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Abstract: This study conducts an in-depth analysis and improvement of the asymptotic properties of 

the prime sequence 𝐶𝑛 = 𝑛𝑝𝑛 − ∑ 𝑝𝑘𝑘≤𝑛  (for 𝑛 ≥ 1) and the upper bounds of the prime summation 

function 𝑆(𝑥), based on the upper and lower bound estimates of the prime counting function 𝜋(𝑥). By 

developing novel estimation methods, we obtain more precise asymptotic estimates than existing 

results in the literature. Specifically, this work not only optimizes the upper and lower bound 

estimates of Cn but also significantly improves the upper bound estimation of 𝑆(𝑥). These refinements 

deepen our understanding of the structural characteristics of prime sequences and hold potential 

applications in computational number theory and related fields.  
Background: The study of prime numbers and their asymptotic behavior has been a central topic in number 

theory since the pioneering work of Gauss and Legendre on the Prime Number Theorem. The prime counting 

function  𝜋(𝑥), which enumerates primes not exceeding 𝑥 , provides fundamental insights into the 

distribution of primes. While the Riemann Hypothesis offers the most precise conjectural bounds for 

𝜋(𝑥), practical applications often rely on computationally verifiable estimates. The summation of 

primes 𝑆(𝑥) and related sequences like  𝐶𝑛 = 𝑛𝑝𝑛 − ∑ 𝑝𝑘𝑘≤𝑛  naturally arise in various contexts, 

including prime gap analysis and verification algorithms for prime certificates. Previous work by 

Rosser and Schoenfeld established rigorous bounds for 𝜋(𝑥), and subsequent refinements by Dusart 

and others have improved these estimates.  
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I. Introduction  
 In 1998, Dusart proved5 that for every integer 𝑛 ≥ 109,   
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Where 𝑐 ≈ −47.1. In 20151, Axler established that for every positive integer 𝑚, 
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By setting 𝑚 = 9 in equation (1), we obtain 
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Building on this result, Axler2 derived in 2019 the following estimates for the prime sequence (𝐶𝑛)𝑛≥1. For 

every integer 𝑛 ≥ 440200309, 
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And for every integer 𝑛, 
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Regarding the sum of primes 𝑆(𝑥) (denoting the sum of all primes not exceeding 𝑥), Szalay9 proved 
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Building upon his previous results, Axler3 established that 
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Massias and Robin8 proved that for all 𝑥 ≥ 24281, 
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Subsequently, Axler improved upon these results by establishing that for all 𝑥 ≥ 110118925,  
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II. Preliminaries 
This section introduces the fundamental concepts and lemmas necessary for the subsequent 

developments in this paper.  

Definition 1:  
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=  

here, 𝜋(𝑥) represents the prime-counting function, which gives the number of prime numbers less than or equal 

to x. 

Lemma 15:  
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Definition 2: Gauss7 observed that the logarithmic integral li(𝑥) = ∫
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approximation to 𝜋(𝑥), 
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Lemma 21: For all x satisfying 𝑥 ≥ 4171, we have 
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Lemma 31: If 𝑥 ≥ 1016, then 
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Lemma 41:  If 𝑥 ≥ 1018, then 

2 3 4 5 6 7 8

2 6 24 120 720 6300
li( ) .

log log log log log log log log

x x x x x x x x
x

x x x x x x x x
 + + + + + + +  

Lemma 51: For 𝑛 ≥ 𝑚𝑎𝑥{𝜋(𝑥0) + 1, 𝜋(√𝑦0) + 1}, we have 
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Lemma 61: For 𝑛 ≥ 𝑚𝑎𝑥{𝜋(𝑥1) + 1, 𝜋(√𝑦1) + 1}, we have 
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Lemma 74: Provided that 𝑥 > 1, it follows that 
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Lemma 84: Provided that 𝑥 ≤ 1681111802141, it follows that 
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III. Theorems and Proofs  
We now present the main theoretical contributions of this paper, accompanied by their complete proofs. 

Theorem 1: If 𝑛 ≥ 62009690659, then 
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Proof: Throughout the proof, we set the parameters as follows: 𝑚 = 9, 𝑎2 = 1, 𝑎3 = 2, 𝑎4 = 5.975666, 𝑎5 =
23.975666, 𝑎6 = 119.87833, 𝑎7 = 719.26998, 𝑎8 = 5034.88986, 𝑎9 = 0, 𝑥0 = 1681111802141  and 𝑦0 =
4171. According to Lemma 7, we obtain that when 𝑥 ≥ 𝑥0, 
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Substituting the chosen parameters into (4), we derive that for all 𝑛 ≥ 62009690659 = 𝜋(𝑥0) + 1, 
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From 𝑥0
2 ≥ 1016 and Lemma 3, we derive 
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Since 𝑥0 = 𝑝62009690658 and by combining equation (2), the computation via Wolfram Mathematica yields 
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Therefore, according to inequality (8), 𝑑0 ≥ 5.12 × 1022 . Hence, for all 𝑛 ≥ 62009690659, the inequality in 

Theorem 1 holds. 

 

Theorem 2: If 𝑛 ≥ 50847535, then 
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Proof: Similar to the proof of Theorem 4.1, we select 𝑚 = 9, 𝑎2 = 1, 𝑎3 = 2, 𝑎4 = 6.024334, 𝑎5 =
24.024334, 𝑎6 = 120.12167, 𝑎7 = 720.73002, 𝑎8 = 6098, 𝑎9 = 0, 𝜆 = 6300, 𝑥1 = 17  and 𝑦1 = 1018 . By 

Lemma 8, we conclude that for all 𝑥 ≥ 𝑥1, 
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By Lemma 4, when 𝑥 ≥ 𝑦1, 
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Substituting the selected values into equation (6), we obtain: for all 𝑛 ≥ 50847535 = 𝜋(𝑦1) + 1, 
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Given that , it follows that 𝑑1 ≤ 202. Define the function 
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Since 𝑓′(𝑥) ≥ 0 for 𝑥 ≥ 𝑒4 and 𝑓( 50847535 ) > 0 , it follows that 𝑓(𝑝𝑛) ≥ 0 for all 𝑛 ≥ 𝜋(50847535 ) + 1 =

3048956 . Together with (9), this completes the proof. 

 

Theorem 3: For all 11681111802143x  , 
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Proof: The proof of Theorem 1.1 in reference3 yields the inequality 
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combining Lemma 8 with Theorem 1 yields 
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 (10) 

We denote the right-hand side of inequality (10) as ℎ(𝑝𝑛) = ℎ(𝑥), and the right-hand side of the inequality in 

Theorem 3 as 𝑓(𝑝𝑛) = 𝑓(𝑥). Since ℎ(𝑥) is an increasing function, for 𝑥 ≥ 𝑝 62009690659 , we have 𝑆(𝑥) < ℎ(𝑥). 

Moreover, because ℎ(𝑥) < 𝑓(𝑥), the theorem is proved. 
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