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Abstract:

This article aims to analyze the performance of the fuzzy Markovian queueing system FM/FM/1 with a priori
impatience using the L-R method. Kolmogorov's differential equations, also known as equilibrium or balance
equations, will allow us to obtain the fuzzy state probabilities of the system in steady state, considered as
probabilistic indicators of the system's performance. The recursive method will help us achieve this. We will
then use these fuzzy state probabilities to determine the system's performance indicators. By performance
indicators, we cite the fuzzy server utilization rate, the fuzzy system throughput, the fuzzy average number of
customers in the system, the fuzzy average number of customers in the queue, the fuzzy average dwell time, and
the fuzzy average time in the queue. The originality of this article lies in the fact that we evaluate the
performance of the system using the mathematical approach of fuzzy numbers of the L-R type. This is an
approach based solely on the arithmetic of L-R fuzzy numbers. Since the calculation of the product and the
quotient is made possible by the use of two approximations, the tangent approximation and the secant
approximation, in this article, only the secant approximation will be used because it provides the same results
as other methods regarding both supports and modes. This approach appears short and efficient when the fuzzy
variables defining the system are fuzzy numbers of the same L-R type, and it provides exact values of the
supports and modes of the performance indicators. A numerical application is discussed to illustrate the validity
and practicability of this approach.
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. Introduction

Nowadays, with the rapid development of science and technology, machines are gradually replacing
human workers. Examples include ATMs, robots at intersections, etc.

Queueing theory and Markov processes have laid a solid foundation for the management of service
operation and production systems and have attracted widespread attention. However, in practice, classical
models are difficult to implement on a large scale in real production systems due to their lack of flexibility.

Therefore, researching a new queueing model that takes customer impatience into account within the
system is of paramount importance. This theory was developed to provide models for predicting the behavior of
systems attempting to provide service for randomly occurring requests [1].

Queues are phenomena we encounter daily [2]. Much research has been conducted on queueing
systems to improve service quality, that is, to better manage customers (if they are people waiting) or requests
(if they are processing computer data).

In studying queueing systems, the main objective is to understand the situations that arise in their
management [3]. Queue systems with impatient customers are studied along several dimensions. The concept of
impatience was proposed by [4], [5] and [6]. To characterize impatient customer behavior, in the literature,
there are three terminologies used in the queueing system, namely, balking, defined as the decision not to join
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the queue at all; reneging, defined as joining a queue but leaving without being served; and recall or return or
feedback, defined as a customer dissatisfied with the quality of service who decides to leave the queue to
request or complete the service after a random time [3]. The queueing model proposed by this article is
applicable to a variety of fields, including manufacturing, production, communication, transportation and
networks, restaurants, bank or retail counters, ATMs, parks, and others.

In this article, hesitation behavior, otherwise known as a priori impatience, is considered. Ancker, [7]
conducted a brief investigation of consumer impatient behavior in various queueing situations. The analysis of
the M/M/1 model of finite queue length with customers who refuse and give up is carried out by [8]. Customer
impatience behavior is carried out by [9] in multi-server Markov queues where impatience depends on the state.
The M/M/2/N queue with refusal, refusal, and Bernoulli feedback is analyzed by [10], where the customer who
refuses can remain in the system. In the following, we use only triangular fuzzy numbers and L-R fuzzy
numbers.

Furthermore, impatience is the most important characteristic when customers want to receive a service
that requires them to queue. In fact, in real life, we always feel anxious and impatient when waiting for a
service. Unfortunately, many researchers ignore the impatience factor when studying queueing systems in order
to accurately model reality.

In many realistic situations, statistical information is represented in linguistic language with qualitative
data such as high, medium, low, and others, rather than by a probability distribution. Thus, fuzzy queueing
systems that can adapt to the ambiguities of human language and logic in the real world are more practical than
classical queueing systems. In turn, fuzzy Markovian queueing systems with impatient customers are more
practical than ordinary Markovian queueing systems with impatient customers. In classical queueing theory, for
example, it is generally assumed that the time between two successive arrivals and the service time follow a
specific probability distribution, whereas in the real world, this type of information is expressed in words [11]
and [12]

In this paper, we propose the use of a scientific approach called “L — R method”. It is an approach for
calculating the performance indicators of a fuzzy queueing system. It is essentially based on the arithmetic of
fuzzy numbers of type L — R. Since multiplication and division are open operations on fuzzy numbers of type L
— R, the calculation of the product and the quotient of these fuzzy numbers is made possible by the use of two
approximations called tangent approximation and secant approximation. Among the two, the secant
approximation seems the best because it gives the same results as those obtained by other methods with regard
to both supports and modes. Thus, in this work, the L — R method will always be restricted to the secant
approximation because it gives exact values of the performance indicators. However, the L — R method is
designed on the basis of expressing these performance indicators using supports and modal values. This is a
short and efficient method when the fuzzy variables that define the system are fuzzy numbers of the same type
L-R. The most commonly used fuzzy numbers for this type of study are triangular and trapezoidal fuzzy
numbers [13], but we will only use triangular fuzzy numbers.

Our fundamental problem in this article revolves around the following questions:

Can the mathematical approach of L-R fuzzy numbers facilitate the performance analysis of the
Markovian fuzzy queueing system FM/FM/1 with a priori impatience?

What are the performance indicators that can optimize management while reducing waiting times in
this system? How can they be calculated?

Provisional answers to these questions can be formulated as follows:

First, the mathematical approach of L-R fuzzy numbers and its arithmetic would be indispensable for
analyzing the performance of this system simply because no parametric nonlinear program is required in its
application, not to mention its weaknesses related to the fact that it is only applicable if the parameters of the
queueing system are fuzzy numbers of the same L-R type.

Second, optimizing management by reducing waiting times in the system would be possible by
evaluating performance indicators using mathematical tools such as convergent geometric series, fuzzy
Kolmogorov equations, the fuzzy Little formula, the recursive method, fuzzy Markov chains, the L-R fuzzy
number approach and its arithmetic.

The remainder of this article is organized as follows: Section 2 presents some preliminaries necessary
for L-R fuzzy number arithmetic. Section 3 reviews the L-R method. Section 4 analyzes the performance of the
FM/FM/1 queueing system with a priori impatience. Section 5 discusses a numerical application. Section 6
concludes the study.
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Il.  Material And Methods

Preliminaries
Fuzzy Subset
Definition 1: [14], [15] and [13], consider X a reference set or a universe. A fuzzy subset A (Fuzzy set) of X is
defined by the membership function pz(x) : X — [0, 1]. We denote

A= {(x,p3(x) / x € X)} ) )
Definition 2: [16], [17], [18] and [19], Consider A a fuzzy subset in the universe X. The support Supp(4),
the height h(4 ), the kernel Noy(4 ) and the alpha-cut A,, are numbers defined respectively vV a € [0,1] by:

Supp(4) = {x € X / pz(x) > 0} 2
h(A) = Sup{ uz(x) / x € X} 3
Noy(A) = {x € A/uz(x) = 1) @
A =(xeX/puz(x) = a} )

According to [20], the membership function of a fuzzy subset A can be expressed in terms of the
characteristic functions of its alpha-cuts by the relation

pz(x) = Sup minf{a, puy ()} (6)
acl0,1]
where

M, (x) = {1 St X € Aq
0 sinon
Definition 3: [21], [17], [19] and [22]; A fuzzy subset A is said to be normal or normalized if and only if

h(A) = 1 and is convex if and only if
VX1, x; € X et A€ [0;1], pz[Axy + (1 — D)xz2] = min[py(xq), pa(x2)] (7)

Fuzzy Number

Definition 4: [18], A fuzzy subset A defined over the universe R of real numbers is a fuzzy number if its
membership function uz(x) : R — [0, 1] satisfies the following conditions:

1. uz is convex;

2. uzisnormal, i.e., there exists an x € R such that uz(x) = 1;

3. 4 is upper semicontinuous;

4. Supp(A) is bounded in R.

Definition 5: [23], A fuzzy number A4 is said to be positive (resp. negative) if, and only if,  uz(x) = 0,vx <
0 (resp. uz(x) = 0,vx > 0). This is denoted 4 > 0 (resp. 4 < 0);

If A is a fuzzy interval, any real number m such that uz(m) = 1 is said to be a modal value or mode or
even a mean value of 4. In this case, Noy(A4) is the set of modal values of A",

Definition 6: [20], Consider A and B two fuzzy numbers. 4 is strictly less than B if, and only if,
vx €supp(4),vy€supp(B); x<y
We denote
A < B & sup{supp(4)} < inf{supp(B)} (8)

Definition 7: [24] and [25], A fuzzy number A, with membership function u, is said to be triangular, if there
exist three real numbers a < b < ¢ such that:
x—a)/(b—a) if a<x<bh
ui(x) =y(c—x)/(c—b) if b<x<c 9)
0 Otherwise
where b is the unique modal value of 4 ; that is, u5(b) = 1.

Definition 8: [26], [27] and [14], A fuzzy number A is said to be of type L — R if, and only if, there exist three
real numbers m, a > 0, b > 0 and two positive, continuous and decreasing functions L and R of R in the unit
interval [0, 1] such that:

L(0) =R(0)=1 (10)

L(1) ouL(x) > 0, Vx €R with xl_i){fnooL(x) =0 (11

R(1) ouR(x) > 0, Vx€R with lim R(x)=0 (12)

x—+00
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L((m—x)/a] if x€[m—a,m]
uz(x) ={R[(x —m)/b] if x € [m,m + b] (13)

0o Otherwise B
where m is the modal value or mode of A ; a and b are called left and right spreads or deviations of A,
respectively.
The fuzzy number 4 of L — R type is often specified using the notation A= (m,a,b)p;
A = (m,a,b) is called the L — R representation or the L — R notation or the L — R form of A.
The family of fuzzy numbers of L — R type is denoted Fz(R).

Arithmetic on Fuzzy Numbers
Arithmetic on Intervals
Definition 9: [28], consider two ordinary closed intervals [a,,a,] and [b,, b,] of R. We define the arithmetic
operation * on these two intervals by the following relation:
l[a; ; ay]*[by; by]={a*b/a;<a<a, et b <b<b,} (14)
where division is possible only if zero does not belong to [b,, b,].
In the case of the operations +; —; X and + ; the equality (14) simplifies as follows:

lay ; az] +[by ; by] =[ay+by; az + by ] (15)
[a; ; a;] - [bt ; bl = [‘]ll —by; a; — by ] (16)
_ _([Aay ; Aay] si A=0
Alay ; ap] _{[m2  daq] si A<0 a7
[a; ; a;] X[by ; by] = [min P; maxP ] (18)
where P = (albl; albz; azbl; azbz)

@y ot = [min (G ) 5 max(s )] 9

a; ; a7 =|min 2, a) max 2 o
[al ; aZ] a, a; a; a,
—————— = [minH; max H] where H=(—;—;—;—) 20
[by ; b,] by b, by b, (20)

Furthermore, if the above intervals are defined in the set of positive real numbers R*, the multiplication,
division and inverse interval operations can still be written as follows:
[a; ; az] X [by ; by] =[ayby ; azb,] (21)

la; ; a;] a; a
[by ;5 b.] B b_z’lb_l]l (22)
las ; a;]™' = [b_z’ b_1] (23)

Arithmetic of alpha-cuts

Definition 10: [16], Consider A and B two fuzzy subsets of the respective a — cuts 4, = [4%, AY] and B, =
[BL, BY] ; with a € [0; 1]. The four operations @; ©; © and @ is carried out on 4, and B,, according to
Hanss, M., (2005) and Klir, J. G., (1995), by passing to their @ — cuts in the following way:

(A®B), =A4,+B,=[AL, Aj]l + B, BY] 249
(zeﬁ)a=za_§a= [Aé,Ag]—[Bé‘,Bg] (25)
(A0 B), =14, B, =[4L, AY]- [BL, BY] (26)
(;1@5) =Z_=M 27)

« B, [B BY]

Remark 1: The alpha — cuts of relations (24); (25); (26) and (27) are determined by using interval arithmetic
formulated in relations (15); (16); (18) and (20).

Alpha-Cut and Interval Arithmetic

Definition 11: [29] and [30], Performing fuzzy arithmetic using alpha-cut and interval arithmetic involves
successively using:

- Relations (15); (16); (18) and (20) for defuzzification;

- Relations (24); (25); (26) and (27) for ordinary computations on closed real intervals;

- Relation (6) for fuzzification.

Arithmetic of L — R Fuzzy Numbers

1°) Addition and Subtraction

Definition 12: [14] and [16], showed that if A = (m, a, b),z and B = (n,c,d),, are two fuzzy numbers of the
same L — R type, then their sum and difference are fuzzy numbers of the L — R type given respectively by:
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ADB=(m+na+cb+d), (28)
AOB=(m-na+db+c) (29)
2°) Multiplication of fuzzy numbers of the L — R type
Definition 13: Secant approximation [14] and [16], consider two numbers fuzzy numbers A and B of the same
L — R type,
A=(m,a,b),z and B =(n,c,d),z
Dubois and Prade arrived at the global formula for the multiplication of fuzzy numbers of L — R type (4 >
0; B>0):
(m,a,b) g © (n,cd) g =~ {(mn;mc+na—ac; md+ nb + bd) (30)
3°) Division of L — R fuzzy numbers
Definition 14: Secant approximation of the inverse [16]
The secant approximation of the inverse of a positive L — R fuzzy number, B = (n, ¢, d),y is defined by
B'=(1/n; d/n(n+d); c/n(n—c)g, (31
If A =(m,a,b),z and B = (n,c,d),z are two fuzzy numbers of the same L — R type, Hanss defined the secant
approximation of the quotient of these numbers as follows:
A (m md a ad mc b bc

n’ n(n+d)+ﬁ_n(n+d); n(n—c)+1_l+n(n—c)

=~

- e (32)

I11.  Left-Right Method (L — R Method)
Description
Consider a fuzzy Markov queueing system whose rates are fuzzy numbers of the same L — R type, denoted:
F,; ¥, 3 ¥, ; and that the performance indicator that we wish to calculate is designated by . In the
classical model, this indicator and these rates are denoted respectively by ¢ and v ; v5; ...; v,.
The formula for ¢ in the classical model is given by:

(=g(vy;vy .5vy) (33)
where g is a function with n real variables defined using the fundamental operations +; —; + and X InR;
while in the fuzzy model, this same formula is written:
(=G(Ty; Ty 3 ¥y) (34)

where § is a function with n fuzzy variables, defined using the fuzzy operations @; ©; ® and @ in F(R) .
To determine ¢ using the L- R method, we proceed as follows:
Procedure:
Step 1: Determine the L- R writings of all fuzzy rates and substitute them in (34).
Step 2: Apply L-R fuzzy number arithmetic to the expression found in the previous step. In this case, only
formulas suitably chosen from relations (28); (29); (30) and (32) help us. Regarding the formulas for
multiplication and division, we only need those from the secant approximation, which lead to the exact modal
values and supports of the desired performance indicators [Mukeba, J. P., (2015)] and [Alonge, W. J., & al.,
(2023)].
Step 3: According to this arithmetic, the final expression to be obtained is a fuzzy function approximately equal
to the L - R fuzzy function, given by

B {=(m; ¢; w)g (35)
where m is the modal value of ¢ , and ¢ and w represent its left and right deviations, respectively. The support
of { in this case is the interval:

Supp() =lm—¢; m+ w| (36)

Step 4: (Final Result): The desired performance indicator is a fuzzy number whose support is the open interval
with bounds m — ¢ and m + w; and with a modal value m. In other words, this performance indicator is
approximately between m — ¢ and m + w. Its most frequent value is the mode m.

IV.  Performance Of The FM /FM /1 System With A Priori Impatience
System Description
The fuzzy FM / FM / 1 queueing system with a priori impatience is a single-server fuzzy Markovian queueing
system. It is modeled by a homogeneous life and death process with fuzzy birth rates A, and fuzzy death rates
i, defined respectively by
A =21; A>0 and fi, = ki for k=0;1; ...

Model Assumptions (or Characteristics)
The FM / FM / 1 fuzzy queueing system with a priori impatience has the same characteristicsasthe M /M / 1
model. However, the state probabilities p, are replaced by the fuzzy state probabilities p.
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Steady-State Analysis
Theorem 1:
Let Py , be the steady-state fuzzy state probabilities of the FM / FM / 1 system with a priori impatience, with
respective rates 1, = A and i, = kji for k =0;1; ... Then:
~k

Pr = %e‘ﬁ for k=0;1; .. and Pop=eP
Proof: The Kolmogorov fuzzy differential equations of a steady-state life and death process are given by:
{0 = A-1Pr-1 — (Aic + i) P + Ficr1Prer 37)
0 = —Agpo + H1P1 (38)

Replacing A, and i, by their valugs in (37) a~nd (38), we obtain the following system of equations:
{0 = -1 — (A+ k@)D + (k + DADrer (39

0=pp, - if’o (40)
(39) and (40) determine a recurrent system by which:
A
P1= l:lpo (41)
1A
P2 = 2 [:1 Do (42)
1R\
Pe=1 i Po (43)
Let
~ P o4
P = 77 Po with p = 7 (44)
+0
Introducing the normalization condition Z p, =1, acondition associated with relation (44), gives us
k=0
+oo
e ~ 1 1 _3
—'p0=1 = pO:+oo =T :_ﬁ:ep
k=0 Z& €
o k!
Thus,
Po=e"? (45)
Hence
N L
pk=ﬁe pour k=0;1; .. (46) [

Remark 2: If <1 , then
condition.

RS

<1 iel<f . We have, oy(1) < Noy(f) : Fuzzy ergodicity or stability

Performance indicators of the FM / FM / 1 system with a priori impatience
Proposition 1: ( Fuzzy server utilization rate: U)
Let U be the fuzzy server utilization rate. Then;
. [f—pe”
a=-t—F_ (47)
Proof: Since the fuzzy server utilization rate is defined as the proportion of time during which the server is busy
over a time interval, we then have:
U = 1 — p,, or according to (45), p, = e P which gives: U = 1 — e~?. Multiplying the second member of this
last equation by fi/ji , we obtain,

fi—jie”” ~ - .
——— with p= fuzzy traffic intensity
o

RSN

~ 5\
U=(1—eP)==
(1-e7)

Hence
_ ji—jie7P
go PR

=

Proposition 2: (Fuzzy flow rate of the system: d)
Let 4 be the fuzzy flow rate of the system. Then;
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d=p—jpe? (48)
Proof: Generally speaking, the flow rate of a system is calculated either by the input into the system (input
flow rate d,), or by the output from the system (output flow rate d;). In the case of stable systems, these two
flow rates are equal and we have: d = d, = d. This is also the case with the system under study, for which the
service is performed with a rate w in each state where the system contains at least one customer, we therefore

have:

+oo
d = (P[non — empty queue]) x I = Z pexi=1—eP)xfi=f— e
k=0
Hence
d=j—feP n

Proposition 3: (Fuzzy average number of customers in the system: Ny)
Let N be the fuzzy average number of customers in the system. Then;
) Ns=p (49)
Proof: Since the fuzzy process {X(t) : t = 0} denotes the fuzzy number of customers in the system at a date ¢,
the fuzzy average number of customers in the system in the steady state is the fuzzy mathematical expectation

of the fuzzy random variable X .
We have:

400 +00 ~k 4+ -
S R\ _ B9 _ P s p
NS=E(X)=]P’[XSk]=Zk><pk=2kxm><e”=e" ks
k=0 k=0 k=0
+00 ,5""
=e P _O(k_l)lze‘Pxp)(eP=p
Therefore
Ns=ﬁ | |

Proposition 4: (Fuzzy average number of customers in the queue: Nf)
Let Nf be the average number of customers in the queue. Then;
- A+fie? —[
N, = uﬁ 1
Proof: Since the system under study is single-server, the presence of k customers in the system implies that
there are k — 1 in the queue. Then Ny, is the theoretical fuzzy mean of the fuzzy random variable X , with X

taking all values between 0 and k — 1.

N =EX)=P[X<k-1] Z(k_l)xpk_zkpk Zpk
zkpk (Zﬁk‘ﬁo)

Introducing the fuzzy normalization condition Z P, =1 and the relation Zk X pk i.e. (49) into this
k=1 k=0

(50)

relation, we find:
Ni=Ns—(1-p)=p—-(1—eP)=p+eP-1=

Therefore
At pe?—g
Ny = f# u
i
Proposition 5: (Fuzzy average residence time: )

Let £ be the fuzzy average residence time. Then ;

. i
ts = e (51)
Proof: Little's fuzzy formula is given by: Ng = &g x d (52)

From (52), we draw &g, we have:

. N p __r
e?)  B(1-eP) - p2e?

te = —
STd  a—e?  ad

[ NP
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Hence
3 1
Proposition 6: (Average fuzzy time in the queue: ;)
Let &, be the average fuzzy waiting time of customers in the queue. Then;
. At+pe?-q
b == e
p* —p*e
Proof: The average fuzzy time spent in the server by each client is 1/ , it is easy to conclude that the average
fuzzy time spent in the FM / FM / 1 queue is:

(53)

- 1 A 1 1-(p*-p2e?) A+jgeP—j
PTE O n @ -pPe? @i PP-peP P —fi%e P
Therefore
_A+jie P—f
f = 'uz _‘aze D u
V.  Numerical Application
Problem:

In a one-stop commercial bank with infinite capacity and Poissonian arrival and exponential service times, the
average time between arrivals is about 10 minutes and the average time per service is about 8 minutes. The bank
operates as a waiting system with a priori impatience.

Questions:
b.1. Show that the system is ergodic;
b.2. Determine, in steady state, the fuzzy performance indicators of this system.

Solution:
Hypothetically, this is a fuzzy queueing system with a priori impatience, of the form FM / FM / 1 with a single
server and infinite capacity. In the classical model, the arrival rate is 1 = 1/10 minute, or A = 60/10 = 6
arrivals per hour, and the service rate is 4 = 1/8 minute, or 4 = 60/8 = 7.5 departures per hour. Since the
arrival rate is about 10 minutes, or about 6 arrivals per hour, and the average rate per service is about 8 minutes,
or about 7.5 departures per hour, this suggests that these are fuzzy rates. Assuming that these fuzzy rates 1 and
[t are triangular fuzzy numbers, we can write:

1=(5/6/7) and ji=(6.5/75/8.5)
Thus, in a fuzzy model, where the rates A and i are fuzzy variables, the performance indicators
U; d; Ng; Nf; & and & also become fuzzy numbers [see formulas (47); (48); (49); (50); (51) and (53)].

Resolution by the L — R method
To evaluate the performance indicators by the L — R method, we proceed as follows:
1°) Determine the L — R forms of rates A = (5/6 /7) and ji = (6.5 /7.5 /8.5) ; we have:
A=(6;1;1)z (54) B=(7.5;1;1)p (55)
2°) Let us show that the system is ergodic:
We have: Noy(i) < Noy(@@) or 6 < 7, hence the system is ergodic or stable and the calculation of the
performance indicators is possible.
3°) (54) and (55) in (47); (48); (49); (50); (51) and (53) and apply the formulas of fuzzy number arithmetic of
type L - R, suitably chosen from formulas (28); (29); (30) and (32), we obtain successively:
Let us first carry out the required auxiliary calculations:

A (65151 6 6 1 1 6 1 1
¥ p=—=m———— == oot~ = oot oot o=k
G (75;1;1),x  75° 6375 7.5 63.75° 4875 ' 7.5 ' 48.75
5=1(0.8;0.212; 0.276),5 (56)

x eP=¢9%=0.45 (57)
x (7.5:1;1)0e P = (7.5;1;1),5 X 0.45 = (3.375;0.45; 0.45),, (58)
x (7.5;1;1),p —(7.5;1;1),2e? =(75;1;1),z —(3.375;0.45; 0.45),,
=(4.125;1.45; 1.45);; (59)

* (6;1;1) 5+ (7.5;1;1)2e7? —(7.5;1; 1),
=(6;1;1),x +(3.375;0.45; 0.45),x — (7.5;1; 1),z
= (9.375 ) 1.45 ) 1'45)LR - (7.5 i 1 i 1>LR
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=(1.875;2.45; 2.45);, (60)
* ((7.5;1;1)0)* =(7.5;1; 1), X (7.5;1; 1)1
=(56.25;75+75—1; 7.5+ 75+ 1),z
=(56.25;14; 16),, (61)
* ((7.5;1;1),2)%e™? =(56.25;14; 16),5 X 0.45 = (25.3125;6.3; 7.2),z (62)
* ((7.5;1;1)2)% — ((7.5;1;1),5)%e P =(56.25;14; 16),z — (25.3125;6.3; 7.2).x
=(30.9375;21.2; 22.3);z  (63)
a) Calculating U
(59) and (55) in (47), we obtain:
(4.125;1.45; 1.45),, (4125 4.125 145 145 4125 145 1.45
(7.5;1; 1)1 _< 75 '6375 75 6375 48751 75 +48.75>LR
=(0.55;0.235; 0.308),,

U=

b) Calculation of d
(59) in (48), we have:
d =(4.125;1.45; 1.45),,
¢) Calculation of N
(56) in (49); we have:
Ng=(0.8;0.212; 0.277),2
d) Calculating Ny
(60) and (55) in (50), we obtain:
. (1.875;2.45; 2.45),, /1.875 1.875 245 245 1.875 245 245
Ny = (7.5;1; 1),z _< 75 63751 75 6375 48.75 ' 75 +48.75>LR
=(0.25;0.338; 0.415),,

e) Calculating &g
(54) and (63) in (51), we obtain:

- (6;1; 1)ug

$ 7 (30.9375;21.2; 22.3),,
_< 6 1338 1 22.3 1272 1 21.2>
" \30.9375 " 1647.035 ' 30.9375 1647.035° 301.254 = 30.9375 ' 301.254/,,

=(0.193;0.099; 0.526),,
f) Calculating
(60) and (63) in (53), we obtain:
. (1.875;2.45; 2.45),,
b =1300375;212; 22.3).x
1.875  41.8125 2.45 54.635  39.75 2.45 51.94
h <30.9375 '1647.035 T 309375  1647.035 ' 301254 | 309375 | 301.254>LR
=(0.060;0.001; 0.384),,
Thus, according to relation (35), the kernels (or modes) of U; d; Ng; IVf; ts and i, are respectively 0.55;
4.125; 0.8; 0.25; 0.193 and 0.060.
According to relation (36), their supports are the following open intervals:
Supp(TU) =10.55—0.23 ; 0.55+ 0.308[ =]0.315 ; 0.858]
Supp(d) = 14.125 — 1.45 ; 4.125 + 1.45[ = ]2.675 ; 5.575[
Supp(Ns) =10.8 —0.212 ; 0.8+ 0.276[ =]0.588 ; 1.076[
Supp(N;) =10.25 - 0.338 ; 0.25 + 0.415[ =]-0.088 ; 0.665[
Supp(£s) =10.193 — 0.099 ; 0.193 + 0.526[ = ]0.094 ; 0.719]
Supp(Er) =10.060 — 0.001 ; 0.060 + 0.384[ =]—0.059 ; 0.444[

Variants introduced by the L — R method

In steady state, the L — R method introduces some variations in the treatment of queueing systems with a priori
impatience as follows:

- The performance indicators are fuzzy numbers of the same L — R type and not average values as for
ordinary queueing systems with a priori impatience;

- The L- R notations of these indicators contain real numbers of the L — R type denoted (m ; a ; b) ;

- The supports of these indicators are open intervals where the bounds are real numbers;

- The modes of these indicators are real numbers that correspond exactly to average values for ordinary
queueing systems with a priori impatience.
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VI.  Result

Performance of the FM / FM / 1 System with A Priori Impatience
System Description
The fuzzy FM / FM / 1 queueing system with a priori impatience is a single-server fuzzy Markovian queueing
system. It is modeled by a homogeneous life and death process with fuzzy birth rates A, and fuzzy death rates
i, defined respectively by

e=2A; >0 and fi =k for k=0;1; ...
Model Assumptions (or Characteristics)
The FM / FM / 1 fuzzy queueing system with a priori impatience has the same characteristicsasthe M /M / 1
model. However, the state probabilities p,, are replaced by the fuzzy state probabilities f.

Steady-State Analysis
Theorem 1:
Let P, , be the steady-state fuzzy state probabilities of the FM / FM / 1 system with a priori impatience, with
respective rates A, = Aand fi, = kii for k =0;1; ... Then:
~k

Pr=-—-e? for k=0;1;,.. and Po=eP
Proof: The Kolmogorov fuzzy differential equations of a steady-state life and death process are given by:
{0 = Ai—1Pr-1 — (A + B )Pr + Py 1Prera 37)

5 0 = —Aopo + Hypy (38)
Replacing A, and i, by their values in (37) and (38), we obtain the following system of equations:

{0 = APr_1 — (A + k)P + (k + DiEPy4 (39)

0 = fip; — AP (40)
(39) and (40) determine a recurrent system by which:
A
P1= l:lpo (41)
1A
P2 = 2 [:1 Po (42)
13\
P =1a\z) Po (43)
Let
_ P o4
Pi = 77 Po with p = 7 (44)
+0
Introducing the normalization condition Z p, =1, acondition associated with relation (44), gives us:
k=0
+oo ~K
e ~ 1 1 =
—'pozl = p0:+oo = :_ﬁ:ep
k=0 P €
oo k!
Thus,
Po=e? (45)
Hence
P
Py = Fe pour k=0;1; .. (46) [

Remark 2: If <1, then %< 1 i.e AI<f . We have, oy(1) < Noy(f) : Fuzzy ergodicity or stability
condition.

Performance indicators of the FM / FM / 1 system with a priori impatience
Proposition 1: ( Fuzzy server utilization rate: )
Let U be the fuzzy server utilization rate. Then;

~ e_ﬁ

a=-t"F" (47)

=
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Proof: Since the fuzzy server utilization rate is defined as the proportion of time during which the server is busy
over a time interval, we then have:

U =1 — p,, or according to (45), p, = e~? which gives: U = 1 — e~P. Multiplying the second member of this
last equation by fi/fi , we obtain,

fuzzy traffic intensity

RSN

~ 5\ B i
U=1-eP)-=——F— withp=
( ) Z 7 p
Hence
U=
Proposition 2: (Fuzzy flow rate of the system: d)
Let 4 be the fuzzy flow rate of the system. Then;
d=p—fpe? (48)

Proof: Generally speaking, the flow rate of a system is calculated either by the input into the system (input
flow rate d,), or by the output from the system (output flow rate d,). In the case of stable systems, these two
flow rates are equal and we have: d = d, = d. This is also the case with the system under study, for which the

service is performed with a rate jr in each state where the system contains at least one customer, we therefore
have:

+o0
d = (P[non — empty queue]) x I = Zﬁk xg=(1-eP)xg=f—fe?
k=0
Hence
d=j—fie’” [ |

Proposition 3: (Fuzzy average number of customers in the system: Ni)
Let N be the fuzzy average number of customers in the system. Then;

) Ns=p (49)
Proof: Since the fuzzy process {X(t) : t = 0} denotes the fuzzy number of customers in the system at a date ¢,
the fuzzy average number of customers in the system in the steady state is the fuzzy mathematical expectation
of the fuzzy random variable X .

We have:
+00 40 Kk 400 pk
~S=E(X)=ﬁ[fsk]=Zkka—kaer‘ﬁ=e‘PkaF
k=0 k=0 k=0
+0o ﬁk
e -o(k_l)lze_”x”””:”
Therefore
Ns=ﬁ | |

Proposition 4: (Fuzzy average number of customers in the queue: IVf)
Let N, be the average number of customers in the queue. Then;
. Atfie?—[i

N, = (50)

Proof: Since the system under study is single-server, the presence of k customers in the system implies that
there are k — 1 in the queue. Then IVf, is the theoretical fuzzy mean of the fuzzy random variable X , with X
taking all values between 0 and k — 1.

400 400 +oo
W =E(R) =PlX<k-11= Y k=D xpc= ) ki~ b
k=1 k=1 k=1
+o00 +00
=Zkﬁk—<2ﬁk—ﬁo)
k=0 k=0

+00 +00

Introducing the fuzzy normalization condition Z ﬁk =1 and the relation ZK X 5k i.e. (49) into this
k=1 k=0

relation, we find:

Therefore
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. A4jeP—j

n
Proposition 5: (Fuzzy average residence time: &)

Let &g be the fuzzy average residence time. Then ;

- A
ts = e (51)
Proof: Little's fuzzy formula is given by: Ng = ts x d (52)
From (52), we draw £g, we have:
_ A - -
R S S S S
T d al-eP) Al-e?) @B(l-eP) @2 -p2e?
Hence
5 1
ts = m |

Proposition 6: (Average fuzzy time in the queue: ;)
Let £, be the average fuzzy waiting time of customers in the queue. Then;
. A+fie?—q
b= — 3,5

p* —pre?
Proof: The average fuzzy time spent in the server by each client is 1/ , it is easy to conclude that the average
fuzzy time spent in the FM / FM / 1 queue is:

(53)

- 1 y) 1 21— (p>—p2e?) A+fe?—g
TS p T @-pte? @ @E-f2e? T [2—ji%eP
Therefore
_At+pe P —[
f 2 — ji2e=P u
VII.  Numerical Application
Problem:

In a one-stop commercial bank with infinite capacity and Poissonian arrival and exponential service
times, the average time between arrivals is about 10 minutes and the average time per service is about 8
minutes. The bank operates as a waiting system with a priori impatience.

Questions:
b.1. Show that the system is ergodic;
b.2. Determine, in steady state, the fuzzy performance indicators of this system.

Solution:

Hypothetically, this is a fuzzy queueing system with a priori impatience, of the form FM /FM / 1
with a single server and infinite capacity. In the classical model, the arrival rate is A = 1/10 minute, or 4 =
60/10 = 6 arrivals per hour, and the service rate is © = 1/8 minute, or 4 = 60/8 = 7.5 departures per
hour. Since the arrival rate is about 10 minutes, or about 6 arrivals per hour, and the average rate per service is
about 8 minutes, or about 7.5 departures per hour, this suggests that these are fuzzy rates. Assuming that these
fuzzy rates A and fi are triangular fuzzy numbers, we can write:

1=(5/6/7) and ji=(6.5/75/8.5)

Thus, in a fuzzy model, where the rates A and ji are fuzzy variables, the performance indicators

U; d; Ng; Nj; & and & also become fuzzy numbers [see formulas (47); (48); (49); (50); (51) and (53)].

Resolution by the L — R method
To evaluate the performance indicators by the L — R method, we proceed as follows:
1°) Determine the L — R forms of rates A = (5/6 /7) and ji = (6.5 /7.5 /8.5) ; we have:
1= (6;1;1)p (54) B=(7.5;1;1) (55)
2°) Let us show that the system is ergodic:
We have: Noy(1) < Noy(fi) or 6 < 7, hence the system is ergodic or stable and the calculation of the
performance indicators is possible.
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3°) (54) and (55) in (47); (48); (49); (50); (51) and (53) and apply the formulas of fuzzy number
arithmetic of type L - R, suitably chosen from formulas (28); (29); (30) and (32), we obtain successively:
Let us first carry out the required auxiliary calculations:

A (65151 6 6 1 1 6 1 1
* p=—=—————=(ccimoactoc " 3ac Tanc Toe T ogaoir
g (75;1;1),z 7.5’ 63.75 7.5 63.75' 48.75 7.5 48.75
p=1(0.8;0.212; 0.276),¢ (56)

x eP=¢98=0.45 (57)
x (7.5;1;1),2e P =(7.5;1;1),; X 0.45 = (3.375;0.45; 0.45),, (58)
x (7.5;1;1),p —(7.5;1;1),2e P =(75;1;1),z —(3.375;0.45; 0.45),,
=(4.125;1.45; 1.45);, (59)

* (6;1;1) 2+ (7.5;1;1) 2P —(7.5;1; 1),
=(6;1;1),x +(3.375;0.45; 0.45),p — (7.5;1; 1),z
=(9.375;1.45; 1.45), — (7.5;1;1)¢
=(1.875;2.45; 2.45);, (60)
* ((7.5;1;1)0)% = (7.5;1; 1) X (7.5;1; 1)
=(56.25;75+75—1; 7.5+ 7.5+ 1),z
=(56.25;14; 16).z (61)

* ((7.5;1;1),2)%e™? = (56.25;14; 16), X 0.45 = (25.3125;6.3; 7.2);z (62)
x ((7.5;1;1)2)% — ((7.5;1;1)p)%e P = (56.25;14; 16),z — (25.3125;6.3; 7.2).»
=(30.9375;21.2; 22.3);,z  (63)

a) Calculating U
(59) and (55) in (47), we obtain:
_ (4.125;1.45; 1.45),, 4125 4125 1.45 145 4125 145 1.45
u= (7.5;1; 1),z _< 75 ‘63751 75 6375 4875 75 +48.75>LR
=(0.55;0.235; 0.308),

b) Calculation of 4
(59) in (48), we have:
d=(4.125;1.45; 1.45),,
¢) Calculation of N
(56) in (49); we have:
Ng=(0.8;0.212; 0.277),
d) Calculating N,
(60) and (55) in (50), we obtain:
_ (1.875;2.45; 2.45),x _ <1.875 _1.875 245 245 1875 245 2.45>
LR

Ny = (7.5;1; 1),z =\75 ‘6375 75 6375 4875 75 ' 875
=(0.25;0.338; 0.415),,

e) Calculating g

(54) and (63) in (51), we obtain:

Fo = (6;1; 1>LR

$7(30.9375;21.2; 22.3),x
_< 6 1338 N 1 223 1272 N 1 N 21.2>
~130.9375 ' 1647.035 ' 30.9375 1647.035° 301.254  30.9375 ' 301.254/.

=(0.193;0.099; 0.526),,
f) Calculating
(60) and (63) in (53), we obtain:
N (1.875;2.45; 2.45),x
b= (30.9375;21.2; 22.3),5
1.875 . 41.8125 2.45 54.635 . 39.75 2.45 51.94
a <30.9375 "1647.035 + 30.9375 1647.035 ° 301.254 + 30.9375 + 301.254>LR
=(0.060;0.001; 0.384),,
Thus, according to relation (35), the kernels (or modes) of U; d; Ni; IVf; ts and £ are respectively
0.55; 4.125; 0.8; 0.25; 0.193 and 0.060.
According to relation (36), their supports are the following open intervals:
Supp(TU) =10.55—0.23 ; 0.55+ 0.308[ = ]0.315 ; 0.858]
Supp(d) = 14.125 — 1.45 ; 4.125 + 1.45[ = ]2.675 ; 5.575[
Supp(Ns) =10.8 —0.212 ; 0.8+ 0.276[ =]0.588 ; 1.076[
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Supp(N;) =10.25 - 0.338 ; 0.25 + 0.415[ =]-0.088 ; 0.665[
Supp(£g) = 10.193 — 0.099 ; 0.193 + 0.526[ = ]0.094 ; 0.719]
Supp(£r) =10.060 — 0.001 ; 0.060 + 0.384[ =]—0.059 ; 0.444[

Variants introduced by the L — R method

In steady state, the L — R method introduces some variations in the treatment of queueing systems with
a priori impatience as follows:
- The performance indicators are fuzzy numbers of the same L — R type and not average values as for ordinary
queueing systems with a priori impatience;
- The L- R notations of these indicators contain real numbers of the L — R type denoted (m ; a ; b);
- The supports of these indicators are open intervals where the bounds are real numbers;
- The modes of these indicators are real numbers that correspond exactly to average values for ordinary
queueing systems with a priori impatience.

VIIL. Conclusion

The aim of this article was to analyze the performance of the Markovian fuzzy queueing system
FM/FM/1 with a priori impatience, in steady state, using the L-R method.

To achieve this, we reviewed some concepts of fuzzy set theory that can facilitate the study of this
system in order to evaluate the performance indicators. In this article, we only used triangular fuzzy numbers
and L-R fuzzy numbers. The main tool we relied on is the mathematical approach to L-R fuzzy numbers. This
approach is based on the arithmetic of L-R fuzzy numbers, using two approximations, the tangent
approximation and the secant approximation, for calculating the product and the quotient. However, in this
study, we only used the secant approximation simply because it yields the same results as those provided by
other approaches in terms of supports and modal values. A numerical application is discussed to illustrate the
validity and practicability of this approach.

From this numerical application, it emerged that all the performance indicator values similar to those
calculated using the classical model were obtained. Each indicator is characterized by its support and its mode.
The fuzzy state of these performance indicators shows that a Markovian queueing system with impatient
customers in which imprecise information is introduced maintains this imprecision throughout its process.
Compared to the results obtained in a classical model, those obtained in a fuzzy model are more informative and
more realistic.
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