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Abstract 
This paper introduces an alternative approach to a well-established theorem in statistical theory, pertaining to 

the evaluation of the expected value of the reciprocal of the number of distinct units in multiple samples drawn 

independently and without replacement from a population. Designed with pedagogical considerations in mind, 

this new approach aims to make the theorem more accessible for teaching purposes. The paper emphasizes the 

theoretical underpinnings of the concept and its potential for assessing the diversity of any characteristic of 

interest in a sample, contributing to a broader understanding of this fundamental aspect of statistical theory. 
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I. Introduction 
The concept of evaluating the expectation of the reciprocal of the number of distinct units in a sample is 

a cornerstone in statistical theory, with broad applications across various fields such as biology, finance, and social 

sciences. This concept was elegantly addressed by Agrawal [1]. 

In this paper, we introduce an alternative proof of Theorem 3.1 from the cited article, which provides a 

method for evaluating the expected value of the reciprocal of the number of distinct units in k random samples 

drawn independently and without replacement from a population of size N. Offering a fresh perspective, our proof 

is particularly beneficial for pedagogical purposes. Our aim is to provide educators and researchers with an 

additional tool to further their understanding and teaching of this concept, enhancing the accessibility of the result. 

 

II. Distinct Unit and The Main Result 
In the context of the theorem mentioned above, a "distinct unit" refers to a unique entity or observation 

within a population, such as a specific combination of insurance attributes like policy type and coverage level. 

The concept of distinct units is used to quantify the average diversity within samples, providing insights into how 

representative the samples are of the overall insurance portfolio or customer base. 

Theorem: If 𝜈 is the number of distinct units in 𝑘 random samples drawn independently and without replacement 

from a population of size 𝑁, i.e., each sample is replaced to the population before drawing the next, then  

  

where 𝑙𝑗 is the size of the 𝑗th sample ( 𝑗 = 1,2, … , 𝑘) and 𝑆𝑘 = min
1≤𝑗≤𝑘

(𝑁 − 𝑙𝑗). 

Proof: Define for the individual units of the population,  

  

Then  
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𝜈 = 𝑁 − ∑ 𝑋𝑖

𝑁

𝑖=1

 and  𝑁 − 𝑛 ≤ ∑ 𝑋𝑖
𝑁
𝑖=1 ≤ 𝑆𝑘 with   𝑛 = 𝑚𝑖𝑛(∑ 𝑙𝑗

𝑘
𝑗=1 , 𝑁). 

 (1) 

Here 

 

(2) 

where  

 (3) 

Next with  

 

(4) 

and 

 

(5) 

Using (2) to (5), we get from (1) 

 (6) 

Finally, 
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 (7) 

where,  operated at an interval of differencing of −1. 

The desired result then follows on substituting from (7) in (6). 

 

III. Conclusion 
This paper has introduced an alternative proof of a significant theorem related to the expectation of the 

reciprocal of the number of distinct units in random samples. The fresh perspective provided by this proof 

enhances its accessibility, particularly for educational purposes owing to its simplicity. 
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