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Abstract:

In Number theory , Ramanujan's sum, usually denoted cq4(n), is a function of two positive integer variables q and
n defined by the formula. where (a, g) = 1 means that a only takes on values coprime to g. Also a real or
complex valued function defined on the set of all positive integers is called an arithmetic function and an
arithmetic function is said to be completely multiplicative function if f is not identically zero and f(mn) =
f(m)f(n) for all m,n. we know the reduced residue system modulo N is the set of all integers m with gcd (m,N) =
land 0 <m<N.

In this paper we will use reduced residue system modulo r* and prove few results.
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I. Introduction

A real or complex valued function defined on the set of all positive integers is called an arithmetic
function and an arithmetic function is said to be completely multiplicative function if f is not identically zero
and f(mn) = f(m)f(n) for all m, n. The Euler Totient function ¢ (n) is defined to be the number of positive
integers not exceeding n which are relatively prime to n.

L1) oM =X am 1
(dn)=1
If a and b are integers, not both zero, and k is any integer greater than 1, then (a,b)x denotes the largest
common divisor of a and b which is also a k™ power. This will be referred to as k™ power greatest common
divisor of a and b.

(1.2) If (a,b)x =1,then a issaid to be relatively K—Prime to b.

Ecford Cohen [3] introduced a function @, (n) which denotes the number of non negative integers less than
N¥ which are relatively K-Prime to N¥.

(1.3)  Zgm®(N/d) = N*
(1.4)  The Mobius function p (n) is defined by

1 ifn=1
p@m) = (=D if n=pip,... 0k,
0 otherwise

where py’s are distinct primes.

By the mobius inversion formula, we get that

(15) B (N) = Zgyn d*u(N/d)
Any system of @(n) integers, where @(n) is the totient function, representing all the residue classes
relatively prime to n is called a reduced residue system.

Il. Preliminaries
We shall define  Cy(n,7) is Ramanujan’s sumby
(21) C,(n,7) = Z(x'rk)kzl e(nx,r*) (e(a,b) = em%,b >0)
Where summation is taken over a K-reduced residue system (mod r*)
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That is, over all x(mod r*) Such that (x,7%), = 1
The function Cy (n, r) has the following property

22) C(n1)=Xgmnd-u (g) Where u(d) denotes the Mobius function.

A single valued function f(n,r) having values in the field of complex numbers is said to belong to the class E, if
forall nand r, f(n,r) = f((n,7%),, 1)

In particular, f € E; & f(n,r) = f((n,7),r) foralln,r

Let g(r) be an arithmetical function, then define,
23) G =Zard°9(5)

24)  Ti(n1) = Zaki(nri), d°9 (2)

r Tk
(25) G:(n,r) =msG, (;) where mk =

= ),

(2.6) Gis(nr) =124, T,’:(5+1) (e*, 1) Cr(n,d)
In Particular, substituting s = 0, g(r) = u(r) in (2.3) and (2.5)

2.7) Go(r) = Zapr (%)

-2

d|r

={1 ifr=1

0 ifr>1 d

(2.8) .
@m0=a@)

_{1 ifr=m
0 ifrEm

_ {1 if n,r¥), =1
"o if(nr®), =1

Substituting s = k,n = e* and g(r) = u(r) in (2.4)

detn= ) du(3)

d
dk|(ek‘rk)k
T
— k _
= Z d*p (d)
d|(e,r)
_e@ulm) T
@, (m) (n,7)
Therefore,
(29) (e, ) = mﬁfé)@ Selr

We shall now prove few Lemmas required for our main result.
2.1 Lemma: Ifd;lr,dylr, (x,d¥), =1,(y,dy)k =1 d¥ >x >0,d8 >y >0. Then

e(ax’ dllc) e(by, dlzc) — {rke(nx, dk) lf X=Yy, d= d1 = d2

0 otherwise
n=a+b(mod rk)
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Proof: If d,|r, d,|r thenr = d,e; = d,e,
Since n=a+ b(modr*),Wehave b = (n — a)(mod r*)

Consider

rk

e(ax,dy) e(by,d}) = Z e(ax,df) e ((n —a)y, d’z‘)
n=a+b(mod rk) a=1

rk

= Z e(ax, df) e(ny — ay, d%)

a=1

rk 2raxi 2n(ny—ay)i
= e dllc e dé{
a=1

2nnyi rk 2maxi —2mayi
—e 45 E e df ¢ df

a=1

.k k: k:
T .
2nnyi 2maxe,'i -2maye,"
rk

=e Z e ™ e
a=1
(21.1) = e(ny, d}) Tizy e(alxel — yek),r*)
The hypothesis of the lemma and the definitions of e; and e, show that the following statements are equivalent.
(2.1.2) xek = yek(mod r*) & xek = yek
& xdk = yd¥
Sdo=dy,x=y

Now, define
Tk

2nmai s i s
Z b = {b if b '|n
0 otherwise

a=1

Then (2.1.1) becomes

e(ax,d¥) e(by,d¥) = {rke(n% d3) if rk|x?f - yey
0 otherwise
n=a+b(mod rk)
_ {rke(ny, d¥) if xek = yek(mod r¥)
0 otherwise.

_ {r"e(nx, d*) ifd = di =dpX =Y py(21.2)
0 otherwise

Hence Lemma follows.
An immediate useful consequences of the above is
2.2 Lemma: If d|r, c|r then

Ce(a,d) Cy(be) = {gkck(n. d) ?;Z -

n=a+b(mod k)

Proof: Supposed = x >0, e >y = 0. Then

Cc(a,d) Ci(b,e) = z Z e(ax,d*) e(by,e®)
n=a+b(mod rk) (x,d¥), =1 n=a+b(mod rk)
(y,ek)kzl
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k k i — —
- {Z(x.d")fl rretwd®) ifx=yd=e \ omaza

0 otherwise

={ rkC,(n,d) if d=e
0 otherwise.
Proving the lemma.

2.3 Lemma:
Flar) g(br) =¥ Z a(d,r) B(d, ) C(n, d)
n=a+b(mod rk) dlr
Proof: Consider

fangbn = Y Qladna@d) ) 6 b6)

n=a+b(mod rk) n=a+b(mod rk) dlr 8|r

Z a(d,r) B, 1) co(a,b) c,(b,5)

n=a+b(mod rk) d|r
S|r

Za(d,r) 85,7 z ce(a,d) ¢, (b, 5)

ajr n=a+b(mod rk)
S|r
= Z a(d,r) f(d,r) r* c,(n,d) by lemma 2.2
d|r
=) ald,) @) 6 (0 d)
d|r
Thus proving lemma 2.3.
I11. Main Result

3.1 Theorem: If C,(n, 1) is Ramanujan’s sum then

ce(m—b,r) = u) ce(n,7)
(brk), =1

Proof: Let us consider

f(a,r) Gis(b,r) =71k Z a(d,r) T’,:(SH) (e*,7) c,(n,d) by lemma 2.3 and(2.6)

n=a+b(mod rk) djr

= Z a(d,r) r,’:(s+1)(ek,r) c(n,d)

d|r

In Particular

f(a,r) G:(b,r) = z a(d,r) tf(e*, ) ¢, (n, d)

n=a+b(mod rk) dlr
flar) = Z a(d, ) @, (r) p(d) C(n, d) by (2.8) and (2.9)
_ Dy (d)
n=a+b(mod rk) dir
(brk), =1
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a(d,r) p(d) C,(n,d)
¢i(d)

=)= 0() ).
dlr

(b,rk)kzl

Taking f(n,r) = C,(n,r), We have

(1 ifd=r
a(dr) _{ 0 otherwise.
Then
P C.(n,
(= b,y = DLV Cilr)
@, (1)
(b,rk)kzl
= u(r)C(n,7)
Therefore,
C,(n—>b,r) =ulr) Ce(n,r)
(b,rk)kzl
3.2 Theorem:
d*u r
Cy(n—b,r) =, (r) Z —(d)
7 Dy (d)
(brF), =1 d|r
(nak), =1
Proof: Consider
T
Gnmbn= ) ) au(g)
(brF), =1 (%), =1 ak|(n=brk),
T
— k(=
- Z Z au (d)
(b.rF), =1 dlr
n=b(mod dk)
- K, (T Z
= Z du (d) 1
ajr n=b(mod dk)
(brk), =1
If (n, d¥),, = 1 where d is a divisor of r then there are exactly j:"g)) K-reduced residue b(mod r*) congruent
k

to n(mod ).

Therefore,

Proving the theorem.
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