T be self mapping of an intuitionistic fuzzy metric space (X, M, N,*,0). Then a pair
(S, T) is said to be compatible of type (P) if
lim M(SSx,, TTx,,t) = 1and lim N(§Sx,, TTx,,t) =0

n—-oo

n—oo

Definition 2.9. [17]. Let S and T be self mapping of an intuitionistic fuzzy metric space (X, M, N, *, ¢) are called

reciprocally continuous on X if lim STx, = Sx and lim TSx,, = Tx, whenever {x,} is sequence in X such that
n—-oo n—oo

lim Sx, = lim Tx,, = u, for some u € X.
n—-oo n—-oo

Definition 2.10. [17]. Let S and T be self mapping of an intuitionistic fuzzy metric space(X, M, N, *, ¢). Then a
pair (S, T) is said to be compatible of type (K) iff lim M(S§Sx,,, TTx,,t) = M(Tx,Sx,t).
n—-oo
lim $Sx, = Tx and lim TTx, = Sx. whenever {x,} is sequence in X such that lim Sx,, = lim Tx, = u, for
n—-oco

n—-oo n—-oo n—-oo

some u € X.

Lemma: 2.1. [17]. Let (X, M, *, ¢) be an intuitionistic fuzzy metric space. Then for all x, y in X, M(x, y, .) is non
decreasing.

Lemma: 2.2. [17]. Let (X, M, N, *, ¢) be an intuitionistic fuzzy metric space. If there exist q € (0, 1) such that
M(x,y,qt) = M(x,y,t) and N(x,y,qt) < N(x,y,t) forall x, y and t > 0 then.x = y.

Lemma: 2.3. [17]. The only t - norm * satisfying r * r > r for all r € [0,1] is the minimum t- norm, that is a *
b = min {a, b} for all a,b €[0,1].
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III. Main Theorem
Theorem. Let (X, M, N,*,0) be a complete intuitionistic fuzzy metric space and A, B, S, M, T, and D be self -
mappings of X satisfying the following condition:
(1) A(X) € SM(X) and B(X) € TD(X)
M(Ax,TDx,t)*M(By,SMy,t)xM (Ax,SMy,at)
(i) fOM(Ax.By.kt) w(Odt > fo *M(TDx,SMy,t)*M (Bx,SMx,(2—a)t) W(t)dt
N(Ax,TDx,t)oN(By,SMy,t)oN(Ax,SMy,at)o

N(Ax,By kt) N(TDx,SMy,t)oN (Bx,SMx,(2-a)t
f ll)(t)dtSJ- (TDx,SMy,t)eN(Bx,SMx,(2—-a)t)
0 0

W(t)dt

Where, a: [0,1] — [0, 1] is continuous function such that r (t) > t for some 0 <t <1 for all x, y € X, k € (0, 1),
a € (0,2) and

(iii) S and T are continuous
If (A, TD) and (B, SM) are compatible of type (k), then A, B, S, M, T and D have a unique common fixed point.

Proof. A(X) € SM(X) and B(X) € TD(X), So for any x, € X, there exists x; €X such that Ax, = SMx,; and for
this x; there exist x,€X such that Bx; = TDx,. Inductively we define a sequence {y,} in X such that.
Von1 = AXyp_p = SMxy,_4 and y,, = Bx,,_; =TDx,, foralln=0,1,2....
Taking x = x,, and y = y,,,4 in (i), we get
M(Yz2n+1.Y2n+2/kt)
)

Y(t)dt = w(e)dt

M(AxX0, TDX 39, t)*M(BX2n+1,SMXon,t)*M (AX 39, SMX 39 41,at)
f *M(TD X0, SMX2n41,t)*M (BX27,SMX 20 (2—a)t)
0

fM(szn-sznﬂ-kf)

>

> b(O)dt

Now, we put @« = 1 — q with ge(0,1) , we get

M(Ax20,TDX21,)*M(BX 20, SMX 21 41,8)*M (AX20,SMX 20 +1,(1—q)t)*
M(TDXZn,SMx2n+1,f)*M(BXZn,SMJCZn,Z—(1—q)f)

Ww(t)de

J‘M(YZn+1:J’2n+2rkf)
0

P(O)dt zfo

MY2n+1.Y2n.)*M Van+2,Y2n+1.0)*M Van+1.Y2n+1,(1-@t)
*MY2nY2n+1.0*M WVan+1.Y2n,(1+9)t)

> W(t)dt

MY2n+1.Y2nt)*M YV2n+2,Y2n+1.t)
> f*M(J/zn'YZnH‘t)*M(J/zn+1'3’2n'(1+q)t)
0

w(e)de

MY2n+1.Y20.)*MYan+2,Y2n+1.0)*M Van+1,Y2nt)*M (V2n+1,Y2n.9t)
> f D(O)dt
0
M(Y2n+1.Y2nt)*M YV2n+2,Y2n+1.t)
*M(Y2n+1.Y2nqt)
> f D(D)dt
0
MY2n+1.Y2n.)*M(Yan+2,Y2n+1.t)
> J‘
0

W(t)dt
And
Y(t)dt = P(t)dt

N(Ax0,TDXx27,t)oN(BX2p41,SMX27,t)oN(AX 29, SMX2p41,at)
f oN(TDX27,SMX2741,t)oN(BX2n,SMxon (2—a)t)
0

J‘N(J/zn+1.J/2n+z.kt) J‘N(szn'sznH'kt)
0

<

< »(6)dt

Now, weputa =1 —q withq € (0,1) , we get

N(Ax2n,TDX2n,t)oN(BX2n,SMX2n4+1,6)°N(AX20,SMx2n41,(1-q)t)oN
N(TDx29,SMX2741,t)oN(BX27,SMX27,2—(1-q)t)

P(t)dt sJ

N2n+1Y2nt)Ne(V2n+2.Y2n+1,8)°NV2n+1,Y2n+1,(1-q)t)
oN(¥2nY2n+1,)°N Wan+1.Y2n,(1+q)t)

< f P(t)dt

N(2n+1.Y2nt) ' N(V2n+2.Y2n+1,t)
< f°N(J’sz/2n+1't)°N(J/2n+1.y2n.(1+4)f)
0

P(t)dt

fN(Y2n+1VY2n+z.kt)
0

P(t)dt
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<

W(t)dt

fN(J’2n+1J/2n.t)°N(J’2n+2‘3/2n+1.t)°N(J/2n+1J’2n‘f)°N(3’2n+1J’2n'qf)
0

N(2n+1.Y2nt) N(V2n+2,.Y2n+1,t)
oN(Yzn+1,Y2n.qt)
< J- Y(t)dt
0
N(V2n+1.Y2nt)oN(Van+2.Y2n+1.t)
S f
0

Y(t)dt
From lemma 2.1 and 2.3 we have

MY2n+1,Y2n+2.kt) MY2n.Y2n+1,t)
Js PY)dt = P(dt) and

N n+1Y2n+2.kt N nY2n+1,t
fo (V2n+1.Yzn+2 )l[)(t)dt < fo Vzny2n+1 )ll)(dt) (1)

Similarly, we have

M(Y2n+2Y2n+3.kt) MYzn+1.Y2n+2:t)
fo Y(t)dt = fo Y(dt) and

N(Y2n+2Y2n+3.kt) N(Y2n+1.Y2n+2.t)
Jo P(t)dt = [, Y(dt) (2)

From (1) and (2), we have

IOM(yn+1:JIn+2rkf) wd(t) = fOM(J/n.J/nH'f) Wd(t) and

N(Vn+1.Yn+2.kt N(n.Yn+1.t
fo Yn+1.Yn+2 )I,Dd(t) < fo rnyn+1 )l,bd(t) 3)

From (3), we have

M¥n+1.Yn+2.kt) M()’n‘)’nﬂ%) M()’n—1-J/n+1:kL2) M(YLYz‘kLn)
f B(O)dt zf B(O)dt ZJ POt > - zj D()dt
0 0 0 0
—>lasn—-
And
NOn.yn+1kt) NOnyn+ut) N()’n—1-3’n+1:kL2) N(J’LYz‘kLn)
f W(e)dt sf D(O)dt sj DOt < .. sf b (B)dt
0 0 0 0

—-1lasn -

So, fOM(yn Fnrt) Y(t)dt - as n — oo for any t > 0. For each € > 0 and each t > 0 we can choose n, € N such

that fOM(y"'yn“'t) Y(t)dt > 1 — € for alln > ny. For n, m € N, we suppose m = n. Then we have

t t t
fOM(Yn.Ymut) W(t)dt = fOM(Yn:Yn+1'm) Y(t)dt * fé"’(}’n+1,Yn+2:m) W)t * o féW(Yn+1,J/n+z'm Y(t)dt =

1—€e*1—¢€x*.....m—ntimes. This implies
) OM(y"'ym't) Y(t)dt < 1 — € and hence {y,,} is a Cauchy sequence in X.

Since (X, M, N,*,0) is complete, {y,,} converges to some point z € X, and so that {Ax,,,_»}, {TDx3,}, {BX2n_1},
{SMx,,,_,} also converges to z. since (A, TD) and (B, SM) are compatible of type (k), we have

AAxy,_5 = TDz, TD(TDx,,) = Az, BBxy,_4 = SMz, SM(SMx,,,_,) = Bz @)
From (ii), we get by putting x = Ax,,_, and y = Bx,,_;

M(A(Axzn-2),B(BX2n—-1).kt)
| P(Ode
0

M(A(Axzn—2),TD(AX2n-2),6)*M (B(BX2n-1),SM (BX2n—1),)*M(A(AX2n-2),SM (BX2n-1),at)
> f *M(TD(AXzn—2),SM(BXon—1),t)*M(B(AXzn—2).SM(AxX2n-2),(2-a)t) W(O)dt
0
Now, using limit n — oo and using (4)
We have,
M(TDz,TDzt)*M(SMz,SMz,t)xM(TDz,SMz,(1—q)t)*
M(TDz,SMz,t)+*M(Bz,SMz,(2—(1—q))t)

PY()dt = f P(t)dt

M(TDz,TDz,t)*M(SMz,SMz,t)*M(TDz,SMz,t)
S f *M(TDz,SMz,t)*M (Bz,SMz,t)*M(Bz,SMz,qt)
0

f M(TDz,SMz,kt)
0

W(b)dt

M(TDz,TDzt)*M(SMz,SMz,t)
> f *M(TDz,SMz,t)*M(Bz,SMz,t)*M(Bz,SMz,qt)
0

Y(t)dt

1x1*
fM(TDz,SMz,t)*M(Bz,SMz,t)*M(Bz,SMz,qt)
=
0

W()dt
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> Y(t)dt

J-M(TDZ,SMz,t)*M(Bz,SMz,t)
0

W(t)dt

0 M(TDz,SMz,t)
> f Y(t)dt
0

>

fM(TDZ,SMZ,t)*l

And
N(A(Axzn-2),B(BX2n-1).kt)
| p(O)dt
0
No(A(AX2n-2),TD(AX2n—2),t)eN (B(BX2n—1),SM (BX2n-1),t)°N(A(AX2n—2),SM (BX2n-1),at)
< oN(TD(Ax2n—2),SM(BX2n-1),t)oN(B(AX2n—2),SM (Ax2n—2),(2—-a)t) W(t)dt

0
Now, using limit n — oo and using (4)

We have,
N(TDz,TDz,t)sN(SMz,SMz,t)oN(TDz,SMz,(1-q)t)o
fN(TDZ’SMZ‘kt)lp(t)dt < J N(TDz,SMz,t)oN(Bz,SMz,(2—(1-q))t) Do)t
0

0
N(TDz,TDz,t)oN(SMz,SMz,t)oN(TDz,SMz,t)
oN(TDz,SMz,t)oN(Bz,SMz,t)oN(Bz,SMz,qt)
< f W(t)dt
0

N(TDz,TDzt)oN(SMz,SMz,t)
oN(TDz,SMz,t)oN(Bz,SMz,t)oN(Bz,SMz,qt)
Y(t)de
0

101
o(TDz,SMz,t)eN(Bz,SMz,t)oN(Bz,SMz,qt)
< Y(t)dt
0

N(TDz,SMz,t)oN(Bz,SMz,t)
< f PY(t)dt
0
N(TDz,SMz,t)o1
< J Y(t)dt
0
N(TDz,SMz,t)
< j Y(t)dt
0
SMz =TDz
Now, by puttingx = z,y = Bx,,_4
M(Az,TD(2),t)*M (B (Bx27—1),SM(BX2p—1),t)*M(Az,SM(BX3p—1),at)
M(Az,B(Bxzn-1).kt) «M(TDz,SM(B )+M(Bz,SMz,(2—a)t
f w(t)dtzj 2,SM(Bxan—1),0)*M (Bz,SMz,2-a)t) YO dt
0 0
Taking limit as n — oo and using (4)
M(Az,TDz,t)*xM(SMz,SMz,t)+M (Az,SMz,(1—-q)t)*
M(Az,SMz kt) M(TDz,SMz,t)*M(Bz,5Mz,2—(1—-q)t)
Y(o)de = P(t)dt
0 0
M(Az,SMz,t)*M(SMz,SMz,t)*M(Az,SMz,(1—q)t)*
M(SMz,SMz,t)+M(Bz,SMz,(1+q)t
> (SMz,5Mz (Bz,SMz,(1+q)t) b(e)de

0 11

M(Az,SMz,(1-q)t)*1+*M(Bz,SMz,t)*M(Bz,SMz,qt)
> f W(t)de
0

> Y(H)dt

fM(Az,SMz,t)*M(Bz,SMz,t)
0

>

= P(t)dt

M(Az,SMz,t)*1
|
M(Az,SMz,t)
> f WY(t)dt
0

Az = SMz.
And
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N(Az,TD(2),t)°N(B(Bx2n-1),SM(BX2n—1),t)oN(Az,SM (BX2n-1),at)

N(4z,B(Bxan-1)kt) oN(TDz,SM(B £)oN(Bz,SMz,(2—a)t
f 1[}(t)dt§f (TDz,SM(BX2n-1),t)oN (Bz,SMz,(2—a)t) P(O)dt
0 0

Again taking limit as n — oo and using (4)
N(Az,TDz,t)o(SMz,SMz,t)oN (Az,SMz,(1-q)t)o
N(Az,SMz,kt)
N(TDz,SMz,t)oN(Bz,SMz,2—(1—q)t)
f W(O)dt < f ot Y()dt
0

0
N(Az,SMz,t)eN(SMz,SMz,t)oN(Az,SMz,(1-q)t)e
N(SMz,SMz,t)oN(Bz,SMz,(1+q)t)
< Y(t)de

0
0000
N(Az,SMz,(1-q)t)°0oN(Bz,SMz,t)oN(Bz,SMz,qt)
< f PY(O)dt
0

< Y(t)dt

fN(AZ,SMZ,t)ON(Bz,SMz,t)
0

P(t)de

0 N(Az,SMz,t)
< J P(t)de
0

N(Az,SMz,t)¢0
S J

Az =SMz
Hence Az = SMz.
From (ii), We get
M(Az,TDz,t)*M(Bz,SMz,t)*M(Az,SMz,at)
M(Az Bz kt) *M(TDz,SMz,t)*M (Bz,SMz,(2—a)t)
Yt)dt > P(t)dt
0

0
M(TDz,TDz,t)*M(Bz,SMz,t)*M(SMz,SMz,(1—q)t)*M(SMz,SMz,t)
*M(Bz,SMz,2—(1—-q)t)
> Y(t)dt

0
1*M(Bz,SMz,t)*M(SMz,SMz,qt)
*M(Bz,SMz,t)*M(Bz,SMz,qt)
> j W(t)dt
0

M(Bz,SMz,t)
> f PY(t)dt
0

M(Bz,Az,t)
> | p(Ode
0

And
N(Az,TDzt)oN(Bz,SMz,t)oN(Az,SMz,at)
N(AzBzkt) oN(TDz,SMz,t)oN (Bz,SMz,(2—a)t)
P(t)dt < Y(t)dt
0

0
N(TDzTDz,t)oN(Bz,SMz,t)oN(SMz,SMz,(1—-q)t)oN(SMz,SMz,t)
oN(Bz,SMz,2—(1-q)t)
- p(e)dt

0
0oN(Bz,SMz,t)oN(SMz,SMz,qt)
oN(Bz,SMz,t)oN(Bz,SMz,qt)
< f W(t)dt
0

N(Bz,SMz,t)
< f Y(b)dt
0

N(Bz,Az,t)
< f W(t)dt
0

Az=Bz
Therefore, Bz=Az = SMz = TDz.
Now we show that Bz = z. From (ii) we get

M(Ax20,TDXon,t)*M(Bz,SMZ,t)*M (Axpp,SMZz,at)

WOt > f *M(TDX7,SM2,t)*M (BX27,SMX0,(2—a)t) W(t)dt
0
M(Ax20,TDXon,t)*M(Bz,SMz,t)*M(Ax2n,SMz,t)
*M(TDXon,SMZ,t)*M(BX9,SMX7,t)*M (BX27,SMX37,qt) l/)(t)dt

MOLE zjo

Taking limit as n — oo , we have

fM(AxZn,Bz,kt)
0

jM(szn,Bz,kt)
0
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M (z,z,t)xM(Bz,SMz,t)*M(z,SMZ,t)*
f M(Z'Bz‘kt)> J’ M(TDz,SMZ,t)*M(z.2,t)*M(z,2,t)
0 0

¥ (H)dt
1+*M(Bz,SMz,t)*M(z,SMz,t)*

M(SMz,SMz,t)*1x1
> f o P (H)dt
0
>
0

J- M(Bz,SMz,t)*M(z,SMz,t)

¥ (Ddt

v

P (t)dt

0 1xM(z,Bz,t)
> f ¥ (H)dt

0 M(z,Bz,t)
> f ¥ (H)dt
0

N(z,z,t)oN(Bz,SMz,t)oN(z,SMZ,t)o
N(zBzkt) N(TDz,SMZ,t)oN(z,z,t)oN(z,2,t)
Y(t)dt < P (t)dt
0

0oN(Bz,SMz,t)oN(z,SMz,t)o
< J‘ N(SMz,SMz,t)o000

f M(Bz,Bz,t)*M(Z,Bz,t)

And

¥ (Ddt

Y (t)dt

0
N(Bz,SMz,t)oN(z,SMz,t)
< J‘
0

<

¥ (Ddt

0 09N (z,Bz,t)
< f ¥ (H)dt
0

N(z,Bz,t)
< f ¥ (H)dt
0

f N(Bz,Bz,t)oN(Z,Bz,t)

And hence Bz = z.
Therefore Bz=Az=SMz=TDz =z.
Now, by (i) putx =Mz, y =z
M(A(Mz), TD(Mz),t)*M(Bz,SMz,t)*M(A(Mz),SMz,t)
*M(TD(Mz),SMz,t)*M(B(Mz),SM(Mz),t)*M(B(Mz),SM(Mz),qt)

M(A(Mz),Bz,kt)
f W(t)de
0

MOLE zjo

M(Mz,Mz,t)*M(z,z,t)*M(Mz,z,t)

M(Mz,zkt) *M(Mz,z,t)*M(Mz,Mz,t)xM (Mz,Mz,qt
f B(o)de > f 2AOMMEMEMMEMEIL) ) 4y gy
0 0

M(Mz,z,t)xM(Mz,z,t)
> |

0

W (H)dt
M(Mz,z,t)
= J(; P (t)dt

N(A(Mz),TD(Mz),t)oN(Bz,SMz,t)oN(A(Mz),SMz,t)o
N(TD(Mz),SMz,t)oN(B(Mz),SM(Mz),t)oN (B(Mz),SM(Mz),qt)

And

N(A(Mz),Bz,kt)
f W(t)dt
0

Y(t)dt < f
0
N(Mz,Mz,t)oN(z,z,t)oN(Mz,z,t)o
N(Mzzkt) N(Mz,z,t)eN(Mz,Mz,t)oeN(Mz,Mz,qt)
Y(t)de < Y(t)dt
0 0
N(Mz,z,t)oN(Mz,z,t)

<)

0

Wt)de

N(Mz,z,t)
< f w(t)dt
0

Hence Mz = z. since SMz = z which implies Sz = z.
Again by (i) putx =z,y =Dz
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and

M(Az,TDz,t)*xM(B(Dz),SM(Dz),t)*xM(Az,SM(Dz),t)
*M(TDz,SM(Dz),t)*M(Bz,SMz,t)*M (Bz,SMz,qt)

M (Az,B(Dz),kt)
| POyt
0

P(tdt = f
0
M(z,z,t)*M(Dz,Dz,t)xM(z,Dz,t)

M(z,Dz,kt) «M(z,Dz,t)*M(z,2,t)xM(z,2,qt
f w(t)dtzf D2 MGz OMERAD) | o,
0

0
M(z,Dz,t)*M(z,Dz,t)
2 f

Y(t)dt
0
M(z,Dz,t)
> d
J; oL

N(Az,TDz,t)eN(B(Dz),SM(Dz),t)oN(Az,SM(Dz),t)
oN(TDz,SM(Dz),t)oN(Bz,SMz,t)oN(Bz,SMz,qt)

N(Az,B(Dz),kt)
f Y(t)dt
0

P(t)dt < f
0
N(z,z,t)oN(Dz,Dz,t)oM(z,Dz,t)

M(z,Dzkt) oN(z,Dz,t)oN(z,2,t)oN(z,z,qt
f Y()dt < f BN EEONEZID) 1) g
0

0
N(z,Dz,t)oN(z,Dz,t)
> J‘
0

w(o)de

N(z,Dz,t)
> f ¥ (£)dt
0

Hence Dz =z.

Since TDz = z which implies Tz = z.

And hence Az=Bz=Sz=Mz=Tz=Dz=zand z is common fixed point of A, B, S, M, T and D.

Uniqueness: To prove uniqueness of fixed point, let w be an another fixed point of A, B, S, M, T and D. Then
Aw = Bw = Sw = Mw = Tw = Dw = w, then from (ii) we get

and

M(Az,TDz,t)*M(Bw,SMw,t)*M(Az,SMw,at)

M(zw,t) M(AzBw,kt) «M(TDz,SMw,t)*M(Bz,5Mz,(2—-a)t
f W(t)dt =f G(Ode zf (TDZSMwEMEZSMEE=OD ) 1t
0 0 0

M (Az,Bw,kt) M(z,w,t)
J Y (t)dt = J Y (t)dt
0 0

N(Az,TDzt)oN(Bw,SMw,t)oN (Az,SMw,at)o

N(zw.t) N(Az,Bw kt) N(TDz,SMw,t)oN(Bz,SMz,(2—a)t
f W(t)dt =j P(O)dt < J (IPmSMwONELSMEE=D0 )y de
0 0 0

N(Az,Bw,kt) N(zw,t)
j Y (H)dt < J Y (H)dt
0 0

From lemma 2.2, we get z=w.
Hence z is a unique common fixed point of A, B, S, M, T and D.
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