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Abstract: In this paper, a coupled fixed-point theorem for maps satisfying contractive conditions in perspective
of complex valued dislocated metric spaces have been established. Our main result generalizes, extends and
improves the some known result in the existing literature of [10] and [16]. Also provide an example in support
of our main result.
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l. Introduction:

The concept of couple fixed point was extended by Guo and Lakshmikantham [1] and proved the
existence theorem of the coupled fixed point for monotone iterations techniques. He also gave application to the
initial value problems or ordinary differential equations with dis continuous right-hand sides. After that, they
introduced the concept for partially order set. Bhaskar and Lakshmikantham [2] studied the existence and
uniqueness of a coupled fixed point results in partially ordered metric space, using a weak counteractivity type
of assumption. Coupled fixed point is also extended in different spaces like metric space, G-metric space, b-
metric space, partially ordered metric space, fuzzy metric spaces, cone metric space, complex valued metric
space, complex valued b- metric space etc.

The concept of Bhaskar and Lakshmikantham [2] are also extended to tripled fixed point by Berinde
and Borcut [3] and to quadrupled fixed point by Karapinar [4]. After that, coupled fixed point theorem have vast
application in the recent development of the fixed-point theory. Some of the results are noted in
[11],[212],[13],[14].[15], [16].

The concept of dislocated metric space was introduced by Hitzler, P. and Seda, A [5, 6] and
generalized Banach contraction principle [7]. Since Banach contraction principle is the most useful way for
solution of existence problems in mathematical analysis. Dislocated has a significant role in topology, logical
programming electronics engineering.

On the other hand, in 2011, Azam, et al. [8] and Rauzkard, et al. [9] defined the concept of complex
valued metric space and gave common fixed point result for mappings. Naturally, this new idea can be utilized
to define complex valued normed spaces and complex valued inner product spaces, which in turn, offer a wide
scope for further investigations. Recently, in (2018) E. Ozgur and Karaca, Ismet [10] introduced complex valued
dislocated metric spaces and prove Banach, Kannan and Chatterjea type fixed point theorems in this space.

In this paper, we prove and generalize some coupled fixed-point theorem for contractive type mappings
in the perspective complex valued dislocated metric spaces. Our results improve and generalize the comparable
result in the existing literature of [10] and [16]

1. Preliminaries:
In this section, we introduced the notion of complex valued dislocated metric space.
Let € be the set of complex numbers and z;, z, € ¢. Define a partial order < on ¢ as follows:
z; 3 z, ifanonlyif Re (z) <Re(z,) Im(z; )< Im(z,).
It follows that z; < z, if one of the following conditions is satisfied.
(C1) Re(z) = Re(zy)and Im(z;) = Im(z,);
(C,) Re (z;) < Re (z,) and Im(z,) = Im(z,);
(C3) Re (z) = Re (z,) and Im(z;) < Im(z,);
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(Cy) Re (z;) < Re(z,) and Im(z,) < Im(z,).

In Particular, we will write z; < z, if z; # z, and one of (C,), (C3)and (C,) is satisfied and we will write
z; < z, ifonly (C,) is satisfied.

Remark 2.1. we obtained that the following statements hold:

1) Ifa,b € Rwitha < b, then az < bz for all z € €.
(2 If 02z =z, then|z | < |zl
3) If z, S z, andz, 3 z3,thenz, < z;.

Definition 2.2[2]. Let X be a non —empty set. A Mapping d : X x X — ( satisfies the following conditions:

(i) d(xy)=dx);

(ii) d(x,y) =d(y,x) = 0implies x = y;

(iii) dx,y)3d(xz)+ d(z,y)forallx,y,z € X.
Then d is said to be complex valued dislocated metric on X and the pair (X, d) is called a complex valued
dislocated metric space.
Example 2.2. Let d: X X X — ( be defined by d(x,y) = max{x, y}, where X = C. It is clear that d is a complex
valued dislocated metric.
Definition 2.3[10]. Let (X, d) be a complex-valued dislocated metric space. Let {x,, } be a sequence in X and
x € X.Then

@ {x,} is a called complex valued dislocated convergent in(X, d) and converges to x, if for every e > 0
there exist n, € N such that d (x,,,x) < € for all n > nyand is denoted by x,, = x or lim x,, - x or
limx, = x.

(i) {x, } is called Cauchy sequence in (X, d) if lim,,_o, d(x,, x,,,) = 0 for all p > 0.

(i) If every complex valued Cauchy sequence in X is converges to some x € X. Then (X, d) is called a

complete complex valued dislocated metric Space.
Lemma 2.5[10]. Let (X, d) he a complex valued dislocated metric space and let {x,, } be a sequence in X. Then
{x,} converges to x if and only if |d(x,,x)|— 0asn — co.
Lemma 2.6. Let (X, d) he a complex valued dislocated metric space and let { x,,} be a sequence in X. Then
{x,} is a complex valued Cauchy sequence if and only
| d(xp, Xpim ) | 0 @s— oco.
Definition 2.7. Let (X, d) be a complex valued dislocated metric space. Then an element (x,y) € X X X is said
to be a coupled fixed point of the mapping T: X x X - Cif T(x,y) = x and T(y,x) = y.

1. Main Results

Our Main results as follows:
Theorem 3.1. Let (X, d) be a complex valued dislocated metric space. Suppose that the mapping T: X x X —
X satisfies

d(T(x,y), T(w,v) S ad(x,u) + Bd(y,v) + y[d(x, T(x, y)) + d(u, T (u, v))]
for all x,y,u,v € X, where a, 8,y are non-negative constants with & + 8 + 2y < 1. T has a unique coupled
fixed point.
Proof: Let x,, v, € X.and setx; = T(xq,¥0), ¥1 = T(¥g,X0),

Xns1 = T, Vi)y Va1 = Ty Xn)
From (3.1), we have
d(xn, Xn11) = AT (-1, Y1), T (Xn, Y1)
S ad(xp_q,%p) + BAWn-1, V) + V[ dXpoq, T(Xn—1, Y1) + Ay, T (X, ¥
s ad(xn—lixn) + ﬁd(yn—p yn) + V[ d(xn—l'xn) + d(xn'xn+1)]
(1 - y)d(xn:xn+1) 3 (CZ + y)d(xn—lixn) + ﬁd(Yn—l' Yn)

At Xn) 352 (s, %) 45 A1) o (.11
Similarly, we can show hat
A0 V) S5 A1, yn) + 1 A1, %) o (31.22)

No form (1) and (2), we get
dCtn, Xns1) + A V) S 2L [d 1, %) + Ay, V)]
S h[d(xn_1,%n) + AdVno1, ¥)],
where (“:—B;’Y) =h<1.

Therefore, by letting d(x,, x41) + dWVn, Yns1) = dy, We have
d, =hd,_,... (3.1.3)
In general, we have n =0,1,2, .....
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d, 3 hd,_; S h*d,_, X --..3 h"d,.

Now, forallm > n

d(Xp, %) S A, Xppq) + A(Xpi1, Xpgo) + o0 e+ dQ_1, Xm)

and

d(ynlym) = d(yn'yn+1) + d(yn+1'yn+2) +et d(ym—l'ym)

Therefore, we have
d(xy, X)) + AV, V) S Ry + R*dy + - +h™71d,,.
Thus, we have
h‘)’l

| d(xn'xm) + d(yn'ym)l < E |d0|
Since h < 1, taking limit as n — oo, then % |dol = 0,i.e.| d(xy, %) + AW, Yi)| = 0.

From lemma 2.6, we conclude that {x,,} and {y, } are Cauchy sequence in (X, d). So, by completeness of X there
exists u,v € X such thatlimx, =u and limy,=v.i.e x, > u and y, - v. Next, we claim that
n—co n—-oo

(u, v) coupled fixed point of T.Then we have
d(T(u: ‘U), u) 5 d(T(u' v)' xn+1) + d(xn+1'u)

= d(T(u’ v)’ T(xn' yn)) + d(xn+1'u)

5 ad(xn'u) + ,Bd(yn' v) + Y[xn' T(xn' yn) + d( u' T(ui v)] + d(xn+1t u’)

S ad(xn, u) + Bd(n, v) + y[d(xp, Xp41) + d(w, T (W, v) [+ d(Xp40,0)

2 ad (W] + 15 A0 ) + 7 A, W),
Since x,, » u and y, — v,then we obtain |d(T (v, v),u)| <0 for n - . i.e. d(T(u,v),u) =0 and hence
T(u,v) = u. Similarly, we have (u, v) = v. Thus (u, v) is a coupled fixed point of T. Finally, we need to prove
the uniqueness of fixed point.
If (u*, v*) is another coupled fixed point of TThen

du*,u) =d(T W, v*), T(u,v)
Sad@’,u) + Bd*,v) +y[d@w’, T, v*) +du,T(u,v)]
and
d(w*,v) =d(Tw*u"),T(v,uw)
S ad(w*,v) + Bd*,v) +y[dw*, T(w",u*) + d(v, T(v,uw)].

Thus, we have

dw )+ d@w*,v) 2 (a+ B)[dw*,uw) + dv*,v)],
Which implies that

[1—d@*,u)+ dw*,v)| <0asn - oo,
i.e. dut,u)+ dw*,v)=0=>dw u) =dw,v)=0>u" =uv =
Hence (u*,v*) = (u,v). Therefore, T has a unique coupled fixed point. The proof is completed.
From theorem 3.1, with « = g and y = 0, we get the following corollary:
Corollary 3.2. Let (X, d) be a complex valued dislocated metric space. Suppose that the mapping T: X X X —
X satisfies
d(T(x,y), T(w,v) S a[d(x,u) +d(y,v)]

for all x,y,u,v € X, where a, 8,y are non-negative constants with a« + 8 + 2y < 1. T has a unique coupled
fixed point.
Example 3.3. Let X = € and defined d: X X X — ¢ by d(x,y) = i|x —y| is a complete complex valued d —

metric space. Consider the mapping T:X X X — X with T(x,y) = % i. Then T satisfies the contractive
condition (3.2) for% Sax i i.e.m
d(T(x,y), T(w,v) 2 ald(x,u) + d(y,v)].

Hence (0,0) is the unique coupled fixed point of T.
Theorem 3.4. Let (X, d.,) be a complex valued dislocated metric space. Suppose that the mapping T: X x X —
X satisfies
d(T(x,y), T(u,v)) S o max [d(x,u),d(y, v),d(x, T(x, y)),d(u, T(u, v))] ..... (3.4.1)
for all x,y,u, v € X, where g € [0,1). T has a unique coupled fixed point.
Proof: Let xo,y, € X and x; = T(xq,¥0),¥1 = T (Yo, X0)

Xne1 = T, Vi) Yner = T(Yno Xp). Then from (3.4.1), we have
dcq (xn+1: Xpyz) = dcq (T Yo T (X415 Yns1))
< 0 max [dcq (xn, xn+1): dcq s yn+1)' dcq (xn' T(xn' yn)):
dcq (Cn+1s T(xn+1' yn+1))]
< 0 max [dcq (xn' xn+1)' dcq s yn+1): dcq (xn' xn+1)' dcq (Xn+1, Xne2)]
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< o max [deg (Xn, Xpi1), deg (Vn) Yne1),
Which implies that

|dcq (xn+1'xn+2 )l < omax {[ldcq (xn'xn+1)|' |dcq (yn' yn+1)|}- (342)
and
|dcq (yn+1l yn+2 )l S 0 max {[ldcq (yn' yn+1)|' |dcq (xn; xn+1)|}- ------- (343)

From (3.4.2) and (3.4.3), we get

max{|dcq (xn+1lxn+2 )l. |dcq (yn+1' Vn+2 )l} < 0 max {[|dcq (xn; xn+1)|; |dcq (yn' yn+1)|}-
Continuing this process, we obtain

max {|dcq (xn'xn+1)|' |dcq (yn' yn+1)|} S 0 max {[|dcq (xn—l'xn)|' |dcq (yn—l' yn)|}
< o%max {[|dcq(xn—2' xn—1)|; |dcq(yn—2'yn—1)|}

< o™max {[|dcq (xg,%1) |, |dcq o, ¥1) |}
Therefore

lim,_, o max {|d ., (s Xn11)| |deg Vs Yns1)|} = 0, which gives that,

lim,, e |deg O Xny1)| = 0, and lim,,_o, |deq Vs ¥Yns1)| =0.
Now n > m, we have

Aeg(XnyXm) D deg (X, Xn_g) + deg (g, Xp_2) + o o+ deg Ocgn, Xim)
Which implies that
|dcq(xn,xm)| = |dcq(xn,xn_1)| + |qu (tpet, Xpoz)| + o0t |dcq(xm+1,xm)|.

As n,m — oo, we obtain that
1My, o0 |deg (s X)| = 0.
Similarly, we can show that
limn,mﬁmldcq(yn: ym)' =0,
which implies that {x,,} and {y, } are Cauchy sequence in (X, dcq). Since complex valued metric space(X, d.,)
is complete, there exists u, v € X such that
{x,} > uand{y,} > vasn - oo.
Next, we claim that (u, v) is coupled fixed point of T. Now let us consider
dcq W Tu,v)) 3 dcq (W, xp4q) + dcq (*n+1, T(w,v))
dcq (W, xp41) + dcq (T (o Y, T (u, v))
dcq (W, Xp41) + omax {dcq (xn,w), dcq o), dcq (X T (X, Y,
dcq (w, T(w,v))}
= dcq (W, xp41) + 0 max {dcq (xn,w), dcq o), dcq (%n, Xp41),
dcq W T, v))},

N

which implies that
|dcq(u: T(u, 17))| < |dcq(u: xn+1)| + 0 max {ldcq(xn:u)L |dcq(yn' U)|' |dcq(xn'xn+1)|’
| deg(w, T(w,v))|} = 0. Asn - oo,
Implies that, |d., (u, T(u, v))| < 0. Since o € [0,1).Therefore, |d, (u, T(w,v))| = 0.
Thus, u = T'(u, v). Similarly, we can prove that v = (v,u). Hence (u, v) is coupled fixed point of T.Now to
prove uniqueness, if (u*, v*) is another fixed point of T,then
deq (wu") = deq (T, v), T(w",v")
< omax {dcq (w,u),deq(v,v7),dq (u, T (u, v)), deq (u*, T (u*, v*))}
< o0 max {dcq (W u”),deg(v,v7),deg(u,u), dog (U, u*)}.

Therefore,

deo(u,u”) = 3 o max {dcq(u, u*), dcq(v,v*)}.
Implies that, |d., (w, u")| < o max {|deq (w, u?)|, |deg @, v} (3.4.4)
Similarly, we can prove that

|dcq(v, v*)| < 0 max {|dcq(u, u*)|, |dcq(v,v*)
From (3.4.4) an (3.4.5), we get

| S (3.4.5)

max {|d.q (u, u*)|, |deg (v, v} o {max {|d., (w, u?)|, |deq (v, v}
Since0 < o < 1, we have max{|dcq(u, u*)|, |dcq(v,v*) } =0.S0,d.,(u,u*) =0 and d.,(v,v*) = 0.
Therefore u = u* and v = v*. implies that (u, v) = (u*, v*) is unique coupled fixed point of T.
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Example 3.5. Let X = ( and defined d: X xX - ¢ by d(x,y) = max{(x,y)}(1 +i). Then (X,d) is a

complex valued dislocated metric space. Consider the mapping T: X X X — X defined by T(x,y) =

|x-yl

. For
2

x,y,u,v € X, we have

d(T(x,vy),T(u,v) = %max {lx =yl lu—v3A +1)

:%max{x—y,y—x,u—v,v—u}(l+i)

%max xy,uv (1 +0)
= % max {d(x,y),d(u,v)}
2 max {d(x,y), d(w, v), d(x, T(x,¥), d(u, T(u, v))}.

Thus T has a unique coupled fixed point. Hence (0,0) is the unique fixed point of T.

V. Conclusion

we prove and generalize some coupled fixed-point theorem for contractive type mappings in the perspective
complex valued dislocated metric spaces. Our results improve and generalize the comparable result in the
existing literature of [10] and [16].
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