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. Introduction

Fixed point is also known as an invariant point. Banach Principle of contraction[11] on metric spaces is
the paramont importance cause in the field of invariant points and non linear analysis. During 1922, Stefan
Banachconcived the concept of contraction and established well known Banach contraction theorem. Literatures
are brought out new outcomes that are related to prove the generalization of metric space and to acquire a
refinement about the contractive condition. In the year 2006, B Sims and Mustafa[12], established theory on G-
metric spaces, that is an extention of metric spaces and established some properties. Later, A.Aliouche,
S.Sedghi, N.Shobe[3] initiated S-metric spaces, it is a generalization of G-metric spaces in the year 2012. In
2014, S.Radojevic, N.V.Dung and N.T.Hieu[9] proved by examples shows S-metric spaces are not a
generalization of G-metric spaces and controvisely.In 1986, Jungck[1] introduced the notion of compatible
mappings in metric spaces. In 1993, Jungck et al. [2] introduced the concept of compatible mappings of type(A)
in metric spaces and proved that compatible mappings and compatible mappings of type(A) are equivalent
under some conditions. Fixed points of contractive maps on S-metric spaces were studied by [5-10].In this
paper, we define compatible mappings of type(A) in S metric space and prove a common fixed point theorem
for four self maps.

Il. Preliminaries
In this section,we present some definitions and results which will be used in the main result.

Definition 2.1.[ 3] Let Q be a non-empty set. Then a function S: (@ [0,00) is said to be S-metric on Q if for

each x,y,z,ain Q,we have

S(x,y,2)=0 & x=y=z and S(x,y,2)< S(x,x,a)+ S(y,y,a)+ S(z,z,a).

The pair (Q,S) is called an S-metric space.

Example 2.2. [3] Let R be the set of all real numbers. Then S(x,y,z)=|x-y|+|y-z| for all X,y,zeRis an S-metric on

Lemma 2.3.[5] Let (Q2,S) be an S-metric space. Then for all x,yeQ, we have

S(XX,y)=S(y.y.X).
Definition 2.4.[6] Let (Q,S) be an S-metric space.Then

(i) a sequence {x,} = Qis said to converge to x in Qif S(x,, x,,X) =0 as n —oo.
That is, for each € > 0, there exists a positive integer k such that for all n >k, S(x,.x,,X) < €.
In this case,we write limx, = X.

o
(ii) a sequence {xq} < Qis called a Cauchy sequence if S(x,, x,, xn) —0 as N, m—co. That is, for each £>0,
there exists a positive integer k such that for all n ,m >k, we have S(x,, x,, xm) < €.

(ili)We say that an S-metric space (Q2,S) is complete if every Cauchy sequence is convergent.

Definition 2.5.[4] Let (Q,S) and (Q',S") be S-metric spaces. Then a function :(Q,S)— (€2',S’) is said to be
continuous at a point ¢ in Q if for every sequence {x,,} cQ, S(x, x,C)—0=S"(f(x,), f(x,), f(c))—0.

We say that a function f is continuous on Q if it is continuous at each point of Q.
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Definition 2.5.[7] A pair (A,B) of self maps of an S-metric space (Q,S) is said to be compatible if
lim S(ABx,, ABx,, BAx,) =0 whenever {x,} is a sequence in Q such that lim Ax, =limBx, =t, for some
17—

> n—0

teQ.
Definition 2.6. A pair (A,B) of self maps of an S-metric space (Q,S) is said to be compatible of type(A) if

lim S(ABx,, ABx,,BBx,) =0 and limS(BAx,, BAx,, AAx,) =0whenever a sequence {x,} < Qsuch that
n—®

7—>0

limAx, =limBx, =t, for some t eQ.

n—o© n—>0
Lemma 2.7.[6] Let (Q,S) be an S-metric space. If there are two sequences
{x,,} and {y"} inQsuch that limx,=x and limy =y, then

n—0 n—®©

LE’QS(XW Xp ¥,) = S(XX.Y).

Proposition 2.8. Suppose P and Q are two self maps of S-metric space (Q, S). Let P and Q be compatible
mappings of type(A) and limPx, = limQx, =t , for some teQ.Then limQPx, = Pt, provided P is continuous.

Proof: Since P and Q are compatible of type(A) ,we have
lim S(PQx,, PQx,,QQx,) =0and lim S(QPx,, QPx,, PPx,) =0whenever a sequence{x,}in Q such that
UA)DO 1]*)00

limPyx, = limQx, =t ,for some teQ. Since P is continuous, we have limPPx, = limPQx, = Pt.
n—>0 n—>0 n—®

1]*)@
Now, by triangle inequality we have
S(QPx,, QPx,, Pt) < 2S(QPx,,QPx,, PPx,) + S(Pt, Pt, PPx,)

Letting n —oo,we get lim S(QPx,, QPx,, Pt) =0 which implies that limQPx, = Pt.
n—x

n—x
Proposition 2.9.Supose P and Q are two self maps of S-metric space (Q2, S). Let P and Q be compatible
mappings of type(A) andPt = Qt for some t in Q. Then PQt = QQt = QPt = PPt.
Proof: Since P and Q are compatible of type(A),we have limS(PQx,,PQx, QQx,)=0 and
n—>x©

,lli_r)QS(QPx,,,QPx,?, PPx,)=0

whenever a sequence {x,} inQ suchthat limPx, =limQx, =t for some teQ.
n—>x0 7—>%

Let x,=tforn =1234,........... Then limPx, =1imQx, =Qt,
n—>x© n—>0

sinceQt = Pt.
Now S(PQt,PQt,QQt) = IiL[]OS(PQx,7, PQx,,QQx,) =0 .Hence PQt = QQt.

Also S(QPt,QPt,PPt) = limS(QPx,,QPx,, PPt)=0.
n—®©
So QPt=PPt. Since Qt=Pt, it follows that PQt=QQt=QPt=PPt.

The following theorem was proved by Sedghi et al. in 2018.
Theorem 2.10.[7] Let A,B,U and V be self maps of an S-complete metric space (Q2,S) such that
LA(Q)SV(Q), B(Q)cU(Q)
ii. (A,U) and (B,V) are compatible mappings
iii. S(Ax,Ay,Bz)< b; S(Ux,Uy,Vz) +b, S(Ax,Ay,Vz)
+ bs S(Ux,Uy,Bz) + b, S(Ay,Ay,Vz) +bs S(Bz,Bz,Vz)
where b;> 0,i=1,2,3,4,5 are real constants such that b;+3b,+3b;+3b,+bs< 1.
iv. U and V are continuous.
Then A,B,U and V have a unique common fixed point.

I11. Main Results

Theorem 3.1.Let A,B,U and V be self maps of an S-complete metric space (€2,S) such that
3.1.1 A(Q)SV(Q), B(Q)SU(Q)
3.1.2. The pairs (A,U) and (B,V) are compatible mappings of type(A)
3.1.3 S(Ax,Ay.Bz)< b; S(Ux,Uy,Vz) +b, S(AX,Ay,Vz)

+ bs S(Ux,Uy,Bz) + b, S(Ay,Ay,Vz) +bs S(Bz,Bz,Vz)
where b;> 0,i=1,2,3,4,5 are real constants such that b;+3b,+3b3+3b,+bs< 1
3.1.4. one of A,B,U and V is continuous.
Then A,B,U and V have a unique common fixed point.
Proof:Let X, Q. Since A(Q)SV(Q), B(Q)SU(Q) ,we can find x;eQsuch that
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Axo=VXx; and for this x; there exists x,eQsuch that Bx;=Ux, and so on. Repeating this way, we obtain a
sequence {r,} such that ryy = AXpq = VXan+1 and ran41 = BXon41=UXon 42, forn > 0.
We first claim that {r,} is Cauchy.
From 3.1.3, we have
S(ranFon Fan+1) = S(AXan, AXan, BXan+1)
<b1S(UxXon ,UXan , VXon +1) + 02S(AXan , AXan, VXan+1)
+ D3S(UXan,UXon ,BXan 1) + DaS(AXzn, AXan,VXan+1)
+ bsS(BXon +1,BXan +1,VXon +1)
= by S(ran-n.lon-1.f2n) + D2S(ran Fon 2n) + 03 S(ran-1, fon-1s F2n+1)
+ D4S(ran.F2n F2n) + 05 S(ran +1, Fan+1s F2n)
= by S(ron-1.lan-1.r2n) + B3 S(ran-1, Fon-1, Fan+1) + b5 S(ran +1, Fan+1s F2n)
< biS(ran-1.2n-1.f2n) + 03 [25(r2n-1.72n-1.F2n) + S(Fan+1s Fon+1s F2n)]
+ DsS(ran 41, Fan+1s F2n)
Hence,we have
S(ranFan F2n +1)<b1S(r2n 1,F2n -1,F2n ) #2053 S(Fon 1,20 1,20 ) + (B3 + B5)S(ran, Fan, Fon+1) (1)
Now we prove that S(ran,r2n,l2n+1) < S(r2n-1.M2n-1.12q) forall n eN.
If possible, assume that S(raq-1,r2n-1:2n) < S(F2n.F2n.r2n+1) for some n eN.
From (1), we have
S(ranFan Fon+1) < 01 S(ron-1.F2n-1.12n) + 203 S(r2n 1,20 -1,120) + (03 + b5)S(ran, Fan, Fon+1)
< ((by+3bz + bs) S(ran,r2n,r2n+1)
<S(ran,F2n,r2n +1) Which is a contradiction. So we must have
S(ran . fon 20 +1) < S(r2n-1.12n-1.120) for all n eN.
Therefore, from (1) we have
S(ranf2n.fon+1) < (b1 + 303 + bs) S(ran 1,120 -1,12n) 2
Consider,
S(ran,fanfon-1) = S(AXan, AXan, BXoq 1)
< bls(szq,szn,szn-ﬂ + sz(Aerl, AXZI]:VXZI]—l)
+ b3S(UX2nuUX2nuBX2n-1) + b4S(AX2n, Ain,VX2n_1)
+ DsS(BXan-1,BXon -1, VXon 1)
= b1S(ran-1,r2n-1.r2n-2) + 02S(ran ,Fan Fon-2) + B3 S(ran-1, o -1s Fon-1)
+ 04S(ran ,Fan Fon-2) + 05 S(ran-1, o1, F2n-2)
= by S(ran-1.r2n-1.12n-2) + (b2 +04) S(ran,ran, F2n-2)
+ bsS(ran-1, F2n-1, f2n-2)
< b1S(ran.fon-1,r202) + (02 +04)[2S(r2n,F2n s T2q-1)+S(F2n -2, T2n -2, Ton-1) ]
+ DsS(r2n-1) F2n-1, T2n-2)
Hence, we get
S(ran.fon:f2n-1) < b1 S(ran-1.l2n-1.02n-2) + (202 +204)S(ron 20 F2n-1)
+( o+ by + 05)S(r2n 1, Fon -1, M2n-2) (3)
Similarly, if S(ran-1, f2n-1, F2n-2) <S(f2n.l2n.r2q-1), for some n €N, then (3) gives
S(ran,Fon fan-1) < (by +3 by +3 by + bs) S(ran,ranfn-1)
<S(r2n,r2n,r2n-1) Which is a contradiction. So, we must have
S(r2n,r2n,r2n_1) S S(r2n_1,r2n_1,r2n_2), for a“ I’[ eN.
Hence from (3) , we have
S(ranfan.fon-1) < (by #3 by +3 g+ bs) S(ran-1.12n-1.12n-2) 4)
From (2) and (4), we get
S(rnfnifp-0) < BS(Mm-wf-uf-2), forall n >2,
WhereB = mln{ b1+ 3b3 + b5, bl +3 b2 +3 b4+ b5 }
Hence, for n >2, we have
S(rn.fnf-0) < A" S(ruru) )
For n >m, we have
S(r.rmfm) < S(rmyfm.f)
<2 S(rmyrmyrm+1) + S(rnyrn:rmﬂ)
<2 S(rmyrmyrm+1) + 2S(rm+1yrm+lnrm+2)+ S(I’n,l‘n,l’m+2)
Continuing in this way ,
S(rrmufm) <2 S(fmafm,Fmer) + 2S(Mmer,Mmet,Fme2) - - oot Syl -1.fn)
Hence,

S fm) < 2( 8™+ ™ e+ B77)S(1o,To,11)
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< 28"+ S+ B2 +....) S(ru.r1,ko)
24" .
= S(ry,r,re) —0 as m—oo, since S <1.1t follows that

{ ry }is a Cauchy sequence in Q and Q is complete,we can find reQ such that { r, } —rasn —oo.
Hence, lim Axzq =lim Vxy, = 1im Bxg, = lim Uxyy = .
Claim: r is a common fixed point of A,B,U and V.
Suppose U is continuous.Since (A,U) is compatible of type(A), it follows from Proposition 2.8 that UUXzq 42,
AUX; +2 — Ur as N —oo.
Put x=y=UXpq+2, Z= Xon +2 in 3.1.3, we get
S(Auxzq +2,AUXo +2,BX2q+1)§b15(UUX2n +2UUXon 42, VXon +1)+b23(AUX2n +2AUXon +2,VXon +1)
+03S(UUXan +2,UUX20 42,BXon +1)
+0,S(AUXon +2, AUXon +2,VXon -1) 05 S(BXon +1,BXon +1,VXon +1)
Letting n —oo, we get
S(Ur,Ur,r) < byS(Ur,Ur,r) +b, S(Ur,Ur,n+ by S(Ur,Ur,r)
+ b,S(Ur,Ur,r)+ bsS(r,r,r)
< (b1+ b2 + b3 + b4 ) S(Ur,Ur,r)
< (b1+ 3b2 + 3b3 + 3b4 + b5 )S(Ur,Ur,r)
As b1+ 3b2 + 3b3 + 3b4 + b5 <1, we get
S(Ur,Ur,r)< S(Ur,Ur,r), which is a contradiction.
Therefore, Ur=r. (6)
Putting X=y=r, z= Xpq+1 in 3.1.3, we get
S(Ar,ArBXo +1) < biS(UrUrVXan +1) + boS(ArANVXon 1)+ bsS(Ur, Ur, BXoq +1)
+ b4S(ArvAryVX2r[+1) + bSS(BX2r1+1aBX2n+1aVX2r1+1)
Letting N —o0, we get
S(Ar,Ar,r) < by S(Ur,Ur,r) + b,S(Ar, Ar,r) + b3S(Ur,Ur,r)
+ bsS(Ar, Ar r) + bsS(r,r,r)
< (bt bg)S(Ar, Ar, 1) [by using (6)]
S(Ar, Ar, 1) < (by+ 3b, + 3bs + 3b, + bs)S(Ar, Ar, 1)
S(Ar, Ar, 1) < S(Ar, Ar, 1), since b+ 3b, + 3bs + 3bs + b5 <1,
which is a contradiction.Therefore Ar=r.
Since Ar=r and A(Q) < V(Q) , there exists ueQ such that r=Ar=Vu
Claim : Bu=r.
Putting x=y=r, z=u in 3.1.3,then
S(Ar,Ar,Bu) < b; S(Ur,Ur,Vu)+ b, S(Ar, Ar, Vu) + b S(Ur, Ur, Bu)
+ bsS(Ar, Ar,Vu) + bs S(Bu,Bu,Vu)
S(r,r,Bu) < (bs+ bg) S(r,r,Bu)
< (by+ 3b, + 3bs + 3by + bs ) S(r,r,Bu)
S(r,r,Bu) < S(r,r,Bu), since b+ 3b, + 3bs + 3b, + bs<1,which is a contradiction.
Therefore Bu=r.Hence, Bu=Vu=r.
Now by Proposition 2.9, we have BVu=VBu and so Br=Vr.
Finally, we prove that Br=r.
Put x=y=z=r in 3.1.3, we get
S(Ar,Ar,Br) <b; S(Ur, Ur,Vr)+ b, S(Ar, Ar, Vr) + bz S(Ur, Ur, Br)
+ bsS(Ar, Ar,Vr) + bs S(Br,Br,Vr)
S(r,r,Br) < (by+ byt bs+ by) S(r,r,Br)
< (by+ 3b, + 3bs + 3by + b5 ) S(r,r,Br)
S(r,r,Br) <S(r,r,Br), since by+ 3b, + 3bz + 3b, + bs<1, which is a contradiction.
Therefore Br=r=Vr and hence Ar=Br=Ur=Vr=r.
Similarly, we can prove that the mapping A,B,U& V have a common fixed point, when any one of the maps
A,B and V is continuous.
Uniqueness:
Let w be any other common fixed point. Then Aw=Bw=Uw=Vw=w.
Put x=y=r & z=w in 3.1.3, we get
S(Ar,Ar,Bw) < by S(Ur, Ur,Vw)+ b, S(Ar, Ar, Vw) + bg S(Ur,Ur, Bw)
+ bsS(Ar, Ar,Vw) + bs S(Bw,Bw,Vw)
S(I',I',W) < (b1+ b2+ b3+ b4) S(r,I’,W)
< (by+ 3by + 3bz + 3b, + bs) S(r,r,w)
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S(r,r,w) <S(r,r,w), since b+ 3b, + 3bs + 3b, + bs<1, which is a contradiction.
Therefore r=w and the proof is complete.

If U=V inthe Theorem 3.1.,we get
Corollary 3.2.Let A,B and V be self maps of a S-complete metric space (€2,S) such that
3.2.1 A(Q)cV(Q), B(Q)=V(Q)
3.2.2. (A\V) and (B,V) are compatible mappings of type(A)
3.2.3. S(Ax,Ay,Bz)< b; S(VX,VY,VZz) + b, S(AX,AX,VZ) + b3 S(VX,Vy,Bz)
+ bsS(Ay,Ay,Vz) + bs S(Bz,Bz,Vz)
where b;>0,i=1,2,3,4,5 are real constants with b+ 3b, + 3b; + 3b, + bs< 1.
3.2.4. One of A,B and V is continuous. Then A,B and V have a unique common fixed point.

If A=B and U=V in the Theorem 3.1.,we get
Corollary 3.3.Let A and V be self maps of a S-complete metric space (€2,S) such that
3.3.1. A(Q)cV(Q)
3.3.2. The pair (A,V) is compatible mappings of type(A)
3.3.3. S(AX,Ay,Az)< b; S(VX,VY,Vz) + b, S(AX,AX,Vz) + b; S(VX,Vy,Az)
+ b,S(AY,Ay,Vz) + bs S(Az,Az,VZ),
where b;>0,i=1,2,3,4,5 are real constants with b+ 3b, + 3b; + 3b, + bs< 1.
3.3.4. Either A or V is continuous.
Then A and V have a unique common fixed point.

IV. Conclusion
In this paper, we defined compatible mappings of type(A) in S-metric spaces and obtained a common fixed
point theorem for two pairs of such mappings.
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