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Abstract: 
This article aims to analyze the performance of the fuzzy Markovian queueing system FM/FM/1 with a priori 

impatience using the L-R method. Kolmogorov's differential equations, also known as equilibrium or balance 

equations, will allow us to obtain the fuzzy state probabilities of the system in steady state, considered as 

probabilistic indicators of the system's performance. The recursive method will help us achieve this. We will 

then use these fuzzy state probabilities to determine the system's performance indicators. By performance 

indicators, we cite the fuzzy server utilization rate, the fuzzy system throughput, the fuzzy average number of 

customers in the system, the fuzzy average number of customers in the queue, the fuzzy average dwell time, and 

the fuzzy average time in the queue. The originality of this article lies in the fact that we evaluate the 

performance of the system using the mathematical approach of fuzzy numbers of the L-R type. This is an 

approach based solely on the arithmetic of L-R fuzzy numbers. Since the calculation of the product and the 

quotient is made possible by the use of two approximations, the tangent approximation and the secant 

approximation, in this article, only the secant approximation will be used because it provides the same results 

as other methods regarding both supports and modes. This approach appears short and efficient when the fuzzy 

variables defining the system are fuzzy numbers of the same L-R type, and it provides exact values of the 

supports and modes of the performance indicators. A numerical application is discussed to illustrate the validity 

and practicability of this approach. 
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I. Introduction 
Nowadays, with the rapid development of science and technology, machines are gradually replacing 

human workers. Examples include ATMs, robots at intersections, etc. 

Queueing theory and Markov processes have laid a solid foundation for the management of service 

operation and production systems and have attracted widespread attention. However, in practice, classical 

models are difficult to implement on a large scale in real production systems due to their lack of flexibility. 

Therefore, researching a new queueing model that takes customer impatience into account within the 

system is of paramount importance. This theory was developed to provide models for predicting the behavior of 

systems attempting to provide service for randomly occurring requests [1]. 

Queues are phenomena we encounter daily [2]. Much research has been conducted on queueing 

systems to improve service quality, that is, to better manage customers (if they are people waiting) or requests 

(if they are processing computer data). 

In studying queueing systems, the main objective is to understand the situations that arise in their 

management [3]. Queue systems with impatient customers are studied along several dimensions. The concept of 

impatience was proposed by [4], [5] and [6]. To characterize impatient customer behavior, in the literature, 

there are three terminologies used in the queueing system, namely, balking, defined as the decision not to join 
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the queue at all; reneging, defined as joining a queue but leaving without being served; and recall or return or 

feedback, defined as a customer dissatisfied with the quality of service who decides to leave the queue to 

request or complete the service after a random time [3]. The queueing model proposed by this article is 

applicable to a variety of fields, including manufacturing, production, communication, transportation and 

networks, restaurants, bank or retail counters, ATMs, parks, and others. 

In this article, hesitation behavior, otherwise known as a priori impatience, is considered. Ancker, [7] 

conducted a brief investigation of consumer impatient behavior in various queueing situations. The analysis of 

the M/M/1 model of finite queue length with customers who refuse and give up is carried out by [8]. Customer 

impatience behavior is carried out by [9] in multi-server Markov queues where impatience depends on the state. 

The M/M/2/N queue with refusal, refusal, and Bernoulli feedback is analyzed by [10], where the customer who 

refuses can remain in the system. In the following, we use only triangular fuzzy numbers and L-R fuzzy 

numbers. 

Furthermore, impatience is the most important characteristic when customers want to receive a service 

that requires them to queue. In fact, in real life, we always feel anxious and impatient when waiting for a 

service. Unfortunately, many researchers ignore the impatience factor when studying queueing systems in order 

to accurately model reality. 

In many realistic situations, statistical information is represented in linguistic language with qualitative 

data such as high, medium, low, and others, rather than by a probability distribution. Thus, fuzzy queueing 

systems that can adapt to the ambiguities of human language and logic in the real world are more practical than 

classical queueing systems. In turn, fuzzy Markovian queueing systems with impatient customers are more 

practical than ordinary Markovian queueing systems with impatient customers. In classical queueing theory, for 

example, it is generally assumed that the time between two successive arrivals and the service time follow a 

specific probability distribution, whereas in the real world, this type of information is expressed in words [11] 

and [12] 

In this paper, we propose the use of a scientific approach called “L – R method”. It is an approach for 

calculating the performance indicators of a fuzzy queueing system. It is essentially based on the arithmetic of 

fuzzy numbers of type L – R. Since multiplication and division are open operations on fuzzy numbers of type L 

– R, the calculation of the product and the quotient of these fuzzy numbers is made possible by the use of two 

approximations called tangent approximation and secant approximation. Among the two, the secant 

approximation seems the best because it gives the same results as those obtained by other methods with regard 

to both supports and modes. Thus, in this work, the L – R method will always be restricted to the secant 

approximation because it gives exact values of the performance indicators. However, the L – R method is 

designed on the basis of expressing these performance indicators using supports and modal values. This is a 

short and efficient method when the fuzzy variables that define the system are fuzzy numbers of the same type 

L-R. The most commonly used fuzzy numbers for this type of study are triangular and trapezoidal fuzzy 

numbers [13], but we will only use triangular fuzzy numbers. 

 

Our fundamental problem in this article revolves around the following questions: 

Can the mathematical approach of L-R fuzzy numbers facilitate the performance analysis of the 

Markovian fuzzy queueing system FM/FM/1 with a priori impatience? 

What are the performance indicators that can optimize management while reducing waiting times in 

this system? How can they be calculated? 

 

Provisional answers to these questions can be formulated as follows: 

First, the mathematical approach of L-R fuzzy numbers and its arithmetic would be indispensable for 

analyzing the performance of this system simply because no parametric nonlinear program is required in its 

application, not to mention its weaknesses related to the fact that it is only applicable if the parameters of the 

queueing system are fuzzy numbers of the same L-R type. 

Second, optimizing management by reducing waiting times in the system would be possible by 

evaluating performance indicators using mathematical tools such as convergent geometric series, fuzzy 

Kolmogorov equations, the fuzzy Little formula, the recursive method, fuzzy Markov chains, the L-R fuzzy 

number approach and its arithmetic. 

The remainder of this article is organized as follows: Section 2 presents some preliminaries necessary 

for L-R fuzzy number arithmetic. Section 3 reviews the L-R method. Section 4 analyzes the performance of the 

FM/FM/1 queueing system with a priori impatience. Section 5 discusses a numerical application. Section 6 

concludes the study. 
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II. Material And Methods 
Preliminaries 

Fuzzy Subset 

Definition 1: [14], [15] and [13], consider 𝑋 a reference set or a universe. A fuzzy subset 𝐴̃  (Fuzzy set) of X is 

defined by the membership function 𝜇𝐴(𝑥) ∶  𝑋 → [0, 1]. We denote 

𝑨̃ = {(𝒙, 𝝁𝑨̃(𝒙) ∕ 𝒙 ∈ 𝑿)}                     (1) 

Definition 2: [16], [17], [18] and [19], Consider 𝐴̃   a fuzzy subset in the universe X. The support 𝑆𝑢𝑝𝑝(𝐴̃ ), 

the height ℎ(𝐴̃ ), the kernel 𝑁𝑜𝑦(𝐴̃ ) and the alpha-cut 𝐴̃𝛼 are numbers defined respectively ∀ 𝛼 ∈ [0 ,1] by: 

𝑺𝒖𝒑𝒑(𝑨̃) = {𝒙 ∈ 𝑿 ∕ 𝝁𝑨̃(𝒙) > 𝟎}                                  (2) 

𝒉(𝑨̃) = 𝑺𝒖𝒑{ 𝝁𝑨̃(𝒙) / 𝒙 ∈ 𝑿}                                        (3) 

𝑵𝒐𝒚(𝑨̃) = {𝒙 ∈ 𝑨 𝝁𝑨̃(𝒙)⁄ = 𝟏}                                     (4) 

𝑨̃𝜶 = {𝒙 ∈ 𝑿 ∕ 𝝁𝑨̃(𝒙) ≥ 𝜶}                                              (5) 

According to [20], the membership function of a fuzzy subset 𝐴̃ can be expressed in terms of the 

characteristic functions of its alpha-cuts by the relation 

𝝁𝑨̃(𝒙) = 𝐒𝐮𝐩
𝜶∈[𝟎 ,𝟏]

𝐦𝐢𝐧{𝜶, 𝝁𝑨̃𝜶
(𝒙)}          (6) 

where 

𝜇𝐴𝛼
(𝑥) = {1   𝑠𝑖   𝑥 ∈ 𝐴̃𝛼

0   𝑠𝑖𝑛𝑜𝑛        
 

Definition 3: [21], [17], [19] and [22]; A fuzzy subset 𝐴̃ is said to be normal or normalized if and only if 

ℎ(𝐴̃ ) = 1 and is convex if and only if 

∀𝒙𝟏, 𝒙𝟐 ∈ 𝑿 𝒆𝒕 𝝀 ∈ [𝟎; 𝟏],   𝝁𝑨̃[𝝀𝒙𝟏 + (𝟏 − 𝝀)𝒙𝟐] ≥ 𝒎𝒊𝒏[𝝁𝑨̃(𝒙𝟏), 𝝁𝑨̃(𝒙𝟐)]    (7) 

 

Fuzzy Number 

Definition 4: [18], A fuzzy subset 𝐴̃  defined over the universe ℝ of real numbers is a fuzzy number if its 

membership function 𝜇𝐴(𝑥) ∶  ℝ → [0, 1] satisfies the following conditions: 

1. 𝜇𝐴 is convex; 

2. 𝜇𝐴 is normal, i.e., there exists an 𝑥 ∈ ℝ such that 𝜇𝐴(𝑥) = 1; 

3. 𝐴̃  is upper semicontinuous; 

4. 𝑆𝑢𝑝𝑝(𝐴̃) is bounded in ℝ. 

 

Definition 5: [23], A fuzzy number 𝐴̃ is said to be positive (resp. negative) if, and only if,      𝜇𝐴(𝑥) = 0, ∀𝑥 <
0 (resp. 𝜇𝐴(𝑥) = 0, ∀𝑥 > 0). This is denoted 𝐴̃ > 0 (resp. 𝐴̃ < 0); 

If 𝐴̃ is a fuzzy interval, any real number m such that 𝜇𝐴(𝑚) = 1 is said to be a modal value or mode or 

even a mean value of 𝐴̃. In this case, 𝑁𝑜𝑦(𝐴̃)  is the set of modal values of A ̃. 

 

Definition 6: [20], Consider 𝐴̃ and 𝐵̃ two fuzzy numbers. 𝐴̃ is strictly less than 𝐵̃ if, and only if, 

∀ 𝑥 ∈ 𝑠𝑢𝑝𝑝(𝐴̃), ∀ 𝑦 ∈ 𝑠𝑢𝑝𝑝(𝐵̃);         𝑥 < 𝑦 

We denote 

𝑨̃ < 𝑩̃ ⟺ 𝒔𝒖𝒑{𝒔𝒖𝒑𝒑(𝑨̃)} < 𝒊𝒏𝒇{𝒔𝒖𝒑𝒑(𝑩̃)}           (8) 

 

Definition 7: [24] and [25], A fuzzy number 𝐴̃, with membership function 𝜇𝐴̃, is said to be triangular, if there 

exist three real numbers 𝑎 < 𝑏 < 𝑐 such that: 

𝝁𝑨̃(𝒙) = {
(𝒙 − 𝒂) (𝒃 − 𝒂)     𝒊𝒇   𝒂 ≤ 𝒙 ≤ 𝒃⁄

(𝒄 − 𝒙) (𝒄 − 𝒃)     𝒊𝒇   𝒃 < 𝒙 ≤ 𝒄⁄

        𝟎                        𝑶𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆    

                  (9) 

where 𝑏 is the unique modal value of 𝐴̃ ; that is, 𝜇𝐴(𝑏) = 1. 

 

 

Definition 8: [26], [27] and [14], A fuzzy number Ã is said to be of type 𝐿 − 𝑅 if, and only if, there exist three 

real numbers 𝑚, 𝑎 > 0, 𝑏 > 0  and two positive, continuous and decreasing functions 𝐿 and 𝑅 of ℝ in the unit 

interval [0, 1] such that: 

𝑳(𝟎) = 𝑹(𝟎) = 𝟏                                                                            (10) 

𝑳(𝟏) 𝒐𝒖 𝑳(𝒙) > 𝟎, ∀ 𝒙 ∈ ℝ   𝒘𝒊𝒕𝒉  𝐥𝐢𝐦
𝒙→+∞

𝑳(𝒙) = 𝟎      (11) 

𝑹(𝟏) 𝒐𝒖 𝑹(𝒙) > 𝟎, ∀ 𝒙 ∈ ℝ   𝒘𝒊𝒕𝒉  𝐥𝐢𝐦
𝒙→+∞

𝑹(𝒙) = 𝟎      (12) 
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𝝁𝑨̃(𝒙) = {
𝑳[(𝒎 − 𝒙) 𝒂⁄ ]     𝒊𝒇   𝒙 ∈ [𝒎 − 𝒂, 𝒎]

𝑹[(𝒙 − 𝒎) 𝒃⁄ ]     𝒊𝒇  𝒙 ∈ [𝒎, 𝒎 + 𝒃]

       𝟎                    𝑶𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆            

                     (13) 

where 𝑚 is the modal value or mode of 𝐴̃ ; 𝑎 and 𝑏 are called left and right spreads or deviations of 𝐴̃, 

respectively. 

The fuzzy number 𝐴̃ of 𝐿 − 𝑅 type is often specified using the notation            𝑨̃ = 〈𝒎, 𝒂, 𝒃〉𝑳𝑹 ; 

𝐴̃ = 〈𝑚, 𝑎, 𝑏〉𝐿𝑅 is called the 𝐿 − 𝑅 representation or the 𝐿 − 𝑅 notation or the 𝐿 − 𝑅 form of 𝐴̃. 

The family of fuzzy numbers of 𝐿 − 𝑅 type is denoted 𝓕̃𝑳𝑹(ℝ). 

 

Arithmetic on Fuzzy Numbers 

Arithmetic on Intervals 

Definition 9: [28], consider two ordinary closed intervals [𝑎1, 𝑎2]  and [𝑏1, 𝑏2] of ℝ. We define the arithmetic 

operation ∗ on these two intervals by the following relation: 

[𝒂𝟏  ;   𝒂𝟐] ∗ [𝒃𝟏  ;   𝒃𝟐] = {𝒂 ∗ 𝒃 𝒂𝟏 ≤ 𝒂 ≤ 𝒂𝟐  𝒆𝒕  𝒃𝟏 ≤ 𝒃 ≤ 𝒃𝟐⁄ }      (14) 

where division is possible only if zero does not belong to [𝑏1, 𝑏2]. 
In the case of the operations +; −; ×  𝑎𝑛𝑑 ÷  ; the equality (14) simplifies as follows: 

[𝒂𝟏  ;   𝒂𝟐] + [𝒃𝟏  ;   𝒃𝟐] = [𝒂𝟏 + 𝒃𝟏;  𝒂𝟐 + 𝒃𝟐 ]             (15) 

[𝒂𝟏  ;   𝒂𝟐] − [𝒃𝟏  ;   𝒃𝟐] = [𝒂𝟏 − 𝒃𝟐;  𝒂𝟐 − 𝒃𝟏 ]             (16) 

𝝀[𝒂𝟏  ;   𝒂𝟐] = {
[𝝀𝒂𝟏  ;   𝝀𝒂𝟐]   𝒔𝒊   𝝀 ≥ 𝟎
[𝝀𝒂𝟐  ;   𝝀𝒂𝟏]   𝒔𝒊   𝝀 < 𝟎

                         (17) 

[𝒂𝟏  ;   𝒂𝟐] × [𝒃𝟏  ;   𝒃𝟐] = [𝒎𝒊𝒏 𝑷;  𝒎𝒂𝒙 𝑷 ]                 (18) 

𝑤ℎ𝑒𝑟𝑒  𝑷 = (𝒂𝟏𝒃𝟏;  𝒂𝟏𝒃𝟐;  𝒂𝟐𝒃𝟏 ;  𝒂𝟐𝒃𝟐) 

[𝒂𝟏  ;   𝒂𝟐]−𝟏 = [𝒎𝒊𝒏 (
𝟏

𝒂𝟐

;  
𝟏

𝒂𝟏

)  ;   𝒎𝒂𝒙 (
𝟏

𝒂𝟐

;  
𝟏

𝒂𝟏

)]      (19) 

[𝒂𝟏  ;   𝒂𝟐]

[𝒃𝟏  ;   𝒃𝟐]
= [𝒎𝒊𝒏 𝑯 ; 𝒎𝒂𝒙 𝑯]    𝑤ℎ𝑒𝑟𝑒     𝑯 = (

𝒂𝟏

𝒃𝟏

;  
𝒂𝟏

𝒃𝟐

;
𝒂𝟐

𝒃𝟏

;  
𝒂𝟐

𝒃𝟐

)                 (20) 

Furthermore, if the above intervals are defined in the set of positive real numbers ℝ+, the multiplication, 

division and inverse interval operations can still be written as follows: 
[𝒂𝟏  ;   𝒂𝟐] × [𝒃𝟏  ;   𝒃𝟐] = [𝒂𝟏𝒃𝟏  ;  𝒂𝟐𝒃𝟐]         (21) 
[𝒂𝟏  ;   𝒂𝟐]

[𝒃𝟏  ;   𝒃𝟐]
= [

𝒂𝟏

𝒃𝟐

;  
𝒂𝟐

𝒃𝟏

]                                           (22) 

[𝒂𝟏  ;   𝒂𝟐]−𝟏 = [
𝟏

𝒃𝟐

;  
𝟏

𝒃𝟏

]                                      (23) 

 

Arithmetic of alpha-cuts 

Definition 10: [16], Consider 𝐴̃ and 𝐵̃ two fuzzy subsets of the respective 𝛼 − 𝑐𝑢𝑡𝑠 𝐴̃𝛼 = [𝐴𝛼
𝐿 , 𝐴𝛼

𝑈] and 𝐵̃𝛼 =
[𝐵𝛼

𝐿 , 𝐵𝛼
𝑈] ; with 𝛼 ∈ [0 ;  1]. The four operations ⊕; ⊖; ⊙  𝑎𝑛𝑑 ⊘  is carried out on 𝐴̃𝛼 and 𝐵̃𝛼, according to 

Hanss, M., (2005) and Klir, J. G., (1995), by passing to their 𝛼 − 𝑐𝑢𝑡𝑠 in the following way: 

(𝑨̃ ⊕ 𝑩̃)
𝜶

= 𝑨̃𝜶 + 𝑩̃𝜶 = [𝐴𝛼
𝐿 , 𝐴𝛼

𝑈] + [𝐵𝛼
𝐿 , 𝐵𝛼

𝑈]                    (24) 

(𝑨̃ ⊖ 𝑩̃)
𝜶

= 𝑨̃𝜶 − 𝑩̃𝜶 = [𝐴𝛼
𝐿 , 𝐴𝛼

𝑈] − [𝐵𝛼
𝐿 , 𝐵𝛼

𝑈]                    (25) 

(𝑨̃ ⊙ 𝑩̃)
𝜶

= 𝑨̃𝜶 ∙ 𝑩̃𝜶 = [𝐴𝛼
𝐿 , 𝐴𝛼

𝑈] ∙ [𝐵𝛼
𝐿 , 𝐵𝛼

𝑈]                    (26) 

(𝑨̃ ⊘ 𝑩̃)
𝜶

=
𝑨̃𝜶

𝑩̃𝜶

=
[𝐴𝛼

𝐿 , 𝐴𝛼
𝑈] 

[𝐵𝛼
𝐿 , 𝐵𝛼

𝑈] 
                                              (27) 

Remark 1: The alpha – cuts of relations (24); (25); (26) and (27) are determined by using interval arithmetic 

formulated in relations (15); (16); (18) and (20). 

 

Alpha-Cut and Interval Arithmetic 

Definition 11: [29] and [30], Performing fuzzy arithmetic using alpha-cut and interval arithmetic involves 

successively using: 

- Relations (15); (16); (18) and (20) for defuzzification; 

- Relations (24); (25); (26) and (27) for ordinary computations on closed real intervals; 

- Relation (6) for fuzzification. 

 

Arithmetic of 𝑳 − 𝑹 Fuzzy Numbers 

1°) Addition and Subtraction 

Definition 12: [14] and [16], showed that if 𝐴̃ = 〈𝑚, 𝑎, 𝑏〉𝐿𝑅 and 𝐵̃ = 〈𝑛, 𝑐, 𝑑〉𝐿𝑅  are two fuzzy numbers of the 

same 𝐿 − 𝑅 type, then their sum and difference are fuzzy numbers of the 𝐿 − 𝑅 type given respectively by: 
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𝑨̃ ⊕ 𝑩̃ = 〈𝒎 + 𝒏, 𝒂 + 𝒄, 𝒃 + 𝒅〉𝑳𝑹              (28) 

𝑨̃ ⊖ 𝑩̃ = 〈𝒎 − 𝒏, 𝒂 + 𝒅, 𝒃 + 𝒄〉𝑳𝑹              (29) 

2°) Multiplication of fuzzy numbers of the 𝑳 − 𝑹 type 

Definition 13: Secant approximation [14] and [16], consider two numbers fuzzy numbers 𝐴̃ and 𝐵̃ of the same 

𝐿 − 𝑅 type, 

𝐴̃ = 〈𝑚, 𝑎, 𝑏〉𝐿𝑅    and       𝐵̃ = 〈𝑛, 𝑐, 𝑑〉𝐿𝑅 

Dubois and Prade arrived at the global formula for the multiplication of fuzzy numbers of 𝐿 − 𝑅 type (𝐴̃ >

0; 𝐵̃ > 0): 

〈𝒎, 𝒂, 𝒃〉𝑳𝑹 ⊙ 〈𝒏, 𝒄, 𝒅〉𝑳𝑹 ≃ 〈𝒎𝒏; 𝒎𝒄 + 𝒏𝒂 − 𝒂𝒄;  𝒎𝒅 + 𝒏𝒃 + 𝒃𝒅〉𝑳𝑹              (30) 

3°) Division of 𝑳 − 𝑹 fuzzy numbers 

Definition 14: Secant approximation of the inverse [16] 

The secant approximation of the inverse of a positive 𝐿 − 𝑅 fuzzy number, 𝐵̃ = 〈𝑛, 𝑐, 𝑑〉𝐿𝑅 is defined by 

𝑩̃−𝟏 ≃ 〈𝟏 𝒏⁄ ; 𝒅 𝒏(𝒏 + 𝒅)⁄ ; 𝒄 𝒏(𝒏 − 𝒄)⁄ 〉𝑹𝑳              (31) 

If 𝐴̃ = 〈𝑚, 𝑎, 𝑏〉𝐿𝑅 and 𝐵̃ = 〈𝑛, 𝑐, 𝑑〉𝐿𝑅  are two fuzzy numbers of the same 𝐿 − 𝑅 type, Hanss defined the secant 

approximation of the quotient of these numbers as follows: 

𝑨̃

𝑩̃
= 〈

𝒎

𝒏
; 

𝒎𝒅

𝒏(𝒏 + 𝒅)
+

𝒂

𝒏
−

𝒂𝒅

𝒏(𝒏 + 𝒅)
; 

𝒎𝒄

𝒏(𝒏 − 𝒄)
+

𝒃

𝒏
+

𝒃𝒄

𝒏(𝒏 − 𝒄)
〉𝑳𝑹          (32) 

 

III. Left-Right Method (𝐋 − 𝐑 Method) 
Description 

Consider a fuzzy Markov queueing system whose rates are fuzzy numbers of the same 𝐿 − 𝑅 type, denoted: 

𝓋̃1;  𝓋̃2;  ⋯ ; 𝓋̃𝑛 ; and that the performance indicator that we wish to calculate is designated by 𝜁 . In the 

classical model, this indicator and these rates are denoted respectively by 𝜁 and 𝓋1 ; 𝓋2;  … ; 𝓋𝑛. 

The formula for 𝜁 in the classical model is given by: 

𝜻 = 𝒈(𝓿𝟏 ; 𝓿𝟐;  … ; 𝓿𝒏)                    (33) 

where 𝑔 is a function with 𝑛 real variables defined using the fundamental operations +; − ; ÷   𝑎𝑛𝑑 ×  in ℝ ; 

while in the fuzzy model, this same formula is written: 

𝜻̃ = 𝒈̃(𝓿̃𝟏;  𝓿̃𝟐;  ⋯ ; 𝓿̃𝒏)            (34) 

where 𝑔̃ is a function with n fuzzy variables, defined using the fuzzy operations ⊕; ⊖; ⊗ 𝑎𝑛𝑑 ⊘  in  ℱ̃(ℝ)  . 

To determine 𝜁 using the 𝐿– 𝑅 method, we proceed as follows: 

Procedure: 

Step 1: Determine the 𝐿– 𝑅 writings of all fuzzy rates and substitute them in (34). 

Step 2: Apply 𝐿– 𝑅 fuzzy number arithmetic to the expression found in the previous step. In this case, only 

formulas suitably chosen from relations (28); (29); (30) and (32) help us. Regarding the formulas for 

multiplication and division, we only need those from the secant approximation, which lead to the exact modal 

values and supports of the desired performance indicators [Mukeba, J. P., (2015)] and [Alonge, W. J., & al., 

(2023)]. 

Step 3: According to this arithmetic, the final expression to be obtained is a fuzzy function approximately equal 

to the 𝐿 –  𝑅 fuzzy function, given by 

𝜻̃ = 〈𝒎;  𝝋;  𝝎〉𝑳𝑹                    (35) 

where 𝑚 is the modal value of 𝜁 , and 𝜑  and  𝜔 represent its left and right deviations, respectively. The support 

of 𝜁 in this case is the interval: 

𝑺𝒖𝒑𝒑(𝜻̃) = ]𝒎 − 𝝋 ;   𝒎 + 𝝎[              (36) 

Step 4: (Final Result): The desired performance indicator is a fuzzy number whose support is the open interval 

with bounds 𝑚 − 𝜑 and  𝑚 + 𝜔 ; and with a modal value 𝑚. In other words, this performance indicator is 

approximately between 𝑚 − 𝜑 and  𝑚 + 𝜔. Its most frequent value is the mode 𝑚. 

 

IV. Performance Of The FM / FM / 1 System With A Priori Impatience 
System Description 

The fuzzy 𝐹𝑀 / 𝐹𝑀 / 1 queueing system with a priori impatience is a single-server fuzzy Markovian queueing 

system. It is modeled by a homogeneous life and death process with fuzzy birth rates 𝜆̃𝑘   and fuzzy death rates 

𝜇̃𝑘 defined respectively by 

𝜆̃𝑘 = 𝜆̃ ;   𝜆̃ > 0     𝑎𝑛𝑑    𝜇̃𝑘 = 𝑘𝜇̃           𝑓𝑜𝑟  𝑘 = 0; 1; … 

 

Model Assumptions (or Characteristics) 

The 𝐹𝑀 / 𝐹𝑀 / 1 fuzzy queueing system with a priori impatience has the same characteristics as the 𝑀 / 𝑀 / 1 

model. However, the state probabilities 𝑝𝑘 are replaced by the fuzzy state probabilities 𝑝𝑘. 
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Steady-State Analysis 

Theorem 1: 

Let 𝑝𝑘 , be the steady-state fuzzy state probabilities of the 𝐹𝑀 / 𝐹𝑀 / 1 system with a priori impatience, with 

respective rates 𝜆̃𝑘 = 𝜆̃ and 𝜇̃𝑘 = 𝑘𝜇̃    𝑓𝑜𝑟  𝑘 = 0; 1; …  Then: 

𝒑̃𝒌 =
𝝆̃𝒌

𝒌!
𝒆−𝝆̃    𝑓𝑜𝑟  𝑘 = 0; 1; …         𝑎𝑛𝑑       𝒑̃𝟎 = 𝒆−𝝆̃ 

Proof: The Kolmogorov fuzzy differential equations of a steady-state life and death process are given by: 

{
𝟎 = 𝝀̃𝒌−𝟏𝒑̃𝒌−𝟏 − (𝝀̃𝒌 + 𝝁̃𝒌)𝒑̃𝒌 + 𝝁̃𝒌+𝟏𝒑̃𝒌+𝟏                                  (37)

𝟎 = −𝝀̃𝟎𝒑𝟎 + 𝝁̃𝟏𝒑𝟏                                                                              (38)
 

Replacing 𝜆̃𝑘 and 𝜇̃𝑘 by their values in (37) and (38), we obtain the following system of equations: 

{
𝟎 = 𝝀̃𝒑̃𝒌−𝟏 − (𝝀̃ + 𝒌𝝁̃)𝒑̃𝒌 + (𝒌 + 𝟏)𝝁̃𝒑̃𝒌+𝟏           (39)

𝟎 = 𝝁̃𝒑̃𝟏 − 𝝀̃𝒑̃𝟎                                                             (40)
 

(39) and (40) determine a recurrent system by which: 

𝒑̃𝟏 =
𝝀̃

𝝁̃
𝒑̃𝟎                          (41)

𝒑̃𝟐 =
𝟏

𝟐
(

𝝀̃

𝝁̃
)

𝟐

𝒑̃𝟎                (42)

⋮                                           

𝒑̃𝒌 =
𝟏

𝒌!
(

𝝀̃

𝝁̃
)

𝒌

𝒑̃𝟎              (43)

 

Let 

𝒑̃𝒌 =
𝝆̃𝒌

𝒌!
𝒑̃𝟎                   𝑤𝑖𝑡ℎ  𝝆̃ =

𝝀̃

𝝁̃
      (44) 

Introducing the normalization condition  1
0

=
+

=k

kp  , a condition associated with relation (44), gives us: 

∑
𝜌̃𝑘

𝑘!

+∞

𝑘=0

𝑝0 = 1     ⟹   




~

~

0

0

1

!

~
1~ −

+

=

===


e

e

k

p

k

k
 

Thus, 

𝒑̃𝟎 = 𝒆−𝝆̃                    (45) 

Hence 

𝒑̃𝒌 =
𝝆̃𝒌

𝒌!
𝒆−𝝆̃   𝑝𝑜𝑢𝑟   𝑘 = 0; 1; …       (46)                   ∎ 

Remark 2: If < 1 , then 
𝜆

𝜇̃
< 1    𝑖. 𝑒  𝜆̃ < 𝜇̃  . We have, 𝒐𝒚(𝝀̃) < 𝑵𝒐𝒚(𝝁̃) : Fuzzy ergodicity or stability 

condition. 

 

Performance indicators of the 𝑭𝑴 / 𝑭𝑴 / 𝟏 system with a priori impatience 

Proposition 1: ( Fuzzy server utilization rate: 𝓤̃) 

Let 𝒰̃ be the fuzzy server utilization rate. Then; 

𝓤̃ =
𝝁̃ − 𝝁̃𝒆−𝝆̃

𝝁̃
               (47) 

Proof: Since the fuzzy server utilization rate is defined as the proportion of time during which the server is busy 

over a time interval, we then have: 

𝒰̃ = 1 − 𝑝0, or according to (45), 𝑝0 = 𝑒−𝜌̃ which gives: 𝒰̃ = 1 − 𝑒−𝜌̃. Multiplying the second member of this 

last equation by 𝜇̃ 𝜇̃⁄  , we obtain, 

𝒰̃ = (1 − 𝑒−𝜌̃)
𝜇̃

𝜇̃
=

𝜇̃ − 𝜇̃𝑒−𝜌̃

𝜇̃
    𝑤𝑖𝑡ℎ  𝝆̃ =

𝝀̃

𝝁̃
     𝒇𝒖𝒛𝒛𝒚 𝒕𝒓𝒂𝒇𝒇𝒊𝒄 𝒊𝒏𝒕𝒆𝒏𝒔𝒊𝒕𝒚 

Hence 

𝒰̃ =
𝜇̃ − 𝜇̃𝑒−𝜌̃

𝜇̃
                               ∎ 

Proposition 2: (Fuzzy flow rate of the system: 𝓭̃) 

Let 𝒹̃ be the fuzzy flow rate of the system. Then; 
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𝓭̃ = 𝝁̃ − 𝝁̃𝒆−𝝆̃                 (48) 

Proof: Generally speaking, the flow rate of a system is calculated either by the input into the system (input 

flow rate 𝒅̃𝒆), or by the output from the system (output flow rate 𝒅̃𝒔). In the case of stable systems, these two 

flow rates are equal and we have: 𝓭̃ = 𝓭̃𝒆 = 𝓭̃𝒔. This is also the case with the system under study, for which the 

service is performed with a rate μ ̃ in each state where the system contains at least one customer, we therefore 

have: 

𝒹̃ = (ℙ̃[𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑞𝑢𝑒𝑢𝑒]) × 𝜇 ̃ = ∑ 𝑝𝑘

+∞

𝑘=0

× 𝜇̃ = (1 − 𝑒−𝜌̃) × 𝜇̃ = 𝜇̃ − 𝜇̃𝑒−𝜌̃ 

Hence 

𝒹̃ = 𝜇̃ − 𝜇̃𝑒−𝜌̃                          ∎ 

Proposition 3: (Fuzzy average number of customers in the system: 𝑵̃𝑺) 

Let 𝑁𝑆 be the fuzzy average number of customers in the system. Then; 

𝑵̃𝑺 = 𝝆̃                 (49) 

Proof: Since the fuzzy process {𝑋̃(𝑡) ∶ 𝑡 ≥ 0}  denotes the fuzzy number of customers in the system at a date 𝑡, 

the fuzzy average number of customers in the system in the steady state is the fuzzy mathematical expectation 

of the fuzzy random variable 𝑋̃ ̃. 

We have: 

𝑁𝑆 = 𝐸̃(𝑋̃) = ℙ̃[𝑋̃ ≤ 𝑘] = ∑ 𝑘

+∞

𝑘=0

× 𝑝𝑘 = ∑ 𝑘

+∞

𝑘=0

×
𝜌̃𝑘

𝑘!
× 𝑒−𝜌̃ = 𝑒−𝜌̃ ∑ 𝑘

+∞

𝑘=0

×
𝜌̃𝑘

𝑘!
 

= 𝑒−𝜌̃ ∑
𝜌̃𝑘

(𝑘 − 1)!

+∞

𝑘=0

= 𝑒−𝜌̃ × 𝜌̃ × 𝑒𝜌̃ = 𝜌̃ 

Therefore 

𝑁𝑆 = 𝜌̃                                              ∎ 

Proposition 4: (Fuzzy average number of customers in the queue: 𝑵̃𝒇) 

Let 𝑁𝑓 be the average number of customers in the queue. Then; 

𝑵̃𝒇 =
𝝀̃ + 𝝁̃𝒆−𝝆̃ − 𝝁̃

𝝁̃
               (50) 

Proof: Since the system under study is single-server, the presence of 𝑘 customers in the system implies that 

there are 𝑘 − 1 in the queue. Then 𝑁𝑓, is the theoretical fuzzy mean of the fuzzy random variable 𝑋̃ , with 𝑋̃ 

taking all values between 0 and 𝑘 − 1. 

𝑁𝑓 = 𝐸̃(𝑋̃) = ℙ̃[𝑋̃ ≤ 𝑘 − 1] = ∑(𝑘 − 1)

+∞

𝑘=1

× 𝑝𝑘 = ∑ 𝑘

+∞

𝑘=1

𝑝𝑘 − ∑ 𝑝𝑘

+∞

𝑘=1

 

= ∑ 𝑘

+∞

𝑘=0

𝑝𝑘 − (∑ 𝑝𝑘

+∞

𝑘=0

− 𝑝0) 

Introducing the fuzzy normalization condition  1~

1

=
+

=k

kp   and the relation   
+

=


0

~

k

kpk   i.e. (49) into this 

relation, we find: 

𝑁𝑓 = 𝑁𝑆 − (1 − 𝑝0) = 𝜌̃ − (1 − 𝑒−𝜌̃) = 𝜌̃ + 𝑒−𝜌̃ − 1 =
𝜆̃

𝜇̃
+ 𝑒−𝜌̃ − 1 =

𝜆̃ + 𝜇̃𝑒−𝜌̃ − 𝜇̃

𝜇̃
 

Therefore 

𝑁𝑓 =
𝜆̃ + 𝜇̃𝑒−𝜌̃ − 𝜇̃

𝜇̃
                                           ∎ 

Proposition 5: (Fuzzy average residence time: 𝒕̃𝑺) 

Let  𝑡̃𝑆 be the fuzzy average residence time. Then ; 

𝒕̃𝑺 =
𝝀̃

𝝁̃𝟐 − 𝝁̃𝟐𝒆−𝝆̃
                          (51) 

Proof: Little's fuzzy formula is given by: 𝑵̃𝑺 = 𝒕̃𝑺 × 𝓭̃                (52) 

From (52), we draw 𝑡̃𝑆, we have: 

𝑡̃𝑆 =
𝑁𝑆

𝒹̃
=

𝜌̃

𝜇̃(1 − 𝑒−𝜌̃)
=

𝜆̃
𝜇̃

𝜇̃(1 − 𝑒−𝜌̃)
=

𝜆̃

𝜇̃2(1 − 𝑒−𝜌̃)
=

𝜆̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
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Hence 

𝑡̃𝑆 =
𝜆̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
                             ∎ 

Proposition 6: (Average fuzzy time in the queue: 𝒕̃𝒇) 

Let  𝑡̃𝑓 be the average fuzzy waiting time of customers in the queue. Then; 

𝒕̃𝒇 =
𝝀̃ + 𝝁̃𝒆−𝝆̃ − 𝝁̃

𝝁̃𝟐 − 𝝁̃𝟐𝒆−𝝆̃
                (53) 

Proof: The average fuzzy time spent in the server by each client is 1 𝜇̃⁄  , it is easy to conclude that the average 

fuzzy time spent in the 𝐹𝑀 / 𝐹𝑀 / 1 queue is: 

𝑡̃𝑓 = 𝑡̃𝑆 −
1

𝜇̃
=

𝜆̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
−

1

𝜇̃
=

𝜆̃ − (𝜇̃2 − 𝜇̃2𝑒−𝜌̃)

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
=

𝜆̃ + 𝜇̃𝑒−𝜌̃ − 𝜇̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
 

Therefore 

𝑡̃𝑓 =
𝜆̃ + 𝜇̃𝑒−𝜌̃ − 𝜇̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
                                 ∎ 

 

V. Numerical Application 
Problem: 

In a one-stop commercial bank with infinite capacity and Poissonian arrival and exponential service times, the 

average time between arrivals is about 10 minutes and the average time per service is about 8 minutes. The bank 

operates as a waiting system with a priori impatience. 

 

Questions: 

b.1. Show that the system is ergodic; 

b.2. Determine, in steady state, the fuzzy performance indicators of this system. 

 

Solution: 

Hypothetically, this is a fuzzy queueing system with a priori impatience, of the form 𝐹𝑀 / 𝐹𝑀 / 1 with a single 

server and infinite capacity. In the classical model, the arrival rate is 𝜆 =  1/10 minute, or 𝜆 =  60/10 =  6 

arrivals per hour, and the service rate is 𝜇 =  1/8 minute, or 𝜇 =  60/8 =  7.5 departures per hour. Since the 

arrival rate is about 10 minutes, or about 6 arrivals per hour, and the average rate per service is about 8 minutes, 

or about 7.5 departures per hour, this suggests that these are fuzzy rates. Assuming that these fuzzy rates 𝜆̃ and 

𝜇̃ are triangular fuzzy numbers, we can write: 

𝜆̃ = (5/ 6/ 7 )               𝑎𝑛𝑑        𝜇̃ = (6.5/ 7.5/ 8.5) 

Thus, in a fuzzy model, where the rates 𝜆̃ and 𝜇̃  are fuzzy variables, the performance indicators 

𝒰̃;  𝒹̃; 𝑁𝑆;  𝑁𝑓;  𝑡̃𝑆  and  𝑡̃𝑓 also become fuzzy numbers [see formulas (47); (48); (49); (50); (51) and (53)]. 

 

Resolution by the L – R method 

To evaluate the performance indicators by the L – R method, we proceed as follows: 

1°) Determine the L – R forms of rates 𝜆̃ = (5/ 6 / 7)  and  𝜇̃ = (6.5 / 7.5 / 8.5) ; we have: 

𝝀̃ = 〈𝟔 ; 𝟏 ; 𝟏〉𝑳𝑹            (54)                  𝝁̃ = 〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹               (55) 

2°) Let us show that the system is ergodic: 

We have: 𝑁𝑜𝑦(𝜆̃) < 𝑁𝑜𝑦(𝜇̃) or 6 < 7, hence the system is ergodic or stable and the calculation of the 

performance indicators is possible. 

3°) (54) and (55) in (47); (48); (49); (50); (51) and (53) and apply the formulas of fuzzy number arithmetic of 

type 𝐿 –  𝑅, suitably chosen from formulas (28); (29); (30) and (32), we obtain successively: 

Let us first carry out the required auxiliary calculations: 

∗    𝜌̃ =
𝜆̃

𝜇̃
=

〈6 ; 1 ; 1〉𝐿𝑅

〈7.5 ; 1 ; 1〉𝐿𝑅

= 〈
6

7.5
 ;  

6

63.75
+

1

7.5
−

1

63.75
 ;  

6

48.75
+

1

7.5
+

1

48.75
〉𝐿𝑅 

𝝆̃ = ⟨𝟎. 𝟖 ; 𝟎. 𝟐𝟏𝟐 ;  𝟎. 𝟐𝟕𝟔⟩𝑳𝑹                                                                                   (56) 

∗    𝒆−𝝆̃ = 𝑒−0.8 = 𝟎. 𝟒𝟓                                                                                                             (57) 

∗    〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹𝒆−𝝆̃ = 〈7.5 ; 1 ; 1〉𝐿𝑅 × 0.45 = ⟨𝟑. 𝟑𝟕𝟓 ; 𝟎. 𝟒𝟓 ;  𝟎. 𝟒𝟓⟩𝑳𝑹                   (58) 

∗    〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹 − 〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹𝒆−𝝆̃ = 〈7.5 ; 1 ; 1〉𝐿𝑅 − ⟨3.375 ; 0.45 ;  0.45⟩𝐿𝑅 

= ⟨𝟒. 𝟏𝟐𝟓 ; 𝟏. 𝟒𝟓 ;  𝟏. 𝟒𝟓⟩𝑳𝑹                                (59) 

∗    〈𝟔 ; 𝟏 ; 𝟏〉𝑳𝑹 + 〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹𝒆−𝝆̃ − 〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹 

= 〈6 ; 1 ; 1〉𝐿𝑅 + ⟨3.375 ; 0.45 ;  0.45⟩𝐿𝑅 − 〈7.5 ; 1 ; 1〉𝐿𝑅 

= ⟨9.375 ; 1.45 ;  1.45⟩𝐿𝑅 − 〈7.5 ; 1 ; 1〉𝐿𝑅 
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= ⟨𝟏. 𝟖𝟕𝟓 ; 𝟐. 𝟒𝟓 ;  𝟐. 𝟒𝟓⟩𝑳𝑹                                                                     (60) 

∗    (〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹)𝟐 = 〈7.5 ; 1 ; 1〉𝐿𝑅 × 〈7.5 ; 1 ; 1〉𝐿𝑅 

= ⟨56.25 ; 7.5 + 7.5 − 1 ;  7.5 + 7.5 + 1⟩𝐿𝑅 

= ⟨𝟓𝟔. 𝟐𝟓 ; 𝟏𝟒 ;  𝟏𝟔⟩𝑳𝑹                                                                              (61) 

∗    (〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹)𝟐𝒆−𝝆̃ = ⟨56.25 ; 14 ; 16⟩𝐿𝑅 × 0.45 = ⟨𝟐𝟓. 𝟑𝟏𝟐𝟓 ; 𝟔. 𝟑 ;  𝟕. 𝟐⟩𝑳𝑹     (62) 

∗    (〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹)𝟐 − (〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹)𝟐𝒆−𝝆̃ = ⟨56.25 ; 14 ;  16⟩𝐿𝑅 − ⟨25.3125 ; 6.3 ;  7.2⟩𝐿𝑅 

= ⟨𝟑𝟎. 𝟗𝟑𝟕𝟓 ; 𝟐𝟏. 𝟐 ;  𝟐𝟐. 𝟑⟩𝑳𝑹         (63) 

a) Calculating 𝓤̃ 

(59) and (55) in (47), we obtain: 

𝒰̃ =
⟨4.125 ; 1.45 ;  1.45⟩𝐿𝑅

〈7.5 ; 1 ; 1〉𝐿𝑅

= ⟨
4.125

7.5
 ;

4.125

63.75
+

1.45

7.5
−

1.45

63.75
 ;  

4.125

48.75
+

1.45

7.5
+

1.45

48.75
⟩

𝐿𝑅
 

= ⟨𝟎. 𝟓𝟓 ; 𝟎. 𝟐𝟑𝟓 ; 𝟎. 𝟑𝟎𝟖⟩𝑳𝑹 

b) Calculation of 𝓭̃ 

(59) in (48), we have: 

𝓭̃ = ⟨𝟒. 𝟏𝟐𝟓 ; 𝟏. 𝟒𝟓 ;  𝟏. 𝟒𝟓⟩𝑳𝑹 

c) Calculation of  𝑵̃𝑺 

(56) in (49); we have: 

𝑵̃𝑺 = ⟨𝟎. 𝟖 ; 𝟎. 𝟐𝟏𝟐 ;  𝟎. 𝟐𝟕𝟕⟩𝑳𝑹 

d) Calculating 𝑵̃𝒇 

(60) and (55) in (50), we obtain: 

𝑵̃𝒇 =
⟨1.875 ; 2.45 ;  2.45⟩𝐿𝑅

〈7.5 ; 1 ; 1〉𝐿𝑅

= ⟨
1.875

7.5
 ;

1.875

63.75
+

2.45

7.5
−

2.45

63.75
 ;  

1.875

48.75
+

2.45

7.5
+

2.45

48.75
⟩

𝐿𝑅
 

= ⟨𝟎. 𝟐𝟓 ; 𝟎. 𝟑𝟑𝟖 ; 𝟎. 𝟒𝟏𝟓⟩𝑳𝑹 

e) Calculating  𝒕̃𝑺 

(54) and (63) in (51), we obtain: 

𝒕̃𝑺 =
⟨6 ; 1 ; 1⟩𝐿𝑅

⟨30.9375 ; 21.2 ;  22.3⟩𝐿𝑅

 

= ⟨
6

30.9375
 ;

133.8

1647.035
+

1

30.9375
−

22.3

1647.035
 ;  

127.2

301.254
+

1

30.9375
+

21.2

301.254
⟩

𝐿𝑅
 

= ⟨𝟎. 𝟏𝟗𝟑 ; 𝟎. 𝟎𝟗𝟗 ; 𝟎. 𝟓𝟐𝟔⟩𝑳𝑹 

f) Calculating  𝒕̃𝒇 

(60) and (63) in (53), we obtain: 

𝒕̃𝒇 =
⟨1.875 ; 2.45 ;  2.45⟩𝐿𝑅

⟨30.9375 ; 21.2 ;  22.3⟩𝐿𝑅

 

= ⟨
1.875

30.9375
 ;

41.8125

1647.035
+

2.45

30.9375
−

54.635

1647.035
 ;  

39.75

301.254
+

2.45

30.9375
+

51.94

301.254
⟩

𝐿𝑅
 

= ⟨𝟎. 𝟎𝟔𝟎 ; 𝟎. 𝟎𝟎𝟏 ; 𝟎. 𝟑𝟖𝟒⟩𝑳𝑹 

Thus, according to relation (35), the kernels (or modes) of 𝒰̃; 𝒹̃; 𝑁𝑆;  𝑁𝑓;  𝑡̃𝑆  and  𝑡̃𝑓 are respectively 0.55; 

4.125; 0.8; 0.25; 0.193 and 0.060. 

According to relation (36), their supports are the following open intervals: 

𝑆𝑢𝑝𝑝(𝒰̃) = ]0.55 − 0.23  ;   0.55 + 0.308[ = ]0.315  ;   0.858[ 

𝑆𝑢𝑝𝑝(𝒹̃) = ]4.125 − 1.45  ;   4.125 + 1.45[ = ]2.675  ;   5.575[ 

𝑆𝑢𝑝𝑝(𝑁𝑆) = ]0.8 − 0.212  ;   0.8 + 0.276[ = ]0.588  ;   1.076[ 

𝑆𝑢𝑝𝑝(𝑁𝑓) = ]0.25 − 0.338  ;   0.25 + 0.415[ = ]−0.088  ;   0.665[ 

𝑆𝑢𝑝𝑝(𝑡̃𝑆) = ]0.193 − 0.099  ;   0.193 + 0.526[ = ]0.094  ;   0.719[ 

𝑆𝑢𝑝𝑝(𝑡̃𝑓) = ]0.060 − 0.001  ;   0.060 + 0.384[ = ]−0.059  ;   0.444[ 

 

Variants introduced by the 𝑳 − 𝑹 method 

In steady state, the 𝐿 − 𝑅 method introduces some variations in the treatment of queueing systems with a priori 

impatience as follows: 

- The performance indicators are fuzzy numbers of the same 𝐿 − 𝑅 type and not average values as for 

ordinary queueing systems with a priori impatience; 

- The 𝐿– 𝑅 notations of these indicators contain real numbers of the 𝐿 − 𝑅 type denoted 〈𝑚 ; 𝑎 ; 𝑏〉𝐿𝑅; 

- The supports of these indicators are open intervals where the bounds are real numbers; 

- The modes of these indicators are real numbers that correspond exactly to average values for ordinary 

queueing systems with a priori impatience. 
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VI. Result 
Performance of the FM / FM / 1 System with A Priori Impatience 

System Description 

The fuzzy 𝐹𝑀 / 𝐹𝑀 / 1 queueing system with a priori impatience is a single-server fuzzy Markovian queueing 

system. It is modeled by a homogeneous life and death process with fuzzy birth rates 𝜆̃𝑘   and fuzzy death rates 

𝜇̃𝑘 defined respectively by 

𝜆̃𝑘 = 𝜆̃ ;   𝜆̃ > 0     𝑎𝑛𝑑    𝜇̃𝑘 = 𝑘𝜇̃           𝑓𝑜𝑟  𝑘 = 0; 1; … 

Model Assumptions (or Characteristics) 

The 𝐹𝑀 / 𝐹𝑀 / 1 fuzzy queueing system with a priori impatience has the same characteristics as the 𝑀 / 𝑀 / 1 

model. However, the state probabilities 𝑝𝑘 are replaced by the fuzzy state probabilities 𝑝𝑘. 

 

Steady-State Analysis 

Theorem 1: 

Let 𝑝𝑘 , be the steady-state fuzzy state probabilities of the 𝐹𝑀 / 𝐹𝑀 / 1 system with a priori impatience, with 

respective rates 𝜆̃𝑘 = 𝜆̃ and 𝜇̃𝑘 = 𝑘𝜇̃    𝑓𝑜𝑟  𝑘 = 0; 1; …  Then: 

𝒑̃𝒌 =
𝝆̃𝒌

𝒌!
𝒆−𝝆̃    𝑓𝑜𝑟  𝑘 = 0; 1; …         𝑎𝑛𝑑       𝒑̃𝟎 = 𝒆−𝝆̃ 

Proof: The Kolmogorov fuzzy differential equations of a steady-state life and death process are given by: 

{
𝟎 = 𝝀̃𝒌−𝟏𝒑̃𝒌−𝟏 − (𝝀̃𝒌 + 𝝁̃𝒌)𝒑̃𝒌 + 𝝁̃𝒌+𝟏𝒑̃𝒌+𝟏                                  (37)

𝟎 = −𝝀̃𝟎𝒑𝟎 + 𝝁̃𝟏𝒑𝟏                                                                              (38)
 

Replacing 𝜆̃𝑘 and 𝜇̃𝑘 by their values in (37) and (38), we obtain the following system of equations: 

{
𝟎 = 𝝀̃𝒑̃𝒌−𝟏 − (𝝀̃ + 𝒌𝝁̃)𝒑̃𝒌 + (𝒌 + 𝟏)𝝁̃𝒑̃𝒌+𝟏           (39)

𝟎 = 𝝁̃𝒑̃𝟏 − 𝝀̃𝒑̃𝟎                                                             (40)
 

(39) and (40) determine a recurrent system by which: 

𝒑̃𝟏 =
𝝀̃

𝝁̃
𝒑̃𝟎                          (41)

𝒑̃𝟐 =
𝟏

𝟐
(

𝝀̃

𝝁̃
)

𝟐

𝒑̃𝟎                (42)

⋮                                           

𝒑̃𝒌 =
𝟏

𝒌!
(

𝝀̃

𝝁̃
)

𝒌

𝒑̃𝟎              (43)

 

Let 

𝒑̃𝒌 =
𝝆̃𝒌

𝒌!
𝒑̃𝟎                   𝑤𝑖𝑡ℎ  𝝆̃ =

𝝀̃

𝝁̃
      (44) 

Introducing the normalization condition  1
0

=
+

=k

kp  , a condition associated with relation (44), gives us: 

∑
𝜌̃𝑘

𝑘!

+∞

𝑘=0

𝑝0 = 1     ⟹   




~

~

0

0

1

!

~
1~ −

+

=

===


e

e

k

p

k

k
 

Thus, 

𝒑̃𝟎 = 𝒆−𝝆̃                    (45) 

Hence 

𝒑̃𝒌 =
𝝆̃𝒌

𝒌!
𝒆−𝝆̃   𝑝𝑜𝑢𝑟   𝑘 = 0; 1; …       (46)                   ∎ 

Remark 2: If < 1 , then 
𝜆

𝜇̃
< 1    𝑖. 𝑒  𝜆̃ < 𝜇̃  . We have, 𝒐𝒚(𝝀̃) < 𝑵𝒐𝒚(𝝁̃) : Fuzzy ergodicity or stability 

condition. 

 

Performance indicators of the 𝑭𝑴 / 𝑭𝑴 / 𝟏 system with a priori impatience 

Proposition 1: ( Fuzzy server utilization rate: 𝓤̃) 

Let 𝒰̃ be the fuzzy server utilization rate. Then; 

𝓤̃ =
𝝁̃ − 𝝁̃𝒆−𝝆̃

𝝁̃
               (47) 



Performance Analysis Of A Fuzzy Markovian Queueing System With A Priori Impatience…….  

DOI: 10.9790/5728-2104024559                           www.iosrjournals.org                                                  55 | Page 

Proof: Since the fuzzy server utilization rate is defined as the proportion of time during which the server is busy 

over a time interval, we then have: 

𝒰̃ = 1 − 𝑝0, or according to (45), 𝑝0 = 𝑒−𝜌̃ which gives: 𝒰̃ = 1 − 𝑒−𝜌̃. Multiplying the second member of this 

last equation by 𝜇̃ 𝜇̃⁄  , we obtain, 

𝒰̃ = (1 − 𝑒−𝜌̃)
𝜇̃

𝜇̃
=

𝜇̃ − 𝜇̃𝑒−𝜌̃

𝜇̃
    𝑤𝑖𝑡ℎ  𝝆̃ =

𝝀̃

𝝁̃
     𝒇𝒖𝒛𝒛𝒚 𝒕𝒓𝒂𝒇𝒇𝒊𝒄 𝒊𝒏𝒕𝒆𝒏𝒔𝒊𝒕𝒚 

Hence 

𝒰̃ =
𝜇̃ − 𝜇̃𝑒−𝜌̃

𝜇̃
                               ∎ 

Proposition 2: (Fuzzy flow rate of the system: 𝓭̃) 

Let 𝒹̃ be the fuzzy flow rate of the system. Then; 

𝓭̃ = 𝝁̃ − 𝝁̃𝒆−𝝆̃                 (48) 

Proof: Generally speaking, the flow rate of a system is calculated either by the input into the system (input 

flow rate 𝒅̃𝒆), or by the output from the system (output flow rate 𝒅̃𝒔). In the case of stable systems, these two 

flow rates are equal and we have: 𝓭̃ = 𝓭̃𝒆 = 𝓭̃𝒔. This is also the case with the system under study, for which the 

service is performed with a rate μ ̃ in each state where the system contains at least one customer, we therefore 

have: 

𝒹̃ = (ℙ̃[𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑞𝑢𝑒𝑢𝑒]) × 𝜇 ̃ = ∑ 𝑝𝑘

+∞

𝑘=0

× 𝜇̃ = (1 − 𝑒−𝜌̃) × 𝜇̃ = 𝜇̃ − 𝜇̃𝑒−𝜌̃ 

Hence 

𝒹̃ = 𝜇̃ − 𝜇̃𝑒−𝜌̃                          ∎ 

Proposition 3: (Fuzzy average number of customers in the system: 𝑵̃𝑺) 

Let 𝑁𝑆 be the fuzzy average number of customers in the system. Then; 

𝑵̃𝑺 = 𝝆̃                 (49) 

Proof: Since the fuzzy process {𝑋̃(𝑡) ∶ 𝑡 ≥ 0}  denotes the fuzzy number of customers in the system at a date 𝑡, 

the fuzzy average number of customers in the system in the steady state is the fuzzy mathematical expectation 

of the fuzzy random variable 𝑋̃ ̃. 

We have: 

𝑁𝑆 = 𝐸̃(𝑋̃) = ℙ̃[𝑋̃ ≤ 𝑘] = ∑ 𝑘

+∞

𝑘=0

× 𝑝𝑘 = ∑ 𝑘

+∞

𝑘=0

×
𝜌̃𝑘

𝑘!
× 𝑒−𝜌̃ = 𝑒−𝜌̃ ∑ 𝑘

+∞

𝑘=0

×
𝜌̃𝑘

𝑘!
 

= 𝑒−𝜌̃ ∑
𝜌̃𝑘

(𝑘 − 1)!

+∞

𝑘=0

= 𝑒−𝜌̃ × 𝜌̃ × 𝑒𝜌̃ = 𝜌̃ 

Therefore 

𝑁𝑆 = 𝜌̃                                              ∎ 

Proposition 4: (Fuzzy average number of customers in the queue: 𝑵̃𝒇) 

Let 𝑁𝑓 be the average number of customers in the queue. Then; 

𝑵̃𝒇 =
𝝀̃ + 𝝁̃𝒆−𝝆̃ − 𝝁̃

𝝁̃
               (50) 

Proof: Since the system under study is single-server, the presence of 𝑘 customers in the system implies that 

there are 𝑘 − 1 in the queue. Then 𝑁𝑓, is the theoretical fuzzy mean of the fuzzy random variable 𝑋̃ , with 𝑋̃ 

taking all values between 0 and 𝑘 − 1. 

𝑁𝑓 = 𝐸̃(𝑋̃) = ℙ̃[𝑋̃ ≤ 𝑘 − 1] = ∑(𝑘 − 1)

+∞

𝑘=1

× 𝑝𝑘 = ∑ 𝑘

+∞

𝑘=1

𝑝𝑘 − ∑ 𝑝𝑘

+∞

𝑘=1

 

= ∑ 𝑘

+∞

𝑘=0

𝑝𝑘 − (∑ 𝑝𝑘

+∞

𝑘=0

− 𝑝0) 

Introducing the fuzzy normalization condition  1~

1

=
+

=k

kp   and the relation   
+

=


0

~

k

kpk   i.e. (49) into this 

relation, we find: 

𝑁𝑓 = 𝑁𝑆 − (1 − 𝑝0) = 𝜌̃ − (1 − 𝑒−𝜌̃) = 𝜌̃ + 𝑒−𝜌̃ − 1 =
𝜆̃

𝜇̃
+ 𝑒−𝜌̃ − 1 =

𝜆̃ + 𝜇̃𝑒−𝜌̃ − 𝜇̃

𝜇̃
 

Therefore 
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𝑁𝑓 =
𝜆̃ + 𝜇̃𝑒−𝜌̃ − 𝜇̃

𝜇̃
                                           ∎ 

Proposition 5: (Fuzzy average residence time: 𝒕̃𝑺) 

Let  𝑡̃𝑆 be the fuzzy average residence time. Then ; 

𝒕̃𝑺 =
𝝀̃

𝝁̃𝟐 − 𝝁̃𝟐𝒆−𝝆̃
                          (51) 

Proof: Little's fuzzy formula is given by: 𝑵̃𝑺 = 𝒕̃𝑺 × 𝓭̃                (52) 

From (52), we draw 𝑡̃𝑆, we have: 

𝑡̃𝑆 =
𝑁𝑆

𝒹̃
=

𝜌̃

𝜇̃(1 − 𝑒−𝜌̃)
=

𝜆̃
𝜇̃

𝜇̃(1 − 𝑒−𝜌̃)
=

𝜆̃

𝜇̃2(1 − 𝑒−𝜌̃)
=

𝜆̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
 

Hence 

𝑡̃𝑆 =
𝜆̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
                             ∎ 

Proposition 6: (Average fuzzy time in the queue: 𝒕̃𝒇) 

Let  𝑡̃𝑓 be the average fuzzy waiting time of customers in the queue. Then; 

𝒕̃𝒇 =
𝝀̃ + 𝝁̃𝒆−𝝆̃ − 𝝁̃

𝝁̃𝟐 − 𝝁̃𝟐𝒆−𝝆̃
                (53) 

Proof: The average fuzzy time spent in the server by each client is 1 𝜇̃⁄  , it is easy to conclude that the average 

fuzzy time spent in the 𝐹𝑀 / 𝐹𝑀 / 1 queue is: 

𝑡̃𝑓 = 𝑡̃𝑆 −
1

𝜇̃
=

𝜆̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
−

1

𝜇̃
=

𝜆̃ − (𝜇̃2 − 𝜇̃2𝑒−𝜌̃)

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
=

𝜆̃ + 𝜇̃𝑒−𝜌̃ − 𝜇̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
 

Therefore 

𝑡̃𝑓 =
𝜆̃ + 𝜇̃𝑒−𝜌̃ − 𝜇̃

𝜇̃2 − 𝜇̃2𝑒−𝜌̃
                                 ∎ 

 

VII. Numerical Application 
Problem: 

In a one-stop commercial bank with infinite capacity and Poissonian arrival and exponential service 

times, the average time between arrivals is about 10 minutes and the average time per service is about 8 

minutes. The bank operates as a waiting system with a priori impatience. 

 

Questions: 

b.1. Show that the system is ergodic; 

b.2. Determine, in steady state, the fuzzy performance indicators of this system. 

 

Solution: 

Hypothetically, this is a fuzzy queueing system with a priori impatience, of the form 𝐹𝑀 / 𝐹𝑀 / 1 

with a single server and infinite capacity. In the classical model, the arrival rate is 𝜆 =  1/10 minute, or 𝜆 =
 60/10 =  6 arrivals per hour, and the service rate is 𝜇 =  1/8 minute, or 𝜇 =  60/8 =  7.5 departures per 

hour. Since the arrival rate is about 10 minutes, or about 6 arrivals per hour, and the average rate per service is 

about 8 minutes, or about 7.5 departures per hour, this suggests that these are fuzzy rates. Assuming that these 

fuzzy rates 𝜆̃ and 𝜇̃ are triangular fuzzy numbers, we can write: 

𝜆̃ = (5/ 6/ 7 )               𝑎𝑛𝑑        𝜇̃ = (6.5/ 7.5/ 8.5) 

Thus, in a fuzzy model, where the rates 𝜆̃ and 𝜇̃  are fuzzy variables, the performance indicators 

𝒰̃;  𝒹̃; 𝑁𝑆;  𝑁𝑓;  𝑡̃𝑆  and  𝑡̃𝑓 also become fuzzy numbers [see formulas (47); (48); (49); (50); (51) and (53)]. 

 

 

Resolution by the L – R method 

To evaluate the performance indicators by the L – R method, we proceed as follows: 

1°) Determine the L – R forms of rates 𝜆̃ = (5/ 6 / 7)  and  𝜇̃ = (6.5 / 7.5 / 8.5) ; we have: 

𝝀̃ = 〈𝟔 ; 𝟏 ; 𝟏〉𝑳𝑹            (54)                  𝝁̃ = 〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹               (55) 

2°) Let us show that the system is ergodic: 

We have: 𝑁𝑜𝑦(𝜆̃) < 𝑁𝑜𝑦(𝜇̃) or 6 < 7, hence the system is ergodic or stable and the calculation of the 

performance indicators is possible. 
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3°) (54) and (55) in (47); (48); (49); (50); (51) and (53) and apply the formulas of fuzzy number 

arithmetic of type 𝐿 –  𝑅, suitably chosen from formulas (28); (29); (30) and (32), we obtain successively: 

Let us first carry out the required auxiliary calculations: 

∗    𝜌̃ =
𝜆̃

𝜇̃
=

〈6 ; 1 ; 1〉𝐿𝑅

〈7.5 ; 1 ; 1〉𝐿𝑅

= 〈
6

7.5
 ;  

6

63.75
+

1

7.5
−

1

63.75
 ;  

6

48.75
+

1

7.5
+

1

48.75
〉𝐿𝑅 

𝝆̃ = ⟨𝟎. 𝟖 ; 𝟎. 𝟐𝟏𝟐 ;  𝟎. 𝟐𝟕𝟔⟩𝑳𝑹                                                                                   (56) 

∗    𝒆−𝝆̃ = 𝑒−0.8 = 𝟎. 𝟒𝟓                                                                                                             (57) 

∗    〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹𝒆−𝝆̃ = 〈7.5 ; 1 ; 1〉𝐿𝑅 × 0.45 = ⟨𝟑. 𝟑𝟕𝟓 ; 𝟎. 𝟒𝟓 ;  𝟎. 𝟒𝟓⟩𝑳𝑹                   (58) 

∗    〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹 − 〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹𝒆−𝝆̃ = 〈7.5 ; 1 ; 1〉𝐿𝑅 − ⟨3.375 ; 0.45 ;  0.45⟩𝐿𝑅 

= ⟨𝟒. 𝟏𝟐𝟓 ; 𝟏. 𝟒𝟓 ;  𝟏. 𝟒𝟓⟩𝑳𝑹                                (59) 

∗    〈𝟔 ; 𝟏 ; 𝟏〉𝑳𝑹 + 〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹𝒆−𝝆̃ − 〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹 

= 〈6 ; 1 ; 1〉𝐿𝑅 + ⟨3.375 ; 0.45 ;  0.45⟩𝐿𝑅 − 〈7.5 ; 1 ; 1〉𝐿𝑅 

= ⟨9.375 ; 1.45 ;  1.45⟩𝐿𝑅 − 〈7.5 ; 1 ; 1〉𝐿𝑅 

= ⟨𝟏. 𝟖𝟕𝟓 ; 𝟐. 𝟒𝟓 ;  𝟐. 𝟒𝟓⟩𝑳𝑹                                                                     (60) 

∗    (〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹)𝟐 = 〈7.5 ; 1 ; 1〉𝐿𝑅 × 〈7.5 ; 1 ; 1〉𝐿𝑅 

= ⟨56.25 ; 7.5 + 7.5 − 1 ;  7.5 + 7.5 + 1⟩𝐿𝑅 

= ⟨𝟓𝟔. 𝟐𝟓 ; 𝟏𝟒 ;  𝟏𝟔⟩𝑳𝑹                                                                              (61) 

∗    (〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹)𝟐𝒆−𝝆̃ = ⟨56.25 ; 14 ; 16⟩𝐿𝑅 × 0.45 = ⟨𝟐𝟓. 𝟑𝟏𝟐𝟓 ; 𝟔. 𝟑 ;  𝟕. 𝟐⟩𝑳𝑹     (62) 

∗    (〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹)𝟐 − (〈𝟕. 𝟓 ; 𝟏 ; 𝟏〉𝑳𝑹)𝟐𝒆−𝝆̃ = ⟨56.25 ; 14 ;  16⟩𝐿𝑅 − ⟨25.3125 ; 6.3 ;  7.2⟩𝐿𝑅 

= ⟨𝟑𝟎. 𝟗𝟑𝟕𝟓 ; 𝟐𝟏. 𝟐 ;  𝟐𝟐. 𝟑⟩𝑳𝑹         (63) 

a) Calculating 𝓤̃ 

(59) and (55) in (47), we obtain: 

𝒰̃ =
⟨4.125 ; 1.45 ;  1.45⟩𝐿𝑅

〈7.5 ; 1 ; 1〉𝐿𝑅

= ⟨
4.125

7.5
 ;

4.125

63.75
+

1.45

7.5
−

1.45

63.75
 ;  

4.125

48.75
+

1.45

7.5
+

1.45

48.75
⟩

𝐿𝑅
 

= ⟨𝟎. 𝟓𝟓 ; 𝟎. 𝟐𝟑𝟓 ; 𝟎. 𝟑𝟎𝟖⟩𝑳𝑹 

b) Calculation of 𝓭̃ 

(59) in (48), we have: 

𝓭̃ = ⟨𝟒. 𝟏𝟐𝟓 ; 𝟏. 𝟒𝟓 ;  𝟏. 𝟒𝟓⟩𝑳𝑹 

c) Calculation of  𝑵̃𝑺 

(56) in (49); we have: 

𝑵̃𝑺 = ⟨𝟎. 𝟖 ; 𝟎. 𝟐𝟏𝟐 ;  𝟎. 𝟐𝟕𝟕⟩𝑳𝑹 

d) Calculating 𝑵̃𝒇 

(60) and (55) in (50), we obtain: 

𝑵̃𝒇 =
⟨1.875 ; 2.45 ;  2.45⟩𝐿𝑅

〈7.5 ; 1 ; 1〉𝐿𝑅

= ⟨
1.875

7.5
 ;

1.875

63.75
+

2.45

7.5
−

2.45

63.75
 ;  

1.875

48.75
+

2.45

7.5
+

2.45

48.75
⟩

𝐿𝑅
 

= ⟨𝟎. 𝟐𝟓 ; 𝟎. 𝟑𝟑𝟖 ; 𝟎. 𝟒𝟏𝟓⟩𝑳𝑹 

e) Calculating  𝒕̃𝑺 

(54) and (63) in (51), we obtain: 

𝒕̃𝑺 =
⟨6 ; 1 ; 1⟩𝐿𝑅

⟨30.9375 ; 21.2 ;  22.3⟩𝐿𝑅

 

= ⟨
6

30.9375
 ;

133.8

1647.035
+

1

30.9375
−

22.3

1647.035
 ;  

127.2

301.254
+

1

30.9375
+

21.2

301.254
⟩

𝐿𝑅
 

= ⟨𝟎. 𝟏𝟗𝟑 ; 𝟎. 𝟎𝟗𝟗 ; 𝟎. 𝟓𝟐𝟔⟩𝑳𝑹 

f) Calculating  𝒕̃𝒇 

(60) and (63) in (53), we obtain: 

𝒕̃𝒇 =
⟨1.875 ; 2.45 ;  2.45⟩𝐿𝑅

⟨30.9375 ; 21.2 ;  22.3⟩𝐿𝑅

 

= ⟨
1.875

30.9375
 ;

41.8125

1647.035
+

2.45

30.9375
−

54.635

1647.035
 ;  

39.75

301.254
+

2.45

30.9375
+

51.94

301.254
⟩

𝐿𝑅
 

= ⟨𝟎. 𝟎𝟔𝟎 ; 𝟎. 𝟎𝟎𝟏 ; 𝟎. 𝟑𝟖𝟒⟩𝑳𝑹 

Thus, according to relation (35), the kernels (or modes) of 𝒰̃; 𝒹̃; 𝑁𝑆;  𝑁𝑓;  𝑡̃𝑆  and  𝑡̃𝑓 are respectively 

0.55; 4.125; 0.8; 0.25; 0.193 and 0.060. 

According to relation (36), their supports are the following open intervals: 

𝑆𝑢𝑝𝑝(𝒰̃) = ]0.55 − 0.23  ;   0.55 + 0.308[ = ]0.315  ;   0.858[ 

𝑆𝑢𝑝𝑝(𝒹̃) = ]4.125 − 1.45  ;   4.125 + 1.45[ = ]2.675  ;   5.575[ 

𝑆𝑢𝑝𝑝(𝑁𝑆) = ]0.8 − 0.212  ;   0.8 + 0.276[ = ]0.588  ;   1.076[ 
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𝑆𝑢𝑝𝑝(𝑁𝑓) = ]0.25 − 0.338  ;   0.25 + 0.415[ = ]−0.088  ;   0.665[ 

𝑆𝑢𝑝𝑝(𝑡̃𝑆) = ]0.193 − 0.099  ;   0.193 + 0.526[ = ]0.094  ;   0.719[ 

𝑆𝑢𝑝𝑝(𝑡̃𝑓) = ]0.060 − 0.001  ;   0.060 + 0.384[ = ]−0.059  ;   0.444[ 

 

Variants introduced by the 𝑳 − 𝑹 method 

In steady state, the 𝐿 − 𝑅 method introduces some variations in the treatment of queueing systems with 

a priori impatience as follows: 

- The performance indicators are fuzzy numbers of the same 𝐿 − 𝑅 type and not average values as for ordinary 

queueing systems with a priori impatience; 

- The 𝐿– 𝑅 notations of these indicators contain real numbers of the 𝐿 − 𝑅 type denoted 〈𝑚 ; 𝑎 ; 𝑏〉𝐿𝑅; 

- The supports of these indicators are open intervals where the bounds are real numbers; 

- The modes of these indicators are real numbers that correspond exactly to average values for ordinary 

queueing systems with a priori impatience. 

 

VIII. Conclusion 

The aim of this article was to analyze the performance of the Markovian fuzzy queueing system 

FM/FM/1 with a priori impatience, in steady state, using the L-R method. 

To achieve this, we reviewed some concepts of fuzzy set theory that can facilitate the study of this 

system in order to evaluate the performance indicators. In this article, we only used triangular fuzzy numbers 

and L-R fuzzy numbers. The main tool we relied on is the mathematical approach to L-R fuzzy numbers. This 

approach is based on the arithmetic of L-R fuzzy numbers, using two approximations, the tangent 

approximation and the secant approximation, for calculating the product and the quotient. However, in this 

study, we only used the secant approximation simply because it yields the same results as those provided by 

other approaches in terms of supports and modal values. A numerical application is discussed to illustrate the 

validity and practicability of this approach. 

From this numerical application, it emerged that all the performance indicator values similar to those 

calculated using the classical model were obtained. Each indicator is characterized by its support and its mode. 

The fuzzy state of these performance indicators shows that a Markovian queueing system with impatient 

customers in which imprecise information is introduced maintains this imprecision throughout its process. 

Compared to the results obtained in a classical model, those obtained in a fuzzy model are more informative and 

more realistic. 
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