IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 20, Issue 4 Ser. 2 (July. — August. 2023), PP 40-52
www.iosrjournals.org

Interval-Valued Neutrosophic Hypersoft Topological
Spaces
J.JAYASUDHA!, S. RAGHAV?

!(Department of Mathematics, Nallamuthu Gounder Mahalingam College, India)
2(Department of Mathematics, Nallamuthu Gounder Mahalingam College, India)

Abstract:

Aim of this paper is to introduce the concept of Interval-valued Neutrosophic Hypersoft Topological spaces. Some
notions such as finer, coarser, discrete, indiscrete, neighbourhood, neighbourhood system, basis of an Interval-
valued Neutrosophic Hypersoft Topological space are introduced and we have studied some properties with
examples. Finally, Interval-valued Neutrosophic Hypersoft interior and closure are studied.
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. Introduction

In order to deal with uncertainty, Lotfi A. Zadeh [1] in 1965 introduced the concept of Fuzzy logic and
Fuzzy sets. In Fuzzy logic, it represents the degree of truth as an extension of valuation. To deal with imprecise
and vague information K. Atanassov [2] in 1986 introduced the concept of Intuitionistic fuzzy sets and
Intuitionistic fuzzy logic. Similarly Pythagorean fuzzy sets, Pythagorean fuzzy numbers and several other
concepts and their applications in MCDM, MADM and MAGDM were proposed in [3] — [11]. Chang [16] in
1968 expanded the idea of Fuzzy sets to Fuzzy topology and developed many notions based on it. Compactness,
Products and convergence of fuzzy topological spaces were proposed in [13]-[15]. In 2021, I. Zahan, et.al.,
developed the concept of fuzzy topological spaces, in which some of their properties and certain relationships
among the closure of these spaces are discussed. Coker D. in 1997 introduced the concept of Intuitionistic fuzzy
topological spaces. Later on in 2018, some notions based on Intuitionistic fuzzy topological spaces were given by
Kim, et.al., [17]. The parametrization of the attributes is not discussed in any of the aforementioned studies.

Molodtsov [18] in 1999 generalized the concept of fuzzy set theory to soft set theory which helps to deal
with uncertainty. Some basic properties of soft set theory was proposed by P. K. Maji, et. al., [19]. Later on
several interesting results based on Soft set theory has been obtained by embedding the idea of Fuzzy set,
Intuitionistic fuzzy set, Vague set, Rough set, Interval-valued intuitionistic fuzzy set and so on. Also, various
applications of the above mentioned sets in decision making problems were developed in [20] — [26]. In 2011,
Naim Cagman, et.al., [27] defined the concept of soft topology on a soft set and presented its related properties.
Muhammad Shabir, et.al.,[28] introduced soft topological spaces which are defined over an initial universe with
a fixed set of parameters. The notions of soft open sets, soft closed sets, soft closure, soft interior points, soft
neighborhood of a point and soft separation axioms were introduced and their basic properties were investigated.
The notion of a topology on soft subsets have been introduced by H. Hazra et.al.,[29]. And also they studied some
basic properties of these topologies and the definition of continuity of soft mappings with their properties. Taha,
et.al.,[30] introduced the concept of pointwise topology of soft topological spaces. Finally, they investigated the
properties of soft mapping spaces and the relationships between some soft mapping spaces.

F. Samarandache [31]in 1995 introduced the concept of Neutrosophic sets and Neutrosophic logic with
indeterminate data. Neutrosophic soft sets were introduced by Maji in [32]. He also gave an application on
Neutrosophic soft sets through a decision making problem. The concept of Generalized Neutrosophic soft set
theory was proposed by Said Broumi [33]. Similarly, several concepts based on Neutrosophic Soft set theory has
been emerged in recent days. Salama A. A. et.al., [34] progressed a new concept called Neutrosophic topological
spaces and defined some definitions based on it. In [35] Tuhin Bera, et.al., constructed the Neutrosophic soft
Topology. Further the notions of Neutrosophic soft interior, closure, neighborhood, boundary are defined and also
some of their basic properties are studied. In [36] the same authors introduced the concept of connectedness and
compactness on neutrosophic soft topological spaces and studied several characteristics and related properties.
They also studied neutrosophic soft continuous mappings on neutrosophic soft topological spaces. The
separations axioms on Neutrosophic topological spaces were given by Cigdem, et.a.,[37].
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In 2014 Irfan Deli[38] introduced the notion of interval valued neutrosophic soft sets which is a
combination of an interval valued neutrosophic set and soft set. Later on Anjan Mukherjee, et.al., [39] developed
interval valued neutrosophic soft topological spaces and studied some notions on it.

Smarandache [40] introduced Hypersoft sets which deals with multi-attribute functions. Further,
Muhammad Saglain, et.al., [41] progressed a new concept called Neutrosophic Hypersoft set and also studied
some operations on it. Rana Muhammad Zulgarnain, et.al.,[42] developed the generalized version of aggregate
operators on Neutrosophic Hypersoft sets. Sagvan Y. Musa, et.al.,[43] developed the concept of Hypersoft
topological spaces and provided some basic notions on them. Further, certain new notions, connectedness and
separation axioms of Hypersoft topological spaces have been explored by Sagvan Y. Musa, et.al.,[44]-[45]. Later
on in 2022 Adem Yolce, et.al.,[46] introduced the concept of fuzzy hypersoft topological spaces and studied some
basic notions on it. Taha Yasin Ozturk, et.al., [48] further extended the concept of Neutrosophic soft topological
spaces to Neutrosophic Hypersoft topological spaces and presented some new notions.

In this study we introduce the concept of Interval-valued Neutrosophic Hypersoft Topological Spaces
and establish some notions, properties and results, with examples and proofs.

I1.  Preliminaries
In this section we recalled some fundamentals such as Hypersoft topological spaces, Fuzzy hypersoft
topological spaces, Neutrosophic Hypersoft topological spaces, etc., which would be helpful to introduce the
concept of Interval-valued Neutrosophic Hypersoft topological spaces.

Definition 2.1. [43]

Let T}, be the collection of hypersoft sets over U, then T}, is said to be a hypersoft topology on U if
1. (¢,E), (Y, E) belong to Ty,
2. The intersection of any two hypersoft sets in T}, belongs to T,
3. The union of any number of hypersoft sets in T, belongs to Ty,.

Then (U, Ty, E) is called a hypersoft topological space over U.

Definition 2.2. [48]
Let NHSS(A,X) be the family of all neutrosophic hypersoft sets over the universe set Aand T S NHSS(A,X).
Then T is said to be a neutrosophic hypersoft topology on A if

1. Oy and 1y, belongsto T ] ]

2. The union of any number of neutrosophic hypersoft sets in T belongsto T

3. The intersection of finite number of neutrosophic hypersoft sets in 7 belongsto T .
Then (A, %, T) is said to be a neutrosophic hypersoft topological space over A. Each members of T is said to be
neutrosophic hypersoft open set.

Definition 2.3. [47]

Let U be a universal set and P(U) be a power set of U and for n > 1, there are n distinct attributes such as
ki, ko, ks, ...k, and K, K,, K5, ..., K,, are sets for corresponding values attributes respectively with following
conditionssuchasK; N K; = ¢ (i # j)andi,j € {1,2,3..n}. Then the pair (F, A) is said to be IVNHSS over
U if there exists a relation K; * K, * K3 * ...* K, = A.Where F:K; * K, » K3 % ..x K, - (U)and

F(Ky % Ky % Kigy % o Ky) = {< 0, [ub@),uf®)], [v5@),vf ()], wi@),wf®)]>: 9 € U},
where u%(9),v5(¥) and wk(9) are lower and uY (), vy () and wl(9) are upper membership values for
truthness, indeterminacy, and falsity respectively for A and [u}(9),uY @)1, [vi(®),v{ ()], wi(@®),w!®)] c
[0,1] and 0 < supuy (9) + supv, (9) + supw, (9) < 3 foreachd € U.

Definition 2.4. [47]

Let F, and Gy € IVNHSS over U,then F, € Gg if
1. infu,(9) < infug (), sup uy,(¥) < sup ug(d)
2. infv,(¥) = infvg(9),sup v,(9) = sup vg(I)
3. infw,(9) = infwg(¥), sup w,(9) = sup wg(9)

Definition 2.5. [47]
Let F, over U, then
1. Empty IVNHSS can be represented as F,, and defined as follows
F, = {<9, [0,0], [1,1], [1,1] >:9 € U}
2. Universal IVNHSS can be represented as Fg, and defined as follows
Fr = {<9, [1,1], [0,0], [0,0] >:9 € U}
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3. The complement of IVNHSS can be defined as follows
Fi = (<9, wi@),wi(®)] [1-v{(®),1-vi®)] [Wi@®),ui®)]>:9 € U}.
Definition 2.6 [47]
Let F, and Gz € IVNHSS over U, then
<Y, [min{infu, ), infuz(¥)}, min{sup u, (), sup ug(9)},
F, N Gy =< <V, [max{infv,(9),infvg(¥)}, max{sup v,(9), sup vg (19)}],}
<Y, [max{infw,),infwy ()}, max{sup w, (9), sup wg(9)}]

Definition 2.6 [47]
Let F, and Gg € IVNHSS over U, then
<9, [max{infu,(9),infug(¥)}, max{sup u, ), sup ug(9)}],
F, U Gy =4 <0, [min{infv,(9),infvz(¥)}, min{sup v,(9), sup vB(ﬁ)}],}
<Y, [min{infw,(®),infwg(®)}, min{sup w, ), sup wg(9)}]

I11.  Interval-valued Neutrosophic Hypersoft Topological Spaces
In this section we introduce the concept of Interval-valued Neutrosophic Hypersoft Topological Spaces
and define some notions and properties on it. Throughout this paper Interval-valued Neutrosophic Hypersoft Set
is denoted by IVNHSS.

Definition 3.1.
Let IVNHSS (U, €) be the family of all IVNHSSs over the universe U and T € IVNHSS(U, ). Then T is said to
be an Interval-valued Neutrosophic Hypersoft Topology on U if,
1. Owg and 1ge are in T, [where, O, denotes the empty IVNHSS and 1) denotes the universal
IVNHSS]
2. the union of any sub-collection of IVNHSSs of T isin T,
3. the intersection of finite sub-collection of IVNHSSs of T isin T,
Then the triplet (U, &, T) is called an Interval-valued Neutrosophic Hypersoft Topological Space over U.

Definition 3.2.
Let (U,&,T) be an Interval-valued Neutrosophic Hypersoft Topological Space, then every member of T is said
to be an Interval-valued Neutrosophic Hypersoft open Set(IVNHS-open set) in U.

Example 3.3.

Let U = {uy,u,} bethe universal setand let ¢ = {¢,,¢,, &5} be the parameter set with

$1={e1,€2},$; = {es, €4} and &5 = {es}, such that {; = (eq, e3,€5), (> = (€1, €4, €5), {3 = (e, €3,€5) and
{4 = (€2, €4, €5). NOW IVNHSSS O¢5.6), Lw,g), (111, §), (12, §), (13, §), (14, ) over U are given by,

(91,33,95), o ’ 2 )
([0,0], [1,1], [1,1]) ([0,0], [1,1], [1,1])

Y

Uy
(e1, €4, €5), ([0,05, [1L,1L,[1,1D)"  ([0,0], [1 1] [11] ))'
0w = u
1
(3,5, €5), ([0,01, [1,1], [1,1])’ ([0,0], [1 1 [1, 1]))’
(e e4€5), - ’
([0,0], [1,1], [1,1]) ([0,0] [1 1] [11])
Uy
((el,e3,es), ([11L[o,0L,[0,0D"  ([11], [0 0] [0,0] ))
Uy
((el'e‘*' es), ([1.1],[0,0],[0,0)"  ([1.1], [0 O] [0,0] ))
Lo = u
<(ez'e3' es), ([1.1],[0,0],[0,0])"  ([1,1], [0 0 [0, 0]))

Uy

(L1l [0,0],[0,0D"  ([1.1] [0 0] (o, 0]))

(e, e4,€5),

/
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Uy Uz
((el,e3,es), ([0.4,0.8],[0.5,0.7],[0.3,05])"  ([0.1,0.3],[0.4,0.6],[0.6,0.9] )
Uy
o) = <( exes) (06,08 0406, [0103D" (03,04 [0 4, ) 8],[0.5,0.8 ))’
n,s) =
((ez e, es), - ’ )'
([0.6,0.7],[0.6,0.8],[0.2,0.4])"  ([0.2,0.4],[0. 5 ) 7],10.7,0.9])
Uy
<(‘32 ewes)  0810],[0204,[0002)  ((07,08], [0 1, ) 2],10.2,0. 3]))
(( ,€3,€s5), o ’ )'
([0.4,0.6],[0.6,0.8],[0.5,0.6])"  ([0.7,0.8], [0. 5 ) 7],10.2,0.4])
Uy
ey = <(el ewes) 0205, [0.6077,107,00) (0407, [0 6, ) 8],10.6,0. 9]))’
N2,6) =
Uy
<(ez e€s)  ([05,009], [0408],[0L04)"  (10609], [0 3, ) 5],[0.2,0.6 ))'
Uy
<(ez'e4 ) 0407] [0408],[0609)°  ((0.L04] [0 4, 0 7],10.6,1.0 ))
Uy
(( 1€3,65), ([0.4,0.8],[0.5,0.7],[0.3,0.5])"  ([0.7,0.8], [0 4, 0 6],[0.2,0. 4])>'
Uy
6 - (( ) (06,08] [0406],[0L03D" (0407 [0 4, o) 8],[0.5,0. 8]))'
N3, -
Uy
(( €:%) 06,09, [0408,[0504)"  ([0.609], [0 3, ) 5],[0.2,0.6 ))'
Uy
(( es) 081010204, [0L02)"  ([0.7,08] [0 1, ) 2,[02,0.3 ))
Uy
(( reses), ([0.4,0.6],[0.6,0.8],[0.5,0.6])"  ([0.1,0.3], [0 5 0 71,[0.6,0. 9])>'
Uy
) = <( ) (0Z2,05]0607,[07,09D" (103,04 [0 6, ) 8],[0.6,0. 9]))'
Na» -
Uy
<("’2 e€s)  ([05,07],[0.608],[0204)" (1020410, 5 0 71,[0.7,0.9 ))'
(62.64' 65). u ’ = )
([0.4,0.7],[0.4,0.8],[0.6,09])"  ([0.1,0.4],[0.4,0.7],[0.6,1.0])

Here,

T, = 0w,y Lwey 1,6, (12,6), 13,6), (M4,6)} is an Interval-valued Neutrosophic Hypersoft

Topology over (U,¢) and also (U, ¢ T'l) is an Interval-valued Neutrosophic Hypersoft Topological Space.

But, T, = {0w,e) Lwe), 11, €), (2, §)} isnotan Interval-valued Neutrosophic Hypersoft Topology over (U,¢) ,
since the union and intersection of two-IVNHSSs (4, &) and (1,, &) of T, does not belongs to T,.
(ie.) 1,8 U (12,8) € T, and (11,8 N (12,6) & Ty

Definition 3.4.

Let (U g, 7'") be an Interval-valued Neutrosophic Hypersoft topological space over U and let (, &) be an IVNHSS
in U. Then, (n, &) is said to be an Interval-valued Neutrosophic Hypersoft closed set(IVNHS-closed set) of U if
its complement is an Interval-valued Neutrosophic Hypersoft open set in U.

Theorem 3.5.

Let IVNHSS (U, &,T) be an Interval-valued Neutrosophic Hypersoft Topological space over U. Then,
1. O and 1 are IVNHS-closed sets in U,
2. the union of finite sub-collection of IVNHS-closed sets is an IVNHS-closed set over U,
3. the intersection of any sub-collection of IVNHS-closed sets is an IVNHS-closed set over U.

Proof. This is obvious from Definition 3.4.
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Example 3.6.

Consider the same universe and parameters as of Example 3.3. IVNHSSS 0y ¢), 1(15,¢), (a1, ), (@2, §), (a3,$) and

(a4, &) over U are given by;

Uz
(0,0, [L1],[1,1]) )’

([0,01, [1 1] [1,1] ))'

(0,07, [11 LD )’

([0,0] [1 N 1]))

(.11, [0 0] [0,0D )’

i, [0 o000 ))

(1,11, [00 [0,0p )’

(61'33Jes)' ul ’
(10,01, [L, 1], [L,1)
Uy
. <( ) O0L AL LD’
wH =
Uy
<( €)oo LT LD’
Uy
<( 0 ool L L]’
(el e3 65), ul ’
([L.11,10,01, [0,01)
Uy
. <( e LI 001 00D"
e =
( 33 es): ul ’
(I1.11,10,01,[0,01)
(e e4€5), L ,
(I1.11,10,01, [0,01)

(2, 9) =

P e A Y Y

(a2,8) =

P N e S

(a3,§) =

—~ T N/ N/

(e1,€3,€5),

(e, e4,65),

(d4, E) =

e i R

Uy

(1] [0 0o 0]))

(e, e3,€5),

([0.3,0.5],[0.3,0.5],[0.4,0.8])°

Uy

([0.6,09], [0406 [0.1,03]) )’

(e, e4€5),

([0.1,0.3],[0-4,0.6], [0.6,0.8])°

Uy

(ez 5, €5),

(e €4 €5),

([0.2,0.4],[0.2,0.4], [0.6,0.7])"

Uy

([0.5,0.8], [0206 [0304]))

([0.7,0.9], [0305] [0.2,0.4]) )’

([0.1,0.2],[0.6,0.8], [0.8,1.0])’

Uy

([0.2,0.3], [0809 0708))

(e, €3, €5),

([0.5,0.6],[0.2,0.4], [0.4,0.6])°

Uy

([0.2,0.4], [0305] [0.7,0.8]) )’

(e1, €4 65),

([0.7,0.9],[0.3,0.4],[0.2,05])°

Uy

(ez, €5,€5),

(e €4 €5),

([0.1,0.4],[0.2,0.6],[0.5,0.9])’

Uy

([0.6,0.9], [0204] [o4o7])>'

([0.2,0.6], [0507 [0.6,0.9]) )’

([0.6,0.9],[0.2,0.6], [0.4,0.7])’

Uy

([0.6,1.0], [0306 0104)>

(ey,e3,€5),

(10.3,0.5],[0.3,0.5], [0.4,0.8])

Uy

([0.2,04], [0406] [0.7,0.8]) )’

(ell €y, 35),

([0.1,0.3], [0-4,0.6], [0.6,0.8])

Uy

(ez,3,€5),

,
(ez,e4,5),

([0.1,0.4],[0.2,0.6], [0.6,0.9])’

Uy

([0.5,0.8], [0206] [0407]))'

([0.2,0.6], [0507 [0.6,09]) )’

([0.1,0.2], [0.6,0.8], [0.8,1.0])’

Uy

([0.2,0.3], [0809 0708)>

([0.5,0.6], [0.2,0.4], [0.4,0.6])°

Uy

([0.6,0.9], [0305] [0.1,03]) )’

([0.7,0.9],[0.3,0.4], [0.2,05])°

Uy

(ez,3,€5),

((62,64, es),

([0.2,0.4],[0.2,0.4], [0.5,0.7])’

Uy

([0.6,0.9], [0204] [0304])>'
([0.7,0.9], [0305 ozo4)>’

([0.6,0.9], [0.2,0.6], [0.4,0.7])’

([0.6,1.0], [0306 0104))
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Here, 0¢s.6), 1(w,6), (@1, §), (a2, §), (@3, €), (s, &) are IVNHS-closed sets in U as their complements are
IVNHS-open sets in U over (U, £, T).

Definition 3.7.
Let IVNHSS(U, &) be the family of all IVNHSSs over the universe U.

1 If T={0ws Lwe} then T is said to be an Interval-valued Neutrosophic Hypersoft indiscrete topology
on (U,¢) and the triplet (U,¢,T) is said to be an Interval-valued Neutrosophic Hypersoft indiscrete
topological space over U.

2. If T = IVNHSS(U, &), then T is said to be an Interval-valued Neutrosophic Hypersoft discrete topology
on (U,&) and the triplet (U,&,T) is said to be an Interval-valued Neutrosophic Hypersoft discrete
topological space over U.

Definition 3.8.

Let (U, ¢, Ti) and (U &,T,) be two Interval-valued Neutrosophic Hypersoft topological spaces over 0.
1. If T1 c Tz, then T} is said to be coraser than T, and T, is said to be finer than T .
2. fT, € T, orT, € T,,thenT; and T, are said to be comparable over U.

Example 3.9.
Consider Example 3.3. In which,

Tl = {O(U,E)' 1(U,§)' (771' f)' (772' f): (7)3' f)' (7)4: f)}'

T, = 0we. lupt
Here, T, < T, then T, isfiner than Ty, T; is coarser than T, and also T; and T, are comparable.

Proposition 3.10.
If (U,&,T,) and (U, &, T,) be two Interval-valued Neutrosophic Hypersoft topological spaces over U, then T; n

T, isalso an Interval-valued Neutrosophic Hypersoft topology on (U, £).

Proof.
Assume (n4,§), (n,, &) € IVNHSS(U, §).
1. Plainly, O(U,E)'l(U,E) € Tl n T’Z,
2. Let (rllﬁf)' (1‘[2,6) € Tr} n T,ZJ B
= (rll' f) (1‘[2,6) € Tl and (771» 6) (TIZ' f) € TZ
= 0,8 N@,¢) €T and (771:5) N (02,8 €T,
= (rll' f) n (77216) € Tl O T2
3. Let{(n,&):i€el} € TyNnT,,
= ) € Ty and (;,8) € Ty )
= Uier 1,) € Ty and Ui (1,8) € Ty
= Ve ,¢) € T, N T ) ]
Here, T, N T, is an Interval-valued Neutrosophic Hypersoft topology on U and the triplet (U,¢,T; n T,) is an
Interval-valued Neutrosophic Hypersoft topological space over U.

Remark 3.11.
The union of two Interval-valued Neutrosophic Hypersoft topologies on U may not be an Interval-valued

Neutrosophic Hypersoft topology on U.

Example 3.12.
Consider Example 3.3. Let T; and T, be two Interval-valued Neutrosophic Hypersoft topologies on U, which is

given by,

T, = {O(U o lwey 1,0} T = Owe, Lwe, (12,6}
Here, ) N T, = {0(.6), 1wy} which is an Interval-valued Neutrosophic Hypersoft topology on U.
But, Ty U T5 = {0 ey, L) (11, €), (72,)} which is not an Interval-valued Neutrosophic Hypersoft topology

onU,since (7, ) U (12,€) € T, U T, and (7, ) N (05, 8) € Ty U T
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Definition 3.13.

Let T be an Interval-valued Neutrosophic Hypersoft topology on (U,&) and let (n,,&),(s,&) €
IVNHSS on U. Then, (n3, €) is said to be an Interval-valued Neutrosophic Hypersoft neighbourhood(IVNHS-
neighbourhood) of (1,, &) if there exists an IVNHS-open set (17,,€) [(i.e.) (1,€) € T] such that (1,, &) S

(7)1: f) c (773' E)

Example 3.14.

Consider Example 3.3, in which (n,¢&) € (n,¢) € (3,€), hence (n3,¢) is an Interval-valued
Neutrosophic Hypersoft neighbourhood of (n,, £), since (14, £), (n3,§) are IVNHSSs in (U, &) and (n4,§) isan
IVNHS-open set in U.

Proposition 3.15.
Let (U,¢,T) be an Interval-valued Neutrosophic Hypersoft topological space over U.
1. If (n,¢) and (n,, &) are two Interval-valued Neutrosophic Hypersoft neighbourhoods of some
IVNHSS(n,,€) on U, then (174, &) N (13, &) is also an IVNHS-neighbourhood of IVNHSS(7,, &) on U.
2. If (g, &) isan IVNHS-neighbourhood of IVNHSS (n,,&) on U and if (n,,€) S (,, &), then (n,, &) is
also an IVNHS-neighbourhood of IVNHSS(n,, ¢) on U.

Proof.

1. Let (n,,€) and (n,,¢) be two Interval-valued Neutrosophic Hypersoft neighbourhoods of some
IVNHSS (14, &) on U. Then by Definition 3.13 there exist IVNHS-open sets (13,€), (ns,€) € T on T,
suchthat (14,$) S (13,$) € (11,§) and (14,§) S (5,$) S (12, ). Now, (15,$) S (5,¢) and
(14,§) S (s5,¢) implies that (,,¢) < [(3,§) N (s, §)] and also [(75,€) N (ns,§)] € T. From

which we have, (15,§) S [(13,$) N (15,61 S [(1,8) N (12,€)]. Thus, (n1,€) N (12,§) isan
IVNHS-neighbourhood of IVNHSS(#,, £).

2. Let(ny,¢) bean Interval-valued Neutrosophic Hypersoft neighbourhood of IVNHSS(n,,¢) on U and
also assume that (n4,&) S (n,, £). By Definition 3.13, there exist an IVNHS-open set (5, &) such that
(M,8) S (15,6) € [(1,8) N (n2,§)]. Thus, (2, ) is an IVNHS-neighbourhood of IVNHSS(n,, §).

Definition 3.16.

Let (U, 5,7") be an Interval-valued Neutrosophic Hypersoft topological space over U. If (n,&) €
IVNHSS(U, ), then the family of all IVNHS-neighbourhoods of (7, £) is said to be an IVNHS-neighbourhood
system of (1, &) on topology T and is denoted by Nbd(7, &).

Theorem 3.17.

If Nbd(n,, &) is an IVNHS-neighbourhood system of the IVNHSS(7,, ¢) on U then,
1. finite intersection of the members of Nbd(n,, £) belongs to Nbd(n,, £),
2. each IVNHSS containing a member of Nbd(,, &) belongs to Nbd(n,, £).

Proof.
1. Assume (11,€), (., &) € IVNHSS and also let (71,£), (n,é) € Nbd(n,, §). Then by Definition 3.13
there exists an IVNHS-open sets (173, &), (ns,&) € T on U such that (4,&) € (n5,€) € (11,€) and
(14,8) € (5,§) S (). Since we have (13,§) N (15,$) € T implies that

14,6 € [M3,8) N (s5,$)] S [(12,8) N (01,$)]. Thus [(m2,$) N (1,$)] € Nbd(n, §).
2. Assume (1y,&) € Nbd(n,, &) on U and if (n,,£) is an IVNHSS containing (14, &) then, by Definition

3.13 there exist an IVNHS-open set (13,&) € T onUsuchthat (1,,8) S (15,€) € (11,€) S (,,9),
which implies (74,8) S (3,€) € (112,$). Hence, (n5,¢) € Nbd(n4,$).

Definition 3.18.
Let (U f,T) be an Interval-valued Neutrosophic Hypersoft space over U and if Y is a non-empty subset of U,
then,

Ty = {1, O (0,%) € T) ,
is said to be an Interval-valued Neutrosophic Hypersoft relative topology on Y and the triplet (Y, &, Ty) is said to
be an Interval-valued Neutrosophic Hypersoft subspace(IVNHS-subspace) of (U ET )

Corollary 3.19.
The following conditions hold for an IVNHS-subspace,
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1. any IVNHS-subspace of an Interval-valued Neutrosophic Hypersoft indiscrete topological space is an
Interval-valued Neutrosophic Hypersoft indiscrete topological space.

2. any IVNHS-subspace of an Interval-valued Neutrosophic Hypersoft discrete topological space is an
Interval-valued Neutrosophic Hypersoft discrete topological space.

Proof. Follows from Definition 3.18.

Proposition 3.20.
Let (Y, Ty) be an IVNHS-subspace of an Interval-valued Neutrosophic Hypersoft topological space (U, ¢,T)
and also (17y, €) be an IVNHS-open set in Y. If (Y, &) € T then, (ny, &) € T.

Proof.

Let (ny, &) be an IVNHS-open set in Y, then by Definition 3.18 there exists an IVNHS-open set (1, ) in U such
that

(v, &) = (Y,©) n (m, ). By our assumption, if (Y,%) € T, then we have (Y, ) n (n,%) € T which implies

(nY' f) € T

Proposition 3.21.
If (Y,&Ty) and (8,5 T5) are two 1VNHS-subspace of an Interval-valued Neutrosophic Hypersoft topological

space (U, &, T )andif Y € & then, (Y,& Ty) is an IVNHS-subspace of (8, &, Ts).

Proof.
Straight forward from Definition 3.18.

Definition 3.22.
For an IVNHSS(n, ),
1. anInterval-valued Neutrosophic Hypersoft point(IVNHS-point) is given by an element (¢, 1(¢)) of (n, )
such that,
n() € 0wy and n(¢’) € O g, for all{ € §and ¢' € & — {e} and is denoted by {,.
2. the complement of an IVNHS-point ¢, is another IVNHS-point {7, which is given by () = (n(Z))C.
3. an IVNHS-point {,, € (n;,8) only if for the element { € &, 1;({) < n,({), for (n,,§) € IVNHSS on

@, 9.

Example 3.23.

Consider Example 3.3. An IVNHS-point of (n,, ) for the parameter {; = (e, e3, es) is given by,
(1, €3, €5)n, = {(uy,([0.4,0.8],[0.5,0.7],[0.3,0.5])), uy, ([0.1,0.3],[0.4,0.6], [0.6,0.9]))}

and its complement is given by,

(1, e3,5)8, = {(uy,([0.3,0.5],[0.3,0.5], [0.4,0.8])), u,, ([0.6,0.9], [0.4,0.6], [0.1,0.3]))}

Let (3, &) € IVNHSS in (U, &) such that,

(e1,e3,€5)n, = {(uy, ([0.5,0.9],[0.4,0.6],[0.2,0.4])),u,, ([0.5,0.8], [0.1,0.3],[0.3,0.7]))}

in which {3, € (n,, &) because for the element {; € §,1,({;) < n,(¢y) in (U, £).

IV.  Some properties of Interval-valued Neutrosophic Hypersoft Topological Spaces
In this section, we define Interval-valued Neutrosophic Hypersoft base, interior, closure and discuss some of their
properties.

Definition 4.1.

Let (U f,T) be an Interval-valued Neutrosophic Hypersoft topological space over U. Then, the sub-
collection B of T is an Interval-valued Neutrosophic Hypersoft base(IVNHS-base) for T (called Interval-valued
Neutrosophic Hypersoft base element (IVNHS-base element)), if every member of T can be expressed as an union
of some elements of B.

Example 4.2.
Consider Example 3.3.

Ty = 0wey Lwey 11,6, (12,8, (03, €), (14, )} then the sub-collection,
B = {O(U,f)’ 1(0,{)1 (771, f)l (772; E)’ (774; f)}’ is an 'VNHS-base for Tl in (U, E)
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Theorem 4.3.
Let (U, f,T) be an Interval-valued Neutrosophic Hypersoft Topological space over U and if B € T, then the
following conditions are equivalent,

1. B isan IVNHS-basis of T.

2. Forevery IVNHSS(n,¢) € T and for ¢, in (1, ¢) there exists B; € B such that {,, € B; < (1, ¢), for all

(€S,

Proof.
Straight forward from Definition 4.1.

Theorem 4.4.
Let (U, ) be an IVNHSS and let B be an IVNHS-basis for Interval-valued Neutrosophic Hypersoft topology T on
(U, &). Then,

1. T equals the collection of all union of elements of B.

2. T isthe smallest Interval-valued Neutrosophic Hypersoft topology containing B.

Proof.
1. Given a collection of elements of B, which are also members of T . Since T is a topology, the union of
members of T isalso inT.

Conversely, given (n,&) € T, choose for each Gi, € (n, &) an element B,-n of B such that Gi, € Bin c

(1, ). Therefore, (1, &) =V, ) Bin' forall §; € &.
2. This is obvious.

Theorem 4.5.

Let (U,&,T) be an Interval-valued Neutrosophic Hypersoft topological space over U and let B €
IVNHSS on (U, ). Then, B is an IVNHS-basis for an Interval-valued Neutrosophic Hypersoft topology 7 on
(U, &) iff for any arbitrary IVNHSS(n,€) in T the following conditions hold,

1. foreach ¢, € (n,¢) there exist atleast one IVNHS-basis element B; € B such that ¢, € B;, for { € ¢.
2. if ¢, belongs to the intersection of two IVNHS-basis elements B, and B, [(i.e.,) {;, € B, N B,], then there
is an IVNHS-basis element B; € B, such that ¢ € B; € [B,nB,],for{ €.

Proof.

Assume that B is an IVNHS-basis for Interval-valued Neutrosophic Hypersoft topology T on (U, §).
Then, by Definition 3.24, (,€) =U; B; for B; € B. Therefore, for ¢, € (1,¢) = ¢, € B;, for some i.

Next, assume that B,, B, € B. Then by Definition 3.24, B,, B, are IVNHS-basis elements in (U, £).
Hence, By n B, is also an IVNHS-open set in (U, §). Hence, for ¢, € [B, N B,], there exist another IVNHS-
basis element B; € B such that {,, € B; S [B; N B,].

Conversely, assume 1. and 2. hold. We have to show that B is an IVNHS-basis for Interval-valued
Neutrosophic Hypersoft topology T on (U, §).

By Theorem 3.27, T can be expressed as a collection of union of elements of B. Since 1. is true, we have

(m, &) =U; B; for some B; € B, then (n,&) € T. Now, if (13,&),(1n,,&) belongs to Interval-valued
Neutrosophic Hypersoft topology and if ¢, € [(113,€) N (17,,€)] there exist IVNHS-basis elements B, B, € B
such that

Gy € By € (3,8) and ¢, € B, S (1, ), which implies ¢, € [By N B,] € [(13,§) N (2, §)]. Now by
2., there exists another IVNHS-basis element B; € B such that , € B; S [B; N B,] S [(3,€) N (115, €)] which
implies that the IVNHSS-(n5,€) N (15, &) can be expressed as the union of the elements in B. (i.e.,) [(ng,f) n
(12,€)] € T. Suppose if (13, &) and (1, €) are disjoint, then [(n3,€) N (15, ¢)] = Oy € T. Therefore, B is an
IVNHS-basis for the Interval-valued Neutrosophic Hypersoft topology on (T, §).

Theorem 4.6.
Let (1, &) be an IVNHSS on (U, §) and let B, and B, be two IVNHS-basis for two Interval-valued Neutrosophic
Hypersoft topologies T; and T, on (U, €). Then, the following conditions are equivalent,

1. T,isfinerthan T,, (ie.) T, € T,
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2. for each ¢, € (n,§) and each IVNHS-basis element b; € B, containing ¢y, there exist IVNHS-basis
element b, € B, such that ¢, € B, < B,.

Proof.
Follows from Definition 4.1.

Definition 4.8.
Let (U,&,T) be an IVNHS-topological space and (,,&) be an arbitrary IVNHSS on (U, £). Then, the Interval-
valued Neutrosophic Hypersoft interior(IVNHS-interior) of (4, ¢) is denoted by (4, £)° and is given by,

(1,8 =V {2, (12,8 €T, (n2,) € (11, )}
(i.e.,) union of all IVNHS-open sets contained in (14, &) over (U, §).

Definition 4.9.
Let (U,&,T) be an IVNHS-topological space and (,,&) be an arbitrary IVNHSS on (U, £). Then, the Interval-
valued Neutrosophic Hypersoft closure(IVNHS-closure) of (4, §) is denoted by (14, &) and is given by,

11,8 =n {2, |28 €T, (01,8) S (12,6}
(i.e.,) intersection of all IVNHS-closed supersets of (14, ).

Example 4.9.
Consider Example 3.3. Let (s, &) € IVNHSS on (U, &) and is given by,
Uy
([0.5,0.7],[0.5,0.7],[0.3,0.5])"  ([0.8,0.9], [0 3, 0 5],0.1,0.3]) )’

(e1, 3, €5),

Uy
((81‘64'65)‘ ([04,0.8],[0.3,0.5],[0.4,08])’  ([0.5,0.8], [0 2, ) 4],10.3,0. 5]))'

(775!5) = u
((92""3'85)' ([0.7,0.9],[0.1,0.3],[0.1,0.3)°  ([0.7,1.0], [0 1, 0 21,[0.2,03]) )’

Uy
((92194' es), ([0.5,0.8],[0.2,0.5],[0.3,0.4]) ([0.3,0.4], [0 2, 0 3],[0.5,0.9 ))

Here,

IVNHS-interior (s, &) = (115, €)" =U {0w,6), (112, &), (112, ©)} = (12, ©),
IVNHS-closure(ns,§) = (11,€) = 1we) = 0y € T

Proposition 4.10.
Let (U,&,T) be an Interval-valued Neutrosophic Hypersoft topological space over U and let (n,, &) and (15, )
be two IVNHSS on (U, §). Then,
1. (4, &) is the largest IVNHS-open set contained in (1, §),
(771' SI)O c (771' E): . .
(771' St)og (TJZv E) = (771: f) c (772! f) )]
(7)1,5) Q’Tl
(771' SI) ? T (771!{)0 = (771: E);
((7)1,5)0)0 = (771; 6) ) .
(0wo) =0we, (Lwo) = lwe,
[(Th' E) n (772' E)]o = (771: E)O n (772: f)c:

[(Th: E) U (772: E)]o =2 (771: E)o U (le: f)o;
0. (n4,8)" isan IVNHS-open set. (i.e.,) (n,, )" € T.

RO NG~ WN

Proof
1. Straight forward.

2. Straight forward.
3' (771,5) c (71225) = (7)1:5)0 c (HZIE)O' .
Since, (n1,€) € (n1,€) € (5, &) and (4, &) is the largest open subset contained in (7, &),

We have (11,8)” S (12, €)".
4. This is obvious.

5. Assume (17,,€) € T, then by 2. we have, (11,8)" € (171,&).  ======mmmmmmmmm=- (1)
Since1 (7)1,5) c (7)1,5)
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~

(m,§) cu {(772’5) | (12,6) € T,(1,,6) (771;5)} =(1,8)".

(ie.) 1,8 € (1,8 S e 2
From (1) and (2), (7,,€) = (11,) -

Conversely, let (n,,&) = (11, &)’, by 4. We have (n,,&)" € T which implies (n,, ) € T.
Obvious from 1. and 2.

As O(U,f)' 1(0'5) (S T, by 5. We have 02015) = O(U,f) and 120‘5) = 1(0‘5).

By 2. We have,

(11,8)" € (11, €) and (n2,§)" € (m2,§)- Thus,

[(11,8)" 0 (12,8)"] € [(11,8) N (12, §)]. Hence,

(17,8 N (12,1 € [, N 0, O]

= (1,8 N 12,871 [, N (2, O] 1)
Since, [(11,€) N (12,$)] € (1, §) and [(11,€) N (12,)] € (12, ), by 3. we get,
[(711, E) n (772' 6)]0 90(771' 6)0 and [(771' E) n (772: 'S)]O c (772; 'S)D:

= [, 0@, O] € [(M,8)' N (Uz:f)o]o . - (2
From (1) and (2), we have [(171,$) N (12,§)] = (11,§) N (12, %)

Since (11,$) < [(1,§) U (n2,$)], by 3. we have,

(11,8)" € [(11,8) U (2, €)]". Also since

(12,6) < [(M1,$) U (2, §)], again by 3. we have,

(12,8)" € [(11,€) U (n,€)]". Hence,

(771, f)c Y (772' E)O - [(nlr f) Y (772: f)]a

10. This is obvious.

Proposition 4.11
Let (U,&,T) be an Interval-valued Neutrosophic Hypersoft topological space over U and let (n,, &) and (15, §)
be two IVNHSS on (U, §). Then,

Proof

6.

RB©®©® N GO~ wDdbRE

(n4, &) is the smallest IVNHS-closed set that containing (1, £),
(771, f) < (771' f);

(M1,6) € (12,6) = (11, 6) € (12, 6),

[(771' S()]C cft,

(n4, &) is an IVNHS-closed set iff (n,&) = 91, €) ,

[, D] = M1, 8),

Owe) = O0wer lwe = Lwey

[0, N (12,9)] € 11, 6) N (2, ),

[(Th' E) U (le' E)] = (771: E) U (772! f):
(11, €) is an IVNHS-closed set. (i.e.,) (n4,) € T*.

Straight forward.

Straight forward.

Assume (171, §) € (112,$)- From 2. (3, §) < (12, $) which implies (1,,§) S (172, ) . But (,,$) is an
IVNHS-closed set. Thus, (15, &) is an IVNHS-closed set containing (14, €). By 1., (4, &) is an smallest

IVNHS-closed set in (U, &) containing (4, £), hence (1, ¢) € (13, €).

This is obvious.

Suppose (14, ) is closed.

Then (14, &) is a closed set that contains (14, ),

So the intersection of all the closed sets that contain (14, &) is (4, €).
Hence1 (711' f) = (7)1:5)

Suppose (n41,¢) = (14, &), since (n4,€) is a closed set, (14, £) is closed.

This is obvious from 1. and 2.
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7. Since, 0.6y, 1(v,¢) are both IVNHS-open sets as well as IVNHS-closed sets, by 5. we have

0we = Owe and 1 ey = Lwe)-

8- Since’ [(771' f) n (7)2' f)] c (771' 6) and [(7)1: 6) n (772, f)] c (772, f)
= [, N (M2,9] € M, §) and [(11, ) N (12, $)] € (12, 6)
= [(11,$) N (1, 8)] & l(Th:f) n (Uz:f)J-

9. By2.,wehave (11,$) € (n,$) and (2,$) € (12, $).
Thus, [(171,6) U (12,6)] € [(1, ) U (12, 9)].
(11,€), (ny, &) are closed sets.
= (11, €) U (1,, ) is also closed.
Now, (1, €) U (115, €) is a closed set containing (4, &) U (5, €).
But [(n1, ) U (15, )] is the smallest closed set containing (175, &) U (1,, €).

Consequently, [, ) U (0, 9)] S [, U (2, )] weememeeeeeees 1)

Since’ (771, f) c [(771' E) U (772' E)] and (772: E) c [(771x E) U (772: E)]

= 11,9 € [(711,§) U (2, 9] and (7,6 S [(171,6) U (02, §)]

S M,HUM) S HVm s 2
From (1) and (2), we get (11,§) U (12,§) = [(11,$) U (n2, 1.

Proposition 4.12.
Let (U,&,T) be an Interval-valued Neutrosophic Hypersoft topological space over U and let (1, £), (1,,€) and
(n2,&) be an IVNHSS on U. Then,

L (0.9 1= (199

2. () =17

3. ) =00 1)

4. @ =UMH))F

Proof
1. By Definition 4.7, 4.8
(7)1,5)0 u {(TIZlf)I(TIZ' 6) € Ti (77216) c (771' f)}
[1,9)"1° = [U{(2,DI(2,8) €T, (02,6 < (1, "
n {(772! f)c | (772! f) € T, (771: E)C c (772! {)C}
[1.8)°1° = ((.©)9)

2. By Definition 4.7, 4.8
(771' SI) =N {(772: E)l(rh! f)c € T, (771: f) c (772' E)}
(1,9 1° = [N {2, D@2, €T, (11, §) € (02, I°
- =V {(772! f)c | (772! f)c € T, (772! f)c c (771' E)C}
() =17

3. Thisis obvious by considering complement of 2.
4. This is obvious by considering complement of 1.

Proposition 4.13.
Let Let (U,&,T) be an Interval-valued Neutrosophic Hypersoft topological space over U and let (1, &) be an
IVNHSS on U. Then, (n,€)° € (0, &) < (1, &).

Proof.
Straight forward from Proposition 3.32 2. and Proposition 3.33 2.

V.  Conclusion
In this paper, we have introduced the concept of Interval-valued Neutrosophic Hypersoft Topology.
Further, some notions such as finer, coarser, discrete, indiscrete, neighbourhood, neighbourhood system, basis of
an Interval-valued Neutrosophic Hypersoft Topology are introduced along with their properties and examples.
Later, Interval-valued Neutrosophic Hypersoft interior and closure are studied and also some of their relationships
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are investigated. In future, connectedness, compactness, separation axioms and similarity measures can be

studied.
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