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Abstract:   
The present paper, we aim to establishing certain integral formulae involving the wright function. The obtained 

results are in the form of hypergeometric and wright function, which are made with the help of Hadamard 

product. We have derived some other interesting formulae as special cases of our main results. 
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I. Introduction 
For 𝑥 ∈ ℂ , 𝐴𝑗 , 𝐵 ∈ ℂ  and 𝑎𝑗 , 𝑏𝑗 ∈ ℝ  the definition of generalized Wright hypergeometric function 

𝛹𝑞𝑝  is defined [3] as below: 

𝛹𝑞𝑝 [𝑥] ≡ 𝛹𝑞𝑝 [
(𝑎𝑖 , 𝐴𝑖)1,𝑝

 (𝑏𝑗 , 𝐵𝑗)
1,𝑞

| 𝑥] = ∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

 𝑥𝜅

𝜅!
                     (1.1) 

𝛹𝑞𝑝 [
(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
| 𝑥] = ∑

𝛤(𝑎1 + 𝐴1𝜅), . . . , 𝛤(𝑎𝑝 + 𝐴𝑝𝜅)

𝛤(𝑏1 + 𝐵1𝜅), . . . , 𝛤(𝑏𝑞 + 𝐵𝑞𝜅)

∞

𝜅=0

 𝑥𝜅

𝜅!
       (1.2) 

where  𝐴𝑖 , 𝐵𝑗 ≠ 0;  𝑖 = 1, . . . , 𝑝;  𝑗 = 1, . . . , 𝑞  and for all values of the 𝑥 under the condition: 

1 + ∑ 𝐵𝑗

𝑞

𝑗=1

− ∑ 𝐴𝑖

𝑝

𝑖=1

> 0                                                             (1.3) 

For specific value of parameters  𝐴1 = 𝐴2 = ⋯ = 𝐴𝑝 = 1  and  𝐵1 = 𝐵2 = ⋯ = 𝐵𝑞 = 1,   the Wright function 

Ψ𝑞𝑝  reduce into generalized hypergeometric function such that 

𝛹𝑞𝑝 [
(𝑎1, 1), … , (𝑎𝑝, 1)

 (𝑏1, 1), … , (𝑏𝑞 , 1)
| 𝑥] =

∏ 𝛤(𝑎𝑗)
𝑝
𝑗=1

∏ 𝛤(𝑏𝑗)
𝑞
𝑗=1

𝐹𝑞𝑝 [
𝑎1, … , 𝑎𝑝

 𝑏1, … , 𝑏𝑞
| 𝑥]                    (1.4) 

where 𝐹𝑞𝑝  is the generalized hypergeometric series defined [3,4] by 

𝐹𝑞𝑝 [
𝑎1, … , 𝑎𝑝

 𝑏1, … , 𝑏𝑞
| 𝑥] = ∑

(𝑎1)𝜅 … . (𝑎𝑝)
𝜅

(𝑏1)𝜅 … . (𝑏𝑝)
𝜅

∞

𝜅=0

 𝑥𝜅

𝜅!
                                            (1.5) 

The Pohhammer symbol is defined [2] as follows 

(𝛼)𝑛 = 𝛤(𝛼 + 𝑛)/𝛤(𝛼) ;       𝑛 ∈ ℕ,    𝛼 ∈ ℂ/ℤ0                                         (1.6) 

 

II. Preliminaries and Definitions 
For our present investigation we recall the following interesting and useful results of Lavoie-Trottier 

[7],  MacRobert [10] and Edward [6]: 

∫ 𝜉𝜇−1(1 − 𝜉)2𝜖−1
1

0

(1 −
𝜉

3
)

2𝜇−1

(1 −
𝜉

4
)

𝜖−1

𝑑𝜉 = (
4

9
)

𝜇 𝛤(𝜇) 𝛤(𝜖)

𝛤(𝜇 + 𝜖)
                    (2.1) 

where 𝑅𝑒(𝜇) > 𝑅𝑒(𝜖) > 0. 

 

∫ 𝜉𝜇−1(1 − 𝜉)𝜖−1
1

0

[𝐶𝜉 + 𝐷(1 − 𝜉)]−𝜇−𝜖𝑑𝜉 =
1

𝐶𝜇𝐷𝜖

𝛤(𝜇) 𝛤(𝜖)

𝛤(𝜇 + 𝜖)
                    (2.2) 
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where 𝑅𝑒(𝜇) > 0, 𝑅𝑒(𝜖) > 0 and 𝐶, 𝐷 are non zero constant with the expression [𝐶𝜉 + 𝐷(1 − 𝜉)],  where 0 ≤
𝜉 ≤ 1. 

 

∫ ∫ 𝜉𝜖
1

0

1

0

(1 − 𝜉)𝜇−1(1 − 𝜁)𝜖−1(1 − 𝜉 𝜁)1−𝜖−𝜇𝑑𝜉 𝑑𝜁 =
𝛤(𝜇) 𝛤(𝜖)

𝛤(𝜇 + 𝜖)
                   (2.3) 

where 𝑅𝑒(𝜇) > 0 and 𝑅𝑒(𝜖) > 0. 

Let 𝑓(𝑥) = ∑ 𝐶𝜅
∞
𝜅=0 𝑥𝜅 and 𝑔(𝑥) = ∑ 𝐷𝜅

∞
𝜅=0 𝑥𝜅 are two analytic functions with their radii of convergence 

𝑅𝑓 and 𝑅𝑔 respectively, then their Hadamard product [8,9] is given by the following power series 

𝑓 ∗ 𝑔(𝑥) = 𝑔 ∗ 𝑓(𝑥) = ∑  𝐶𝜅 𝐷𝜅  𝑥𝜅
∞

𝜅=0
;    ( |𝑥| < 𝑅 )                          (2.4) 

where 𝑅𝑐 ≥ 𝑅𝑓 ∙ 𝑅𝑔 is the radius of convergence of the composite series. 

 

III. Main Results 
Theorem 3.1. Let 𝜉 > 0, ʋ, 𝜖 ∈ ℂ be such that 𝑅𝑒(ʋ) > 0, 𝑅𝑒(𝜖) > 0 and the conditions (1.3) is satisfied, then 

for the generalized wright hypergeometric function 𝛹𝑞𝑝 , the following integral formula holds true 

∫ 𝜉ʋ−1 (1 − 𝜉)2𝜖−1
1

0

(1 −
𝜉

3
)

2ʋ−1

(1 −
𝜉

4
)

𝜖−1

𝛹𝑞𝑝 [𝑋]  𝑑𝜉 = (
4

9
)

ʋ 𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
 

×  𝛹𝑞𝑝 [
(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
| 𝜃] ∗ 𝐹12 [

𝜖, 1
 𝜐 + 𝜖

 | 𝜃]                            (3.1) 

where 𝑋 = (1 − 𝜉)2 (1 − 𝜉

4
)  𝜃 

Proof. First we refer to the left hand side of equation (3.1) as the sign 𝐼1 then making the use of equation (1.1) 

in equation (3.1), we have 

𝐼1 ≡ ∫ 𝜉ʋ−1(1 − 𝜉)2𝜖−1
1

0

(1 −
𝜉

3
)

2ʋ−1

(1 −
𝜉

4
)

𝜖−1

∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

(1 − 𝜉)2𝜅(1 − 𝜉
4
)

𝜅
𝜃𝜅

  𝜅!
𝑑𝜉 

After interchanging the order of integration and summation under the theorem's condition 

𝐼1 ≡ ∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!
∫ 𝜉ʋ−1(1 − 𝜉)2𝜖+2𝜅−1

1

0

(1 −
𝜉

3
)

2ʋ−1

(1 −
𝜉

4
)

𝜖+𝜅−1

𝑑𝜉 

By using equation (2.1) and after some simplification, we get 

𝐼1 ≡ (
4

9
)

ʋ

∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!

 𝛤(𝜐) 𝛤(𝜖 + 𝜅)

𝛤(𝜐 + 𝜖 + 𝜅)
 

𝐼1 ≡
𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
(

4

9
)

ʋ

∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!

 (𝜖)𝜅 (1)𝜅

(𝜐 + 𝜖)𝜅 𝜅!
 

Now apply Hadamard product i.e. ∑  𝐶𝜅 𝑦𝜅∞
𝜅=0 ∗ ∑  𝐷𝜅 𝑦𝜅∞

𝜅=0 = ∑  𝐶𝜅 𝐷𝜅  𝑦𝜅∞
𝜅=0  

𝐼1 ≡
𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
(

4

9
)

ʋ

𝛹𝑞𝑝 [
(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
| 𝜃] ∗ 𝐹12 [

𝜖, 1
 𝜐 + 𝜖

 | 𝜃] 

 

Theorem 3.2. Let 𝜉 > 0, ʋ, 𝜖 ∈ ℂ be such that 𝑅𝑒(ʋ) > 0, 𝑅𝑒(𝜖) > 0 and the conditions (1.3) is satisfied, then 

for the generalized wright hypergeometric function 𝛹𝑞𝑝 , the following integral formula holds true 

∫ 𝜉ʋ−1 (1 − 𝜉)2𝜖−1
1

0

(1 −
𝜉

3
)

2ʋ−1

(1 −
𝜉

4
)

𝜖−1

𝛹𝑞𝑝 [𝑌]  𝑑𝜉 = (
4

9
)

ʋ 𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
 

×  𝛹𝑞𝑝 [
(𝑎1, 𝐴1), … , (𝑎𝑝 , 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
| 𝜃] ∗ 𝐹12 [

𝜐, 1
 𝜐 + 𝜖

 | 𝜃]                              (3.2) 

where 𝑌 = 𝜉 (1 −
𝜉

3
)

2

 𝜃 

Proof. First we refer to the left hand side of equation (3.2) as the sign 𝐼2 then making the use of equation (1.1) 

in equation (3.2), we have 

𝐼2 ≡ ∫ 𝜉ʋ−1(1 − 𝜉)2𝜖−1
1

0

(1 −
𝜉

3
)

2ʋ−1

(1 −
𝜉

4
)

𝜖−1

∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜉𝜅(1 − 𝜉
3
)

2𝜅
𝜃𝜅

𝜅!
𝑑𝜉 

After interchanging the order of integration and summation under the theorem's condition 
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𝐼2 ≡ ∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!
∫ 𝜉ʋ+𝜅−1(1 − 𝜉)2𝜖−1

1

0

(1 −
𝜉

3
)

2ʋ+2𝜅−1

(1 −
𝜉

4
)

𝜖−1

𝑑𝜉 

By using equation (2.1) and after some simplification, we get 

𝐼2 ≡ (
4

9
)

ʋ

∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!

 𝛤(𝜐 + 𝜅) 𝛤(𝜖)

𝛤(𝜐 + 𝜖 + 𝜅)
 

𝐼2 ≡
𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
(

4

9
)

ʋ

∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!

 (𝜐)𝜅 (1)𝜅

(𝜐 + 𝜖)𝜅 𝜅!
 

Now apply Hadamard product i.e. ∑  𝐶𝜅 𝑦𝜅∞
𝜅=0 ∗ ∑  𝐷𝜅 𝑦𝜅∞

𝜅=0 = ∑  𝐶𝜅 𝐷𝜅  𝑦𝜅∞
𝜅=0  

𝐼2 ≡
𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
(

4

9
)

ʋ

𝛹𝑞𝑝 [
(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
| 𝜃] ∗ 𝐹12 [

𝜐, 1
 𝜐 + 𝜖

 | 𝜃] 

 

Theorem 3.3. Let 𝜉 > 0, ʋ, 𝜖 ∈ ℂ be such that 𝑅𝑒(ʋ) > 0, 𝑅𝑒(𝜖) > 0 and the conditions (1.3) is satisfied, then 

for the generalized wright hypergeometric function 𝛹𝑞𝑝 , the following integral formula holds true 

∫ 𝜉𝜐−1(1 − 𝜉)𝜖−1
1

0

[𝐶𝜉 + 𝐷(1 − 𝜉)]−𝜐−𝜖  𝛹𝑞𝑝 [𝑍]  𝑑𝜉 =  
1

𝐶𝜐𝐷𝜖

𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
 

×  𝛹𝑞𝑝 [
(𝑎1, 𝐴1), … , (𝑎𝑝 , 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
|

𝜃

4𝐶𝐷
] ∗ 𝐹23 [

𝜐, 𝜖, 1

 
𝜐+𝜖

2
,

𝜐+𝜖+1

2

 |
𝜃

4𝐶𝐷
]                  (3.3) 

where 𝑍 = 𝜉 (1−𝜉)

[𝐶𝜉+𝐷(1−𝜉)]2 𝜃 

Proof. First we refer to the left hand side of equation (3.3) as the sign 𝐼3 then making the use of equation (1.1) 

in equation (3.3), we have 

𝐼3 ≡ ∫ 𝜉ʋ−1(1 − 𝜉)𝜖−1
1

0

[𝐶𝜉 + 𝐷(1 − 𝜉)]−𝜐−𝜖 ∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜉𝜅 (1 − 𝜉)𝜅 𝜃𝜅

[𝐶𝜉 + 𝐷(1 − 𝜉)]2𝜅 𝜅!
𝑑𝜉 

After interchanging the order of integration and summation under the theorem's condition 

𝐼3 ≡ ∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!
 ∫ 𝜉ʋ+𝜅−1(1 − 𝜉)𝜖+𝜅−1

1

0

[𝐶𝜉 + 𝐷(1 − 𝜉)]−𝜐−𝜖−2𝜅 𝑑𝜉 

By using equation (2.2) and after some simplification, we get 

𝐼3 ≡
1

𝐶𝜐𝐷𝜖
∑

∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)
𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!

1

𝐶𝜅𝐷𝜅

 𝛤(𝜐 + 𝜅) 𝛤(𝜖 + 𝜅)

𝛤(𝜐 + 𝜖 + 2𝜅)
 

𝐼3 ≡
1

𝐶𝜐𝐷𝜖

𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
∑

∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)
𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

( 𝜃
𝐶 𝐷

)
𝜅

𝜅!

 (𝜐)𝜅 (𝜖)𝜅 (1)𝜅

22𝜅 (𝜐+𝜖
2

)
𝜅

(𝜐+𝜖+1
2

)
𝜅

 𝜅!
 

Now apply Hadamard product i.e. ∑  𝐶𝜅 𝑦𝜅∞
𝜅=0 ∗ ∑  𝐷𝜅 𝑦𝜅∞

𝜅=0 = ∑  𝐶𝜅 𝐷𝜅  𝑦𝜅∞
𝜅=0  

𝐼3 ≡
1

𝐶𝜐𝐷𝜖

𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
𝛹𝑞𝑝 [

(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
|

𝜃

4𝐶𝐷
] ∗ 𝐹23 [

𝜐, 𝜖, 1

 
𝜐+𝜖

2
,

𝜐+𝜖+1

2

 |
𝜃

4𝐶𝐷
] 

 

 

Theorem 3.4. Let 𝜉 > 0, ʋ, 𝜖 ∈ ℂ be such that 𝑅𝑒(ʋ) > 0, 𝑅𝑒(𝜖) > 0 and the conditions (1.3) is satisfied, then 

for the generalized wright hypergeometric function 𝛹𝑞𝑝 , the following integral formula holds true 

∫ ∫ 𝜉𝜖
1

0

1

0

(1 − 𝜉)𝜐−1(1 − 𝜁)𝜖−1(1 − 𝜉 𝜁)1−𝜖−𝜐  𝛹𝑞𝑝 [𝑊]  𝑑𝜉 𝑑𝜁 =  
𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
 

×  𝛹𝑞𝑝 [
(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
|

𝜃

4
] ∗ 𝐹23 [

𝜖, 𝜐, 1

 
𝜐+𝜖

2
,

𝜐+𝜖+1

2

 |
𝜃

4
]                          (3.4) 

where 𝑊 = 𝜉 (1−𝜉) (1−𝜁)

(1−𝜉𝜁)2  𝜃 

Proof. First we refer to the left hand side of equation (3.4) as the sign 𝐼4 then making the use of equation 

(1.1) in equation (3.4), we have 

𝐼4 ≡ ∫ ∫
𝜉𝜖(1 − 𝜉)𝜐−1(1 − 𝜁)𝜖−1

(1 − 𝜉 𝜁)𝜖+𝜐−1

1

0

1

0

∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜉𝜅(1 − 𝜉)𝜅(1 − 𝜁)𝜅𝜃𝜅

(1 − 𝜉 𝜁)2𝜅  𝜅!
 𝑑𝜉 𝑑𝜁 

After interchanging the order of integration and summation under the theorem's condition 
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𝐼4 ≡ ∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!
∫ ∫

𝜉𝜖+𝜅(1 − 𝜉)𝜐+𝜅−1(1 − 𝜁)𝜖+𝜅−1

(1 − 𝜉 𝜁)𝜖+𝜐+2𝜅−1

1

0

1

0

𝑑𝜉 𝑑𝜁 

By using equation (2.3) and after some simplification, we get 

𝐼4 ≡ ∑
∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)

𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!

𝛤(𝜖 + 𝜅) 𝛤(𝜐 + 𝜅)

𝛤(𝜖 + 𝜐 + 2𝜅)
 

𝐼4 ≡
𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
∑

∏ 𝛤(𝑎𝑗 + 𝐴𝑗𝜅)
𝑝
𝑗=1

∏ 𝛤(𝑏𝑗 + 𝐵𝑗𝜅)
𝑞
𝑗=1

∞

𝜅=0

𝜃𝜅

𝜅!

 (𝜖)𝜅 (𝜐)𝜅 (1)𝜅

22𝜅 (𝜐+𝜖
2

)
𝜅

(𝜐+𝜖+1
2

)
𝜅

 𝜅!
 

Now apply Hadamard product i.e. ∑  𝐶𝜅 𝑦𝜅∞
𝜅=0 ∗ ∑  𝐷𝜅 𝑦𝜅∞

𝜅=0 = ∑  𝐶𝜅 𝐷𝜅  𝑦𝜅∞
𝜅=0  

𝐼4 ≡
𝛤(𝜐) 𝛤(𝜖)

𝛤(𝜐 + 𝜖)
   𝛹𝑞𝑝 [

(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞)
|

𝜃

4
] ∗ 𝐹23 [

𝜖, 𝜐, 1

 
𝜐+𝜖

2
,

𝜐+𝜖+1

2

 |
𝜃

4
] 

 

IV. Special Cases: 
(𝒊).  On taking ʋ = 𝜖 = 1 in 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.1, we get 

∫ (1 − 𝜉)
1

0

 (1 −
𝜉

3
)  𝛹𝑞𝑝 [𝑋]  𝑑𝜉 = (

4

9
) 

×  𝛹𝑞+1𝑝+1 [
(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝), (1,1)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞), (2,1)
| 𝜃]                                (4.1) 

where 𝑋 = (1 − 𝜉)2 (1 − 𝜉

4
)  𝜃 

 

(𝒊𝒊). On taking ʋ = 𝜖 = 1 in 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.2, we get 

∫ (1 − 𝜉)
1

0

 (1 −
𝜉

3
) 𝛹𝑞𝑝 [𝑌]  𝑑𝜉 = (

4

9
) 

×  𝛹𝑞+1𝑝+1 [
(𝑎1, 𝐴1), … , (𝑎𝑝 , 𝐴𝑝), (1,1)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞), (2,1)
| 𝜃]                                    (4.2) 

where 𝑌 = 𝜉 (1 −
𝜉

3
)

2

 𝜃 

 

(𝒊𝒊𝒊). On taking ʋ = 1 in 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.3, we get 

∫ (1 − 𝜉)𝜖−1
1

0

[𝐶𝜉 + 𝐷(1 − 𝜉)]−𝜖−1 𝛹𝑞𝑝 [𝑍]  𝑑𝜉 

=
1

𝐶𝜐𝐷𝜖
 𝛹𝑞+1𝑝+2 [

(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝), (𝜖, 1), (1,1)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞), (𝜖 + 1, 2)
|

𝜃

𝐶𝐷
]                                    (4.3) 

where 𝑍 = 𝜉 (1−𝜉)

[𝐶𝜉+𝐷(1−𝜉)]2 𝜃 

 

(𝒊𝒗). On taking 𝜖 = 1 in 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.3, we get 

∫ 𝜉𝜐−1
1

0

[𝐶𝜉 + 𝐷(1 − 𝜉)]−𝜐−1 𝛹𝑞𝑝 [𝑍]  𝑑𝜉 

=  𝛹𝑞+1𝑝+2 [
(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝), (𝜐, 1), (1,1)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞), (𝜐 + 1,2)
|

𝜃

𝐶𝐷
]                                    (4.4) 

where 𝑍 = 𝜉 (1−𝜉)

[𝐶𝜉+𝐷(1−𝜉)]2 𝜃 

 

 

(𝒗). On taking ʋ = 1 in 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.4, we get 

∫ ∫ 𝜉𝜖
1

0

1

0

(1 − 𝜁)𝜖−1 (1 − 𝜉 𝜁)−𝜖   𝛹𝑞𝑝 [𝑊]  𝑑𝜉 𝑑𝜁 

=  𝛹𝑞+1𝑝+2 [
(𝑎1, 𝐴1), … , (𝑎𝑝 , 𝐴𝑝), (𝜖, 1), (1,1)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞), (𝜖 + 1, 2)
| 𝜃]                                    (4.5) 

where 𝑊 = 𝜉 (1−𝜉) (1−𝜁)

(1−𝜉𝜁)2  𝜃 

 

(𝒗𝒊). On taking 𝜖 = 1 in 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.4, we get 
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∫ ∫ 𝜉
1

0

1

0

 (1 − 𝜉)𝜐−1  (1 − 𝜉 𝜁)−𝜐  𝛹𝑞𝑝 [𝑊]  𝑑𝜉 𝑑𝜁 

=  𝛹𝑞+1𝑝+2 [
(𝑎1, 𝐴1), … , (𝑎𝑝, 𝐴𝑝), (𝜐, 1), (1,1)

 (𝑏1, 𝐵1), … , (𝑏𝑞 , 𝐵𝑞), (𝜐 + 1,2)
| 𝜃]                                    (4.6) 

where 𝑊 = 𝜉 (1−𝜉) (1−𝜁)

(1−𝜉𝜁)2  𝜃 
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