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Abstract:

In this paper, we establish the some common fixed point theorems in rectangular S-metric spaces, an
advanced generalization of S-metric spaces. We develop new common fixed point theorems that
integrate and extend various well-known results in fixed point theory. Our findings are further supported
by illustrative examples.
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I. Introduction And Preliminaries

Frechet [4] originally introduced the concept of a metric space. Over the course of time,
mathematicians have delved into diverse extensions and generalizations of metric spaces. Initially, Gahler
[5] and Dhage [3] introduced the ideas of 2-metric spaces and D-metric spaces, respectively. Subsequently,
Mustafa and Sims [6] extended the theory by introducing G-metric spaces. In more recent developments,
Shaban Sedghi [9, 10] introduced the novel concepts of D*and S-metric spaces, providing some of their
fundamental properties. Following this, Sedghi [10] focused on advancing the theory of S -metric spaces,
deriving new results that have been presented in several papers. In this paper, we find some new results
of rectangular S -metric spaces and prove common fixed point theorems on same spaces.

Definition 1.1. [10] Let X be a non empty set and S: X3 — R*, a function that satisfies the following
properties:

(1) S(x,y,z) =0ifandonlyifx=y =1z,

(ii) S(x,y,2) < S(x,%x,a) + S(y,y,a) + S(z,z,a) for all a,%,y,z € X (rectangle inequality).

Then (X, S) is called S -metric space.

Definition 1.2. [1] Let X be a non empty set and S:X3 — R*, a function satisfying the following

properties:

(i) S(x,y,z)=0ifandonlyifx =y =z,

(i) S(x,y,2) <S(x,x,a) +S(,y,a) + S(z,2,a) for all x,y,z € X and all distinct points a € X —
{x,v,2}. Then (X, S) is called a rectangular S -metric space.

Definition 1.3. [10] Let (X, S) be an S -metric space and A c X.
(i) A sequence {x,}in X converges to X if S(xp,X,,X) = 0 asn — oo, that is for every €> 0 there
exists n, € N such that for n = ng, S(X,, X, Xx) <€. This case, we denote by limx, = x and we
n—oo

say that x is the limit of {x,} in X.

(ii) A sequence {x,} in X is said to be Cauchy sequence if for each €> 0, there exists n, € N such that
S(Xp, X, Xp,) <€ for eachn,m = n,.

(iii) The S -metric space(X, S) is said to be complete if every Cauchy sequence is convergent.

Proposition 1.4. [2] Let f and g be weakly compatible self-maps of a set X. If f and g have a unique point
of coincidence w = fx = gx, then w is the unique common fixed point of f and g.

Lemma 1.5. [10] If (X,S) is an S -metric space, then we have S(x,%,y) = S(y,y,x) for all x,y € X.

Lemma 1.6. [10] Let (X, S) be an S -metric space. If {x,} and {y,} are sequences in X converging to x
and y respectively, that is, X, = X and y, = y as n = oo, then S(xp,, X, ¥n) — S(X,X,y) asn — oo.
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Lemma 1.7. [10] Let (X, S) be an S -metric space. If the sequence {x,} in X converges to X, then the limit
X is unique.

Lemma 1.8. [10] Let (X, S) be an S -metric space. If the sequence {x,} in X converges to X, then {x,} is
a Cauchy sequence.

Example 1.9. Let X = N U {0} and define S: XXX x X - R* U {0} by

_ (0 if l=m=n,
S(l’m’n)_{lm+mn+nl if l#=m=+n.

Then (X,S) is a rectangular S -metric space.

II. Main Results
Theorem 2.1. Let (X, S) be a complete rectangular S -metric space and let f and g be a self mapping
on X. Assume that f and g satisfies the following conditions:

S(fx, fx, fy) < hIS(fx, fx,9y) + S(fy, fy, gx)],
where 0 < h < 0.2, also,
G) OO € gCo,
(i) If g(X) is complete.
Then f and g have a unique coincidence point in X. Moreover, if f and g are weakly compatible, then
f and g have a unique common fixed point in X.
Proof: Let x, be any point in X. Since fx, € f(X) and f(X) € g(X), there exists a point x; in X
such that fx, = gx;. As x; € X, it follows that fx; € f(X). Thus, we can select x, in X such that
fx, = gx,. Repeating this process iteratively, we construct a sequence {x,} in X, where x,,; € X,
satisfies fx, = gx,,, for all n.
Now, consider

S(gxn+1l 9Xn+1, gxn) = S(fxnl fxn, fxn—l)
S h[S(fxn‘ fxn‘ gxn—l) + S(fxn—ll fxn_l‘ gxn)]
= h[S(gxn+1l 9Xn+1s gxn—l) + S(gxnl 9%Xn» gxn)]
< hS(gxXns1, 9Xn+1, 9Xn—-1)
< h[S(Gxpi1, 9%ni1, 9%0) + S(GXni1, G%ni1, 9%n)
+ S(g%n-1, 9%n-1, 9%,)]
= h[ZS(gxn+1l 9Xn+1, gxn) + S(gxn—ll 9Xn-1, gxn)]
= (1 -20)S(gXn11, 9%ns1, 9%n) = hS(gXn_1, 9Xn_1, 9%)
> S(@Xne1 Pnsrs %) < oo S(GXno1, 91, 9%0)
= kS(gxnl 9Xn, gxn—l)
S(GXns1s 9Xns1, 9Xn) < k™S (gx1, gx1, gxo).
For m,n € N and some N € N, with n > m, we have
S(gxn, g%n, gxXm) < S(gxn, 9Xn, GXn-1) + S(Gxn, g%, G¥n-1) + S(GXm, GXm, GXn-1)
< k"71S(gxy, 9%1, g%0) + k"S(gx1, X1, 9%0) + S(GXns Gy G%X—1)
= 2k"1S(gx1, 9x1, 9%0) + S (g%, GXms GXn—1)
< 2k™ 'z + [S(g%m, 9Xm, 9%n-2) + S(GXm) GXm, GXn—2)
+ S(gxn_1, 9Xn-1, 9%n-)1
< 2k™ 1z 4+ [2S5(gxm, 9%Xm, GXn_2) + k"25(gxy, gx1, gxo)]
=2k" 1z 4+ k" %z + 25 (gXpm, GXm> GXn—2)
< 2k™ 1z + k" 2z 4+ 2[25(g9xm, %) GXn—3)
+ S(gXn_2, GXn-2, 9%n-3)1
< 2k™ 1z + k" 2z + 4S(gxp, 9Xm, 9Xn_3) + 2k" 32
< 2k™ 1z + k" 2z + 2k" 3z + 4[2S(gXpm, 9Xm, 9Xn_a)
+S(gxn_3, 9%n-3, GXn-4)]
< 2k™ 1z + k" 2z 4+ 2k 3z + 8S(gxy, 9Xm, GXn_s) 4K Z
=2k"lz+ k" 2z 4+ 2k" 3z + 4k itz + .-

=Zk"_lz+k"_ZZ(1+z+i+i+“')
k  k? k3
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_ _ 2 2\ 2 2\3
=2z + k221 + D+ (2) + )+
= 2kl z + k" 2z(1 — D)7,
where z = S(gx;, gx1,9%,), as n = o and since k < 1, we have,
lim S(gx,, 9%, 9xm) = 0.
n—oo

Thus, {gx,} is a Cauchy sequence in g(X). Since g(X) is complete, there exist g in g(X) such that
gxn, = q, as n — oo, Consequently, we can find p in X such that gp = q. Thus,
SUxn fon, f0) < RS, fxn, gp,) + SUP, P, g%n)
= h[S(g*n+1, 9%ns1,9P,) + SUD, fD, 9%n)
=h[S(q.q9.9) + SUPp.fp, D]
Letting n — oo,
S(q.q.fp) < hS(q,q.fp)-
Since S(q,9,q) = 0 and h < 1, this is true if S(q,q,fp) = 0= fp = q. Therefore, fp = gp = q.
Hence, q is the point of coincidence of f and g. Now, we show that f and g have a unique point of
coincidence. For this, assume that there exists another point w € X such that fw = gw = w.
Now
S(@.qw) =S(Up. fo, fw)
< h[SUp.fp,gw) + SUw, fw, gp)]
hiS(q.qw) + S(w,w,q)]
<h[S(q.q.w) + S(q,q.w)
= 2hS(q,q,w).
Since h € [0,0.2). Itistrue if S(q,q,w) = 0.So q = w.Hence, it is prove that, f and g have a unique

point of coincidence. Since, f and g are weakly compatible, so by Preposition 1.4, f and g have a
unique common fixed point in X.

Theorem 2.2. Let (X, S) be a complete rectangular S-metric space. Suppose that mapping f: X — X
satisfies the following condition:
S(fx, fx, fy) < S, x,y) + a,S(x, x, fx) + S, v, fy) + a, S, x, fy) + asS(y,y, fx),
forall x,y € X, whereai = 0 foreachi € {1,2,3,4,5}and a; + a, + a3 + 3a, + a5 < 1.Then f has
a unique fixed point in X.
Proof: Let xy be an arbitrary point of X, and define x,, by x5,41 = X0, Xon42 = fXon41,
n =012,
Now,
S(Xan+1 Xons 1 Xona2) = S(Exon, Xon, fXons1)
< S (Xon, Xom, Xane1) + 2S(Xon, Xon, fXan) + a3 S(Xops1, Xons1, [Xons1) +
a4 S(Xon Xon, [ Xont1) + AsS(Xapni1, Xons1, fX2n)
= ;S (X2n, Xon, Xons1) + @S (Xon, X2n, X2nt1) + @3S (Xont1) Xons1) X2n42)
+ a4 S(on X2, Xons2) + A5S(Xont1, Xons 1 Xon1)
= ;S (X2n, Xon, Xons1) + @S (Xon, X2n, X2nt1) + @38 (Xont1) Xons1) X2n42)
+ 4 [SOon, Xan, X2n+1) + S(an, Xon, Xane1) + S(Xans2, X2nt2) Xons1)]
= ;S (Xpn Xon X2ns1) T @S Oan, Xon) X2ni1) + @3S (Xoni 1) X2nt1, X2n42)
+ a4y [28 (Xap) Xy Xon+1) + SXans1, X2ns1s Xant2)]
=(a; +ay + 2a,)S(Xon, Xon, Xone1) + (@3 + @4)S(KXoni1, Xons1) Xons2)

= (1= (a3 + 1)) SOons1, Xons 1, Xons2) < (@ + @y + 204)S(X2n, X2n, X2n41)

ag +az +2a,
= S(x X X < (7)5 Xon,Xom, X
( 2n+142n+1» 2n+2) = \(1-(az+ay) ( 2n) L 2n 2n+1)

= 68 (Xzn, X, Xans1)

< 62M18(xg, X0, X1).
2 .
LRSS Then, For m,n € N and some N € N, with n > m, we have

(1-(az+aq))

Where § =
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S(xn'xn'xm) =< S(xn'xn'xn+1) + S(xn'xn'xn+1) + S(xm'xm'xn+1)
=< ZS(xn' xn'xn+1) +S(xm'xm'xn+1)
< 28™5(xq, X0, %1) + [SCmy Xy Xnaz) + SOm, Xy Xnaz) +S(Xns1, Xna1 Xnaz )]
=26"z+ [ZS(xm,xm, Xpi2) T S(xn+1'xn+1,xn+2)]
<28™z 4 [250p, Xy Xn42) + 6 12]
< 28"z + 8™z + 2 [SCtm) Xy X)) + S Xy Xnas) + S(Xnsz) Xnaz Xnes)]
< 28Mz 4+ 8™z + 2[2S (X, Xy Xpy3) + 671227]
< 26"z + 6™z 4+ 26™ 22 + A[S(X ) Xy Xnga) + S Xmy Xnga)
+S(xn+3'xn+3,xn+4)]
< 26"z + 6™z 4+ 26™ 22 4+ 4[25 (X, Xmy Xpys) + 6773 7]
SO X, %) < 26"z + 81z 4 2622 44632 4+ 86"z + -+
= 26"z +6™1z(14+ 26 +462+883 +--+)
=28"z + 6™ z(1+ (26) + (26)2 + (26)% + -
S ) < 2872 +6™12(),
where z = S(x,, %y, x,). Since § < 1,as n - oo, we have,
r}l}rg S(gxnl 9%, gxm) = 0.
Thus, {x,}is a Cauchy sequence in X. Since X is complete, there exist q in X such that x, — g, as
n - . Now,
S X f@) < SO Xn, Xnt1) + S(Xn, X, Xn41) + S fQ Xp41)
= 285(%n, Xn, Xns1) + S(Hni1s Xnt1, fQ)
< 26"z + [S(ns1) X1 ¥ng2) T SCss Xnats Xna2)
+5(fq, fq, %n42)]
= 26"z + [2S(41, X1 Xna2) + S(fA, £, X042
< 2677 + [26™ 2 + S(Xnsg) Xnsa fO)]
<28"z+426™1z 4 [ S(Xpi2 Xtz Xnas)
+ S(nt2) Xna2 Xna3) + S(FQ £, X))
= 28"z 428"z + [ 2S(tn12, Xns2s Xnas) + S(Xngzr Xnis, fQ)]
< 26"z 426"z + 26"z + S(xph3, Xna3 fQ)
< 26"z + 26"z + 26" 22 + [ S(Xp43) Xtz Xnsa)
+ S(n+3) X3 Xnaa) + S, £, X 4a)]
= 28"z + 28™ 12+ 26™ 27 + [2S (X130 Xnaz Xnsa) T SCiar Xniar Q)]
<28Mz+28™ 1z + 26™272 4+ 26™ 32+ S(nyar Xpsa fQ)
< 26"z 428"z + 2622+ 26™132 4+ -
< 26"z(1+6+6%2+63+---)

1
_ n,(_2_
=26 2(1—6)'
where z = S(xg, x9,x1). Since § < 1,asn — oo, we have,
JL% S(q,9.fq) = 0=>fq=q.

Hence, f has a fixed point in X. To prove uniqueness, suppose that if w is another fixed point of f , then
S(@.qw) =S(Up. fo, fw)
< a,5(q,q.w) + a;5(q,9,fq) + azS(w,w, fw)
+a,5(q,q, fw) + asS(w,w, fq)
=05(q,qw) + 0;5(q,q,9) + azS(w,w,w) +
S(q,q,w) + asS(w,w, q)
=a, 5(q,qw) + ,5(q,qw) + as5(q,q,w)
S(@qw) < (a1 + ay +as)S(q,q,w)

Since, ai > 0. This gives S(q,q,w) = 0. Hence, ¢ = w. It is prove f has a unique fixed

point in X.
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