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Abstract: This article aims to obtain mathematical formulation, as well as the discretization expression of the
equations to obtain the numerical results of the solution to the Laplace and Poisson operators, it should be
mentioned that the development and updating in the architecture and computational devices have allowed
greater capacity to store information and speed in its processing, different software applications have been
developed and used to implement the finite element method, however, as far as the fronter element method is
concerned, there are very few. It should be noted that in its implementation and way of operating it decreases
the number of equation systems to be solved, so it is not necessary to use too much memory in its development.
Background:The method arose in the late 1970s. To expand the history of the method, see the article by
Alexander H.D. Chenga, Daisy T. Cheng (2005)[1], this numerical technique known as the frontier finite
element method, has come to replace the finite difference and finite element methods; beginning the
development of this in (1941) its historical development can be considered in the article by Wing Kam Liu,
Shaofan Li & Harold S. Park (2022)[2], because they consider too many elements to bring it closer to the model
to work, so the number of equations to solve is greater, which requires more time to obtain the solution of the
problem.

Materials and Methods: These three methods are currently used to solve partial differential equations in those
cases in which their analytical solution cannot be obtained due to their complexity. The finite element is a
method that is based on the minimization of a functional associated with the given problem, which is nothing
other than the total energy of the defined physical system.

Results: The implementation of the frontier method in its way of operating reduces the number of systems of
equations to be solved, so it is not required to use too much memory in its development.

Conclusion:The frontier element method when only 4 elements are used having already the discretized
formulation, several domain decomposition techniques can be proposed, which are more than the original
model, one of the advantages of this numerical method that reduces the number of equations to solve, so the
solution can also be found anywhere within the model.
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I. Introduction

The method arose in the late 1970s. To expand the history of the method, see the article by Alexander
H.D. Chenga, Daisy T. Cheng (2005)[1], this numerical technique known as the frontier finite element method,
has come to replace the finite difference and finite element methods; beginning the development of this in
(1941) its historical development can be considered in the article by Wing Kam Liu, Shaofan Li & Harold S.
Park (2022)[2], because they consider too many elements to bring it closer to the model to work, so the number
of equations to solve is greater, which requires more time to obtain the solution of the problem. These three
methods are currently used to solve partial differential equations in those cases in which their analytical solution
cannot be obtained due to their complexity. The finite element is a method that is based on the minimization of a
functional associated with the given problem, which is nothing other than the total energy of the defined
physical system. These two methods give specific results, providing a disadvantage with respect to the frontier
element that can be calculated at any point in the model.
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I1. Mathematical approach
Suppose that a point charge is located at a point punto P = (§,7), Q = (§,1,{) en 2 c R? 0 R’as the
case may be. For Laplace's equation for 2 < R?. That is, solve the equation (1)

V2w = 0inQ (1)
where w(x, y) has a singularity in ((¢,1) € 2 in this way the equation becomes equation (2)

72w+ 6(E—x,n—y) =0inQ )

is satisfied by the function w(x, y)whose solution is the following:Since & = 0 foré # x, n # y. LetD, be a
closed disk centered on(&,n)of radiuse, taking the polar coordinates x = r cos 6, y = rsenfthe equation inD,
remains

2 2

Po 1% ia—w——(5‘(5—7‘0059,17—rsene) (3)

or2 " ror ' rZoe2
butasd =0sié&#x,n+y.

M) dw 92w
e e e

ar? ar W Oin DS\P (4)

As the solution of this equation depends only on r and not on 6, since w is constant with respect to 6.

0%w dw

2 —_— _—=
T 572 +r 3 0
()
0%w N 1w 0
ar " ror
Integrating it, we have w(r) = —ilogr = ilog (%)recognized as the function with a logarithmic singularity

in (£,1). In this way the solution of V2w + §(§ — x,n — y) = Oin Qis:

(u(r)=%logrconr=\/(€—x)2+(r)—y)2 (6)

Now be the equation
V2u = 0in Q (7)

under

ulp = g1(8); Vu - il = g2 (s) (8)

To solve it, the function w(r) is used as a weight function.
wVu=Vw -"u—-"7-(oVu)
uV?w =Tu-Vo — V- (ulw)

as [, uV?wd = —u(P)and
Vu-Vo =uV?w +V - (ulw)

wViu=uv?w+V-ulw) =V - (oVu)

0= wazud!) = qudeQ +fV-(ul7w)d!2 —J-V-(a)Vu)d.Q
0 0 0 0

dw du
0=—u(P)+f u( A)dS—f w(—A>dS
an  \O7 a0 an
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w
u(P) + [, 0 (5 )ds ) (an) ds ©)
Frontier Integral Equation
Here P = (§,1) € Q. There are three possible cases that the singularity is inside, frontier or outside 2. The case
in which P € a2 will be addressed, and the frontier integral equation will be solved. For this we take a semi-
disc D (P, e)with center at P and radius £ and we extend the region Q to 2" = 2 U D(P, €) in such a way that the

frontier now of 2" is 0" = I, U I.. The frontierl,D(P, €)has length me, P € 2 therefore the IFE is valid as
shown in Figure 1.

Figure 1:Semi-disc D (P, €) with center at P and radius ¢
w ou
uP) + [y u(5e)ds = [y 0 (55)ds (10

or

uP) + f, . u(%e ) =Jr o (2—;)615 (11)

u(P) + f, u(5 )d5+f (‘;)ds=fr7£w(g—’;’)ds+frsw(g—;)ds (12)
Let's calculate the integrals over I

S GR)as = fu(G)as =~ u()as = —qfuas = —ppime =3 (9

2me

in relation to the integral equation (14)

Ju (Z—‘;) ds (14)

is obtained: ~ ~

- I ilogr (Z—;) ds = —102’; frg (Z—;) ds = —%(Z—;)Tte = —%elogs (Z—;) (15)
making € — 0, you get:

lim . u(3 )ds_—$ (16)

lim . @ w(3 ;)ds =0 (17)

with respect to integrals over I'"_,,

lim J,. u( )ds (Z—;) ds  (18)

lim w (5 ) =f, (ﬁ)dS (19)
in this way the frontier integral equation is given by equation (20):

u(P) + [, u (3—:’) ds —Ju(P) = [, w (g—ﬁ) ds (20)
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04 ()i = o()es e

This integral frontier equation (21) is valid as long as the singularity is at a smooth point of d2; that is to say
that there exists the tangent to 8.2 in P to the smooth curve y.

Figure 2:The tangent to 412 in P to the smooth curve y

This because as € — 0, the semidisc D (P, ) tends to the point P and it is closing for both sides of P, before and
after P. dy = y(s)ds. If y(s) is a parameterization of the frontier 6Q, that it containsto P = y(s;).

()= u(®)vis = 0 ()it @

If the opposite occurs; that is to say that in the point P = (&, n) it does not admit the tangent as it is the case of a
corner or a peak.

Figure 3: The cases of a corner or a peak

then the coefficient C(P)u(P) must be replaced by % the portion in radians of the angle internal to the region
Q. So, the frontier integral equation is:

C(P)u(P) + fru(‘;—‘;) ds = frw(Z—;) ds  (23)

LUf € mn)en
cpy={ 3If €n)€nandtangentin (£,7) (24)
% If (¢,7m) corner or peak y e internal in Q

Discrete Form of the Frontier Element
1

e=
- - ~ E -

Given the region 2 =0 U adQ, by defining a partitiong(2) = {4W, ..., 4B}, = U 4© ~ O and it is

f=1

F
essential to define it 32 = U AY); (not necessary in Q) F< Ethe frontier of(2, 4 ~ 1. Let C be a polygonal
curve defined in 0Q, the points P, ;,; € 902, 1 <j < Nwhere (; is the edges or chords of the polygonal
1<j<N.
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Figure 4: Curve defined in 0Q, the points P, ; ;; €02, 1 <j <N

The chords (fj will be called frontier elements and extreme nodes will be those that divide the portions of the
border in which there are different frontier conditions, for example

Neumann g ‘,

Figure 5: There are different frontier conditions

The nodes are the points found in the middle of a chord and an extreme point in relation to the points where the
values of u such as g—’%are known or unknown are called frontier nodes, thus in this way, the chords ijay be
constant, linear, quadratic, cubic elements, etc.

Figure 7: An extreme point in relation to the points

The constant frontier elements have a middle node, that is, if the values of u or Z—;are constant along the border,

the chords C; that are in [7 or in I;can take the midpoint as the singularity (§,7) = P;, in such a way that an
equation can be established for each coefficient of U(P;) or in simplified form U(i); 1 < i < N, N; = number of
chords in which the value u is known and N, = number of chords in which w/f} = uis

o 9w

P Cj=%iw|f1,z=u*: Vw'ﬁ=aﬁ hi,=qx (25)
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in this way, the frontier integral equation for the singularity (£,7) € 842, with tangent defined in P will be:
U(P) 2} & _ a_u ~
+au(5e)aS = fp0(55)dS  (26)
which will be established for 82 = [ U [
U(P) dw = dw & _ B_u ~ 6_u =~
P (%) dS+ f, u (%) dS =, (aﬁ) dS+f, o (aﬁ) s @7)

If N, represents the number of chords - in which we have the frontier condition of the type fjand N, that of the
type [, u/I = wo; u/l = u; Vu - 77|F1 =q; Vu -l = qo; wl[; = u* Vo - flF; ; = q *. We have

Ir

1

u(55)dS = 5% fy woa =S (28)
I (G )dS %21 Jp ua <dS  (29)

fo(2 )ds lelf wxqdS (30)

1
a_u c Ny ~
fFZ w (iﬁf) ds = Zj=1 f(fj u * QQdS (31)

then the frontier integral equation for each i taken at each midnode of each chord C; WI|| be

U(P)+ZN11I uoq*dS+ZjV21f uq * dS = Z} 1f u*qu+Z fc.ju*qodf (32)

1<i<N;1<j <N will represent a linear system of equations with N unknowns in the values of u and 62—; in
those portions in which their values are unknown, for example wu/I; = ugare known, but uu/F, = uare
unknown, the same forZ—;| I3 = goknown, but forg—;| I; = qare unknown.

This system can be abbreviated as follows.

MOy 1 axdS =g fyuxdS  (33)

and defining HU = fc., q *dS; Gy = f u * dS the previous equation mounted for every i in each chord
]
1<i<N;1<j<N,itwill be had

’ ] l

U(l)+21 1Y - Hy Z; 195 -Gy (34)
Z}V:1 Hj -u = Z§V=1 Gij *q; (35)
where

ﬁij Sii#j

H.=1_ 36
U \Ay g sii=) (36)

In this way the system will be

HU = GQ 37)
N = Nl + N2
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0 a
where N; values of u and N, values of%are known, but N; values of %and N, values of u are unknown, or

unknowns to be determined. Once these values of both u andg—%‘have been determined on the entire frontier

00 = I U T,. The above matrix equation can be rearranged by passing all the unknown values N;, N,of both u
and Z—;’finfl and F;respectively in such a way that we have:
AX=F (38)

where now X is the vector of unknowns of u and —|n I, Frespectively. Once the unknownsu, —have been

calculated, we have all the values of u, |n a0, and from here we can proceed to calculate the values of u for
each interior point of the networkg(2) de 0, as follows.

u(i) =Z§V=1qj ij Z} 1Y - Hl] (39)

for each node of the network. In relation to the internal flow q, = Z—z; qy = z—;or gradient u is obtained by

deriving the expression u(i), az(i) au—f)from the equation

u(i) =Lﬁw(g:;) dﬁ—faﬁu(z(;;) df:fmr2 (g—>d5 frlurzu(g‘;f) ds
o o s [ (o [ (ZJo

u(i) = fflu * qdS + ffz u * qodS — fi‘l uyq * dS — fi‘z uq * dS (40)

0.0 = fj345; 48 = [puiraS = 5l [, (57) as] - Slaw [f; (55) aS] @)

ay() = 545 S~ f,uiaS =5l q; [f, (57) aS] - 2w [, (5) as] @)
i it 16 Bt =R )
w5 @

dqx _ 0

~ 0 [dw or dw Or _ 190 ar 6_r
ax E(Vw ' n) E ?5 0s 91 + EQCOS 92] T 2max br (ax Gt dy 7]2)] (45)
aq * A _ 0 [dw or dw ar _ 1 a1for
ady _(V n) - ay [6r dx cos 91 + Jar dy cos 92] - 211 dy [ (6x M to UZ)] (46)

The integrations in the expression are calculated by Gaussianquadrature’sq, (), gy, (i)

ffj (az;:) ds, féj (aaljc*) ds, fﬁj (aal;*) ds, fﬁj (aaiy*) ds (47

the same for A;;, G;;, i # j, H; = 0,7 L 7.

Now let L; = \/(x;11 — x:)? + (7111 — yi)2be the length of element i, r = %Where £is the coordinate natural.
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iy Y (}{|+1| yin)
- - ﬁ" b
E=-1 g0 = 5= 1
Li Li
7 z
RN
n
Figure 8: The length of element i
1 1 2 1 2\ L; L; 1 2
Gi =5 [ In (—) dr==['In ({—J;d{ =Lflm (5) d& (48)
From the integration of
[In(x)dx =xlnx —x (49)
applying it to
lni = In(2) — In(¢L,) (50)
L2y (! ! g _ GL)In(EL)  GL]|'
fo In (gT) dé _L In(2) dé —jo In(EL) 7= In(2) - [ e ] 0

= n(2) - [§ In(§L) — €11} = In(2) — In(L) + 1= In (% ) +1(51)

Gy ==L} In (fL)dE —ln()+1] (52)
In the frontier element method, it has been seen that once the frontier integral equation is obtained for each of

the strings where the singularity u(i) has been assumed, a linear system of equations is established to determine
the values of u and of—in those chords C that form the polygonal boundary .2, I, I*Zrespectively, 7 "0 = q;

u|f; = u where the Green function w(r) = ZlOg (%) is evaluated as %on each chord Cjobtaining a linear
equation for each node position i € ¢; (midpoint of ).

COWWD +5 ], utaS =3y} oy witdS (59)
1<i<N;1<j<N,CP)=2

or explicitly

U(l)+f uoq*d5+f uq *xdS = fu*qu+f~u*q0dS (54)

U(l)+ZN11f uoq*d5+2 p uq*dS Z e u*qu+ZjV21f u * qodS(55)

or in abbreviated form
U ~ ~
(l) + Z u; fc'j qg*dS = Zj.vzll q; fc'j u*dS (56)

1<i<N;1<j<N,wherey, qj are partly unknown and the values of f~ q *dS, as of f~ u = dSare given

by the values of the function w(r), —|n each chord C for each position of i at the midpoint of each . Here the
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u;, q; have come out of the integrand from the fact that we have only considered constant frontier elements; that
is to say that u, z—;in each chord respectively are constant, but in general it is not so. Now, as in the general case,

the integrations are presented as follows
Jo uxqdS; [, q*udS (57)
] ]

where the functions w/C}- =ux;Vw- ﬁ/C} = q =are weight functions for q and u respectively, we will give the
Gaussian quadrature integration formula for the general case.

I11. Results and Discussion
The derivation of the method is quite complicated, it is necessary to have knowledge of partial
differential equations, frontier conditions of different types, discretization of the domain, and finally, to know
how to couple the equations so that it forms a linear system of equations.

IV. Conclusion

The frontier element method when only 4 elements are used having already the discretized formulation,
several domain decomposition techniques can be proposed, which are more than the original model, one of the
advantages of this numerical method that reduces the number of equations to solve, so the solution can also be
found anywhere within the model.
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