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Abstract:

This research paper is related to the concept of approximation of a function belonging to the Lipschitz class by
the Euler-matrix triple product summability method of the Fourier series. The Euler-matrix product
summability method has been used while working in this direction. So, many known results may become
particular cases of our result. Our result may be useful for future researchers.
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I.  Introduction

The studies of the degree of approximation of functions belonging to various classes by using different
means have been made by the researchers like [3],[4],[7].[8],[9].[10].[11],[12],[13],[14],[15] et al. Das[2], et al
have discussed the degree of approximation of a function by using (E, q)A product summability means of the
Fourier series. No work seems to have been done to find the degree of approximation of a function belonging to
the Lipschitz class by using Euler-matrix triple product summability means.

In this paper, we present a new theorem on the degree of approximation of functions belonging to the
Lipschitz class by the Euler-matrix triple (E, q) (E, q)A. product summability method.

Il.  Definitions And Notations
In this section, we have given the following definitions:
Definition 2.1.
A function f € Lipa if

lfx+t)— fx+ )| =0(t]%) forO0< a < 1.

Definition 2.2.

Loo-norm of a function f: R — R is defined by [|f]le
Iflleo = sup{lf()I/f:R > R}

21 %
IIfIIp=<f |f(x)|1’> ,p =1
0

The degree of approximation of function f: R — R by a trigonometric polynomial ¢t,, [1] is defined by
llta — fllo = sup{lt, — f1:x € R} or |It, — fll, = min]|t, — f|.
Let f be 2m- periodic function and Lebesgue integrable on (—m, ). The Fourier series of f(x) is given by
fx) = %ao + Y1 (aycosnx + b,sinnx) (@)
with nt* partial sums s,,(f; x).
The Matrix A = [c¢y,] 1S regular if and only if
) limm—»oocmn=0,

m
(ii)limm_)mz Con = 1;
n=0

(iii)aM > O'Z ey | < M.Vm > 0.
m=0

L,- norm is defined by
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The Fourier series (1) is said to be summable to s by a matrix (T) method, if T,,,(f; x) = s asm — oo.
The matrix (4) method of the Fourier series is given by

m
th = Z CmnSn
n=0
The (E, q) means [6] of s, is defined by-
1 n\
n= WZLLO (k) q" sy (2)
The (E, q) Transformation of Matrix A of s,, defined by
1 n _ 1 -
Nn = WZE:O (k) qn ktk = W ﬁ:o qn k{Z’E:o Ck,vtv} (3)
The (E, q)(E, q) transform of a matrix A of s, is defined by
—_1 yn n ﬁ k kN kv
Xn - (1+q)n k=0 (k) (1+q)k ZU=0 (v) q tTi (4)

__1 n n " * g K\ kvpsw
Xn - A+q)™ k=0 (k) (1+q)k Zv:O (U) q {Zuzo Cv,utu} (5)
If x, & sasn — oo, then the series Y5>, u,, is said to be (E, q) (E, g) A-summable to sum s.
We use the following notations:

Dox,t) = flx + 1) = fx =) = 2f (x).
n-k

. 1
1 n k v sin(u+5t
@K = 31 | Lo ) T L ()7 Z—( 2

sin ?
Further, the method (E, q)(E, q)A is assumed to be regular.

I11.  Known Theorem
Dealing with the degree of approximation of the Fourier series by-product means, (E,q)A in 2013,
Padhy [4] proved The following theorem:

Theorem
Letd = (an) oxoo D€ @ regular matrix. if f is a 2m- Periodic function of class Lipa, then the degree of
approximation by product (E, g)A- summability mean of Fourier series (1) is given by

1t = Fllen =0<m>,0<a< 1.

IV.  Main Theorem
The objective of this paper is to prove the following theorem.

Theorem
Let A = (@) wxe D€ a regular matrix. if f is a 2m- Periodic function of class Lipa Then the degree
of approximation by product (E, q¢)(E, g¢)A- summability means of the Fourier series (1) is given by
1
- =0|l——=—=),0<a< 1.
o = 1= 0 (Grge) - 0 < @
V. Lemmas:
For the proof of our theorem, we have required the following lemmas:

Lemma
k,®)=0(r)foro<t<(n+1)"L
Proof. For0 <t < (n + 1)7%, we have

1 - N L . z sin(u+%)t
— -V
KO = Snd v o kz (i) (1+q)* ZO K Z o t
v= u

r ) sin
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First, we solve:

sin u+
1D e Z
pur sin|= =0
u (,,
T
= E{Z cpCu+ 1)}
v
= —{Z Cyu T ZZ uc,,u]

u=0

= g{l + Z(CU‘1 + 2¢,, + 3c,3+. .. +vcm,)}
I
< z{l + Z(CU‘1 +vc,, +ve,zt... +vc,,,v)}
T
= E{l + Zv(c'v,1 +c,, tCy3t... +cv,v)}
T
= 5{1 + Zv(c,,,o +cp1 +Cyat.. +c,,,v) - ZUCV’O}

< %{1 +2v(1 = cyp)}

s
<3 (14 2v)
=0(v+1)
Now, we use the above result in K,,(t)
K, ()] < _m [Z ( a +q)kz g v {2v + 1}

n
<— kQ2k +1
_4n(1+q)n|[ )a" @k + )|
11<:o
=0(n)
Lemma
1 -1
K,(t) =0 (;) for(n+ 1) 1<t<m
Proof. Fort € [ﬁn] sin(é) > %
n —k k v : 1
601 = gy |2 (e 2 (a1 e L
T 1 k=0 q v=0 u=0 sini
1 n n—k k v ra
sy, Wty O3 5
~2n(1+q)" kJ (1 + q)k v t
k=0 v=0 u=0
vl Bt
<— Z 72 q*¥| by regularity condition
n k k
20+t |- I+

1
o[
t
Proof of The Main Theorem
Proof. Using the Riemann-Lebesgue theorem and considering the nt" partial sum of the Fourier series
of f(x) as s, (f; x) and following Titchmarsh [5] , We have

i)~ 0= e [ Sl G L

sin
2

Further, under the A-Transform ofs,, (f; x), we have
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1
~ro =5 ¢<t>z )t

Sin+
2
Then, considering t,, as the (E. q)A-Transform of sn(f x) we obtain

~f0 =5 [ ¢()Z {Z ck,vsm(,viﬁ)}

=0 sin
Directing the (E, q)(E, q)A transform of sn(f x) by Xn » We have

v . v sin(u+%)t
- FO) = gorray | ¢(>Z Jarard, ()1 e

= sin

- f SOK, (D)t

{f”“ f }q,')(t)l( (t)dt

n+1

=1 +1, lcmsay

Now
n k v . 1
1 n+1 k Y sin (u + —) t
|| = 2n(1 + q)nf kZ k) (1+ CI)"Z ( )qk {uZO Cyu Sin%—z } dt.
<0(n) fn_H |p(t)|dt using Lemma 5.1
0
1
= O(n)an |t@]dt.
— o) [ patl ]n+1
_ 1
=0 [(a D@+ 1)a+1]'
_ 1
=0 [(n T 1)a+1]'
Next

k v sin (u+3)¢
1] = 2n(1+ L j ¢()Z (Hq)kZ(k)q"‘”{z cv,ui(_ EZ) }dt.

=0 sin~

 1@IIK, (@]t

n+1i

=f |¢(t)|0( )dt using Lemma 5.2

n+1
Vs
< fi t*ldt

n+1

=0 (G 15%)
B (n+ 1)«
Then, from the above results, we have
1
= FG1 = 0 (i
1xn = FCOI = sup—pex<rnltn — f(2)]
for 0<a<1

>, for0<a<1

=0 (G

Hence, the proof of the main theorem.
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V1.  Conclusion
The result established here is a more general form than some earlier existing results in the sense that

one (E,q) = 1 our proposed mean is reduced to (E, g)A Mean.
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