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Abstract: Time and again, systems described by differential equations are so complex that purely analytical 

solutions of the equations are not very easy to come by. Therefore, in this paper, we develop a collocation 

method using Laguerre polynomials as basis function to approximate two-point second-order linear boundary 

value problems with Dirichlet and Neumann boundary conditions in ordinary differential equations. The 
collocation method developed is implemented in MAPLE 17 in conjunction with MATLAB R2014a through six 

illustrative examples. Absolute errors are equally estimated. From the result, we observed that the accuracy of 

the collocation method constructed increases with the use of more terms of the Laguerre polynomials as basis 

function.   Based on the careful observations from the numerical experiment, it may be concluded here that the 

collocation method developed is more efficient, effective and applicable in terms of accuracy for approximating 

boundary value problems with Dirichlet boundary condition. Therefore, this method is highly recommended as 

a way of application for approximating many models in sciences and engineering that appear in form of second 

order boundary value problems with Dirichlet boundary condition as well as Neumann boundary condition. 
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I. Introduction 
Fundamentally, all systems that undergo change can be described by differential equations. Therefore, 

[15] assert that Ordinary Differential Equations (ODEs) of the Initial Value Problem (IVP) or Boundary Value 

Problems (BVPs) type can model phenomena in wide range of fields including science, engineering, economics, 

social science, biology, business, healthcare among others.To be more specific, [7],[23]and [22] opine that 
Boundary Value Problems (BVPs) in Ordinary Differential Equations (ODEs) are used to model many physical 

phenomena in engineering, sciences especially physics and other related areas such asbiology, spring problem, 

buoyance problem, electrical problem, boundary layer theory, astronomy, heat transfer, Sturm-Liouville 

problem, diffusion process, electromagnetism as well as deflection in cables.Moreover, Boundary Value 

Problems play an important role in many fields such as physics, chemistry and engineering. The Two-point 

Boundary Value Problems occur in a variety of problems, including the modelling of chemical reaction, heat 

transfer, diffusion, and the solution of optimal control problems ([9]). 

Time and again, systems described by differential equations are so complex that purely analytical 

solutions of the equations are not very easy to come by. Consequent upon this,numerical techniques for solving 

differential equations form the nucleus of concern. 

There are several types of boundary value problems (BVPs) and some of them depend on the boundary 
condition itself ([13]; [9]). In this work, we consider the following second order linear two-point boundary value 

problems: 

                                                                                           

with the Dirichlet boundary condition: 

                                                                                                                        
and Neumann boundary condition: 

  

                                                                                                                       

.        
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Some of the most prominentmethods for solving boundary value problems are given in the works 

of[12],[5], [2], [24], [9], in the papers of [13], [19], [20], [11],[18], [14], as well as in the publications of [8], 

[3],[16], [22] and [21].  
[19] in [12] summarised the above prominent methods of solving boundary value problems into four 

traditional methods, namely: finite difference method, shooting method, collocation method and finite element 

method. In this paper, we developeda collocation technique using Laguerre polynomial as basis function and 

applied it to second-order Dirichlet and Neumann boundary-value problems of ordinary differential equations. 

In the words of [12], “Collocation method is a method which involves the determination of an approximate 

solution to an equation using a suitable set of functions, sometimes called trial or basis functions. The 

approximate solution is required to satisfy the governing equation and its supplementary conditions at certain 

points in the range of interest called collocation points.” 

Both [3] and [19] stated that monomial and polynomial functions as well as spline function among 

others may be used to develop a collocation method. Nevertheless, [19] unequivocally encouraged the use of 

orthogonal polynomials as basis functions since polynomial functions are vulnerable to Runge phenomenon and 
monomial elements as non-orthogonal functions can make the coefficient matrix of the linear equations ill-

conditioned.Buttressing[19], [17]clearly opined that “Many scientists over the years have given special attention 

to applications of orthogonal polynomials because its important role played in different fields of human 

endeavour. These orthogonal polynomial include Laguerre polynomials, Legendre polynomial, Hermite 

polynomial, Chebyshev polynomial among others. These polynomial series deal with various problems in 

engineering and science. They are used in solving systems of ordinary differential equations with boundary 

conditions to obtain very accurate approximations. The main characteristic of these applications is that they 

reduce these problems to those of solving a system of algebraic equation by greatly simplifying the problem”. 

Every so often, researchers have applied orthogonal polynomials as basis functions for developing 

approximate methods to solve different forms of ordinary differential equations. In the light of this, [4] and [25] 

used Chebyshev polynomials and Legendre polynomials respectively as basis functions to develop collocation 

methods for approximating ordinary differential equations with accurate numerical solutions. [1] used Hermite 
polynomials to develop continuous linear multistep methods for approximating initial value problem of ordinary 

differential equations. In a related development, [12] used the Probabilist’s Hermite polynomials of degree eight 

(8) as basis function to construct a collocation method for approximating second order linear boundary value 

problems of ordinary differential equations with Dirichlet, Neumann and Robin boundary conditions.In another 

development, [10] used Laguerre polynomials as basis function to construct a collocation method called 

“Continuous Implicit Linear Multistep Methods for the Solution of Initial Value Problems of First-Order 

Ordinary Differential Equations”. 

From the foregoing and other available literature, we are made to understand that orthogonal 

polynomials have been widely used effectively as basis functions to construct so many numerical methods for 

the approximations of initial value and boundary value problems of ordinary differential equations, even partial 

differential equations as seen in the work of [16]where the solution of second order partial differential equation 
using the Hermite polynomials as basis functions was approximated. Therefore, in this paper, the researchers 

develop a collocation technique using Laguerre polynomials which are orthogonal polynomials as 

basisfunctions for approximating second-order linear Dirichlet and Neumann boundary-value problems of 

ordinary differential equations. 

 

II. Formulation of Method 
Laguerre polynomial is used as basis function to construct a collocation technique for approximating 

second-order linear Dirichlet and Neumann boundary-value problems of ordinary differential equations in this 

section. The formulation of the method is partly based on the procedure in [12]. 

 

2.1 Second Order Boundary Value Problems (BVPs) 

In this Section, we shall consider Equations (1) – (3) in which we assume   and y to denote the independent and 

dependent variables respectively. 

 

2.2 Laguerre Polynomials 

In Mathematics, the Laguerre polynomials: 

  

       
       

           
  

 

   

    

        

named after Edmond Laguerre (1834-1886) are solutions of Laguerre’s equation: 
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                         (5) 

which is a second-order linear differential equation. The first eleven terms of Laguerre polynomials can be 
generated from Equation (4) and presented as follows: 
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2.3Collocation Method for Approximating Boundary Value Problems 

The general idea behind collocation method is to reduce a boundary value problem to a set of solvable algebraic 

equations ([12]). Here, we choose                   as the set of polynomial basis functions to obtain 

approximate solution. Next, to solve a boundary value problem using a collocation method, we consider the 

possible solution to the boundary value problem in Equations (1) – (3) to be:  

                                                                                         
     
or 

                                                                                                                                  

 

   

 

where   is the number of terms of a basis or trial function ([12]). 

 

2.3.1 Collocation Method using Laguerre Polynomials as Basis Functions 

Here, we wish to approximate the possible solution     in Equation (8) by Laguerre polynomial of degree 

 with the formula: 

                                                                                                                                

   

   

 

where         are Laguerre polynomials generated by Equation (4) and    is the truncated number of terms 

of the Laguerre polynomials which is equivalent to a polynomial of degree  . 

The first nine (9) terms of       are given in Equation (6). Applying equation (9) to approximate a boundary 

value problem in Equations (1) – (3), the first and the last terms corresponding to     and     
 respectively are boundary conditions; the remaining     equations are obtained from the given equation by 

differentiating Equation (9) the required number of times and then evaluating    for      , where    is 

defined similar to[12] as: 

     
   

 
                                                                                       

 

2.3.2 Approximating the Solution of BVPs with Laguerre Polynomials 

Approximating the solution of BVPs in Equations (1) – (3) using a collocation method with Laguerre 

polynomials as basis functions comprises two stages: finding solution at the boundary mesh points; and finding 

solution at the interior mesh points. 

 

2.3.3 Solution at the Boundary Mesh Points with Dirichlet Boundary Condition 

The boundary value problem in Equation (1) with its associated Dirichlet boundary condition in Equation (2) at 
both ends (i.e., the first and the last mesh points) assumes the following form: 
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2.3.4 Solution at the Boundary Mesh Points with Neumann Boundary Condition 

The boundary value problem in Equation (1) with its corresponding Dirichlet boundary condition in Equation 

(3) at both ends (i.e., the first and the last mesh points) assumes the following form: 

  

          
 
      

   

   

                        

   

   

                                                   

 

 

2.3.5 Solution at the Interior Mesh Points  

Since the first and the last boundary mesh points has been taken care of in the preceding subsection (i.e., 

Equations (11) and (12)), the remaining     equations are obtained from the differential equation evaluated at 

  .Now, let’s consider Equation (1): 

                                 
Finding the first and second derivatives of equation (9) will return: 

          
 
      

   

   

                  
  
                                                   

   

   

 

respectively.The     equations on the interior mesh points are obtained from 

          
  
              

 
                            

   

   

                   

where    is defined by Equation (10). 

 

From the discretization of the boundary points (i.e., first and last points) and interior points above, we now 

obtain an             matrix of the form: 

 

           

   
               

  

  

 
    

   

  

 
    

                                                          

where the coefficient matrix    and the column matrix    are constants. But     is defined by: 

    

 
 
 
 
 

 
 
 
               

                                               

   

   

   

   

        
  
              

 
                      

   

   

        

   

   

         
       

   

   

                                  

                              

 

and 

    

                           

                    
       

                                                                                                                  

Solving Equation (15) yields the values of            . These values   are substituted into Equation (9) 

to get the required approximate series solution.  

 

III. Numerical Experiments 
In this Section, we consider six (6) numerical examples. From the six numerical examples, three of 

them are second-order boundary value problems with the Dirichlet boundary condition and the remaining three 

are boundary value problems with the Neumann boundary conditions. The approximate solutions are in form of 

series solutions and are compared with the exact solutions at some selected mesh points within the given interval 

and the results and absolute errors are displayed in Tables (1) – (6). The coefficients for Examples 1-6 are 
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provided in the Appendices A – F.These coefficients are substituted into Equation (9) to get the various required 

approximate solutions in series form. All computations are carried out usingMAPLE 17in conjunction with 

MATLAB R2014asoftware. These examples are somewhat artificial in the sense that the exact solutions of the 
differential equations are known in advance. That notwithstanding, such an approach is needed to examine the 

accuracy, the simplicity, the effectiveness and the applicability of the newly constructed method. 

 

3.1 Boundary Value Problems with Dirichlet Boundary Condition 

 

Problem 1 

Consider the boundary value problem: 

                    
 with Dirichlet boundary condition:                   ; and  

Exact Solution: 

     
                         

    
  

Problem 2 

Consider the boundary value problem: 

                          
 with Dirichlet boundary condition:                   ; and  
Exact Solution: 

      
 

 

                                                          

    
 

Problem 3 

Consider the boundary value problem: 

                                        
with Dirichlet boundary condition:                   ; and  

 

Exact Solution: 

     
                    

              
 

         

     

 
                                                   

          
 

 

3.1.1 Solutions to Problems 1 – 3 

Using the formulas in Equations (9) – (17), the results [exact solutions and the approximate solutions which 

correspond to Laguerre polynomial of degrees 3 – 8 (LPD3, LPD4, LPD5, LPD6, LPD7 and LPD8)] together 

with the absolute errors (er1, er2, er3, er4, er5 and er6)for Problems 1 – 3 are presented in Tables 1 – 3 

respectively. 

 

Table 1: Exact and Approximate Solutions for Problem 1 Using Laguerre Polynomial of Degrees 3, 4, 5, 

6, 7 and 8 
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Table 2: Exact and Approximate Solutions for Problem 2 Using Laguerre Polynomial of Degrees 3, 4, 5, 

6, 7 and 8 

 
 

Table 3: Exact and Approximate Solutions for Problem 3 Using Laguerre Polynomial of Degrees 3, 4, 5, 

6, 7 and 8 

 
 

3.2 Boundary Value Problems with Neumann Boundary Condition 

 

Problem 4 

Consider the boundary value problem: 

                           

 with Neumann boundary condition:                    
  

 
; and  

Exact Solution: 

         
  

 

Problem 5 
Consider the boundary value problem: 

                       

 with Neumann boundary condition:                    
       

 
; and  

Exact Solution: 

     
       

 
  

 
Problem 6 

Consider the boundary value problem: 

                    

 with Neumann boundary condition:                     
  

 
; and  

Exact Solution: 
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3.2.1 Solutions to Problems 4 – 6 

Using the formulas in Equations (9) – (17), the results [exact solutions and the approximate solutions which 

correspond to Laguerre polynomials of degrees 3 – 8 (LPD3, LPD4, LPD5, LPD6, LPD7 and LPD8)] together 
with the absolute errors (er1, er2, er3, er4, er5 and er6) for Problems 4 – 6 are presented in Tables 4 – 6 

respectively.   

 

Table 4: Exact and ApproximateSolutions for Problem 4 Using Laguerre Polynomial of Degrees 3, 4, 5, 6, 

7 and 8 

 
 

Table 5: Exact and ApproximateSolutions for Problem 5 Using Laguerre Polynomial of Degrees 3, 4, 5, 6, 

7 and 8 

 
 

Table 6: Exact and ApproximateSolutions for Problem 6 Using Laguerre Polynomial of Degrees 3, 4, 5, 6, 

7 and 8 

 
 

Next, for Tables 1 – 6 above, different graphs each are presented as follows: 
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Figure 1: Plot of Exact and Approximate Solutions against the Step Sizefor Problem 1 Using Laguerre 

Polynomial of Degrees 3, 4, 5, 6, 7 and 8 

 
Figure 2: Plot of Exact and Approximate Solutions against the Step Sizefor Problem 2 Using Laguerre 

Polynomial of Degrees 3, 4, 5, 6, 7 and 8 
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Figure 3: Plot of Exact and Approximate Solutions against the Step Sizefor Problem 3 Using Laguerre 

Polynomial of Degrees 3, 4, 5, 6, 7 and 8 

 
Figure 4: Plot of Exact and Approximate Solutions against the Step Sizefor Problem 4 Using Laguerre 

Polynomial of Degrees 3, 4, 5, 6, 7 and 8 
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Figure 5: Plot of Exact and Approximate Solutions against the Step Sizefor Problem 5 Using Laguerre 

Polynomial of Degrees 3, 4, 5, 6, 7 and 8 

 

 
Figure 6: Plot of Exact and Approximate Solutions against the Step Sizefor Problem 6 Using Laguerre 

Polynomial of Degrees 3, 4, 5, 6, 7 and 8 
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IV. Discussion of Results 
In Tables 1 to 3, numerical solutions obtained by collocation method constructed with Laguerre 

polynomials of degrees 3 to 8 for the solution of linear BVPs of ODEs for Problems 1 to 3 respectively which 

have Dirichlet boundary conditions at both end-points are compared with the respective exact solutions. The 

observed absolute errors between the respective exact solutions and that obtained by the collocation method 

constructed with Laguerre polynomials of degrees 3 to 8 at various values of the mesh points are given. It is 

equally observed from the results that the collocation method constructed with Laguerre polynomials of degrees 

3 to 8 shows a progressive increase in the accuracy of the constructed method measured in terms of their 

absolute errors. This is pictorially observed in Figures 1 to 3. 

By the same token, in Tables 4 to 6, numerical solutions obtained by collocation method constructed 

with Laguerre polynomials of degrees 3 to 8 for the solution of linear BVPs of ODEs for Problems 4 to 6 

respectively which have Neumann boundary conditions at both end-points are compared with the respective 
exact solutions. The observed absolute errors between the respective exact solutions and that obtained by the 

collocation method constructed with Laguerre polynomials of degrees 3 to 8 at various values of mesh points are 

given. It is correspondingly observed from the results that the collocation method constructed with Laguerre 

polynomials of degrees 3 to 8 shows a progressive increase in the accuracy of the constructed method measured 

in terms of their absolute errors. This is pictorially confirmed in Figures 4 to 6. 

By the way of comparison, it is keenly observed from the results obtained by the collocation method 

constructed with Laguerre polynomials of degrees 3 to 8 for the solution of linear BVPs of ODEs for Problems 1 

to 3 respectively which have Dirichlet boundary conditions at both end-points are more accurate than the ones 

obtained by collocation method constructed with Laguerre polynomials of degrees 3 to 8 for the solution of 

linear BVPs of ODEs for Problems 4 to 6 respectively which have Neumann boundary conditions at both end-

points. 
 

V. Conclusion 
 In this work, we implemented the collocation method via Laguerre polynomials of degrees 3 to 8 for 

the solution of linear BVPs of ODEs with Dirichlet boundary conditions at both end-points and Neumann 

boundary conditions at both end-points. With the help of six illustrative examples, the accuracy, the simplicity, 

the efficiency, the effectiveness and the applicability of the newly constructed method was demonstrated. Tables 

1 to 6 together with the plots (Figures 1 to 6) meticulously presented to us the nature and the behaviour of the 

newly constructed method. Based on the careful observations from the computed results, it may be concluded 

here that the collocation method developed is more efficient, effective and applicable in terms of accuracy for 
approximating boundary value problems with Dirichlet boundary condition. Therefore, this method is highly 

recommended as a way of application for approximating many models in sciences and engineeringthat appear in 

form of second order boundary value problems with Dirichlet boundary condition as well as Neumann boundary 

condition.  
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Appendices 

Appendix A: Coefficients of the Laguerre Polynomial of Degrees 3 to 8 for Problem 1 

 
 

Appendix B: Coefficients of the Laguerre Polynomial of Degrees 3 to 8 for Problem 2 
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Appendix C: Coefficients of the Laguerre Polynomial of Degrees 3 to 8 for Problem 3 

 
 

Appendix D: Coefficients of the Laguerre Polynomial of Degrees 3 to 8 for Problem 4 

 
 

Appendix E: Coefficients of the Laguerre Polynomial of Degrees 3 to 8 for Problem 5 

 
 

Appendix F: Coefficients of the Laguerre Polynomial of Degrees 3 to 8 for Problem 6 

 


