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Abstract: A non-polynomial interpolating function considered by Ayinde and Ibijola (2015) was modified and 

utilized to develop an improved numerical scheme for solving first order initial value problems in ordinary 

differential equations. The scheme was implemented in MATLAB and tested on four problems; all our numerical 

results show better approximations of the analytical solutions. 
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I. Introduction 
Single-step methods are veritable tools for solving many physical problems. This is because multistep 

methods depend on single step methods for starting values, thus the accuracy of a multistep method is 
determined by the single step method used as a stating method. Numerical analysts are also concerned about 

developing accurate numerical methods for solving first order ordinary differential equations because     order 

ordinary differential equations can be reduced to systems of first order ordinary differential equations which is 

easier to solve by writing a computer programme. In light of the above, accuracy and stability are the main 

features considered for developing single-step methods. Besides Taylor series, there are other polynomials and 

non-polynomial interpolating functionsthat are in recent times used for the derivation of single-step methods for 

solving initial value problems of the form  

                                                                                                                                               
with the initial condition 

            
 For example, [1-6] have developed some polynomial and non-polynomial interpolating methods for integrating 

equation (1). The motivation of this work comes from [5], they used five terms of a non-polynomial 

interpolating function to develop a method for approximating equation (1). We extend this work to include more 

terms in order to get better results. The rest of the paper is sectioned as fellows, the improved numerical scheme 

is developed in Section 2, while the results are provided in Section 3. Finally, discussion and conclusion are 

carried out in Section 4.    

 

II. Methods 
Derived Numerical Scheme by [5] 

First, we briefly explain the numerical scheme developed by [5] for approximating equation (1). Consider a non-

polynomial interpolating function defined by  

             
       

                                                                                           
where               are undetermined coefficients and    is a constant, which is assumed to be the solution of 

equation (1). 

Finding the first, second and third derivatives of equation (2), solving for the undetermined coefficients, 

substituting in equation (2) and interpolating at         and      gives 

        
 

 
  
          

 

 
   

  
 

 
  
         

 

 
  
                                                             

where   is the step size and      
    

  are the first, second and third derivatives respectively obtained 

from         in equation (1). 

Derivation of the Improved Numerical Scheme  

consider the non-polynomial interpolating function by [5] redefined to include more terms and assumed to be 

the solution of equation (1) 
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where               and    are undetermined coefficients and    is a constant.Taking the first, second third 

and fourth derivatives of (4), yields 

                    
          

                                                                          
                    

                 
                                                                               

                       
           

                                                                                          
                     

       
                                                                                                           

Solving for         in equation (8), gives 

         
 

  
  
                                                                                                                                       

substituting equation (9) into (7) and evaluating leads to 

   
 

 
  
  

 

  
  
                                                                                                                                                

substituting (9) and (10) into (6) and solving for    yields, 

   
 

 
    

  
 

 
  
      

  
 

 
  
                                                                                                             

substituting (11), (10), and (9) into (5) and simplifying gives, 

      
 

  
  
   

 

 
  
  

 

 
  
    

     
  

 

 
  
                                                                                         

Let  

        and               
since 

                and y             
to derive the required numerical method, we substitute         and       into equation (4) and find the 

difference which simplifies to 

                   
             

        
                

             
         

      
                              

simplifying equation (13) gives 

                    
                     

    
          

    
                         

Recall that 

                                                                                                                    
Substituting (9), (10), (11) and (12) into (14) and solving, we have 

                  
 

  
  
           

 

 
  
  

 

  
  
      

 

  
  
   

 

 
  
    

     
 

  
  
                        

where      
    

       
  are the first, second third and fourth derivatives of         obtained from equation (1) 

and h is the step size. 

Hence,equation (16) is the numerical method derived for solving first order differential equation. 

 

III. Results 
In this Section, we implement the derived numerical scheme (16). All the four examples considered in 

this work are obtained from the work of [5] for the purpose of comparison. All the programmes are implemented 
in Windows 10 operating system using Matlab 2018a. Our numerical results, the exact solutions and the results 

of [5] are displayed in Tables for comparison.  We shall abbreviate the scheme by [5] as NS1 our numerical 

scheme as NS2 in the Tables and presentation. 

The four examples are: 

Example 1 

                                      
Exact solution                              
Example 2 

                                
Exact solution:                            

Example 3 
                                  

Exact solution:        
 
                       

Example 4  

                              

Exact solution:         
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Consider Example 1 

Given that 

                  
Taking first, second, third and fourth derivatives, we have 

          
  

          
  

         
  

      
     

       
  are substituted into equation (16) and implemented in Matlab, the numerical results, alongside 

the result of [5] and the exact solution are displayed in Table 1. 

 

Table1: Results of the Scheme by [5] (NS1) and the Improved Numerical Scheme (NS2) for Example 1

 

Consider Example 2 

Given that 

     
                 

Taking first, second, third and fourth derivatives, we have 

          
       

  

             
       

  

            
       

  

      
     

       
  are substituted into equation (16) and implemented in Matlab, the numerical results, alongside 

the result of [5] and the exact solution are displayed in Table 2. 

 

Table 2: Results of the Scheme by [5] (NS1) and the Improved Scheme (NS2) forExample 2 
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Consider Example 3 

Given that 

                     
Taking first, second, third and fourth derivatives, we have 

       
          

  

        
             

  

        
        

           
  

      
     

       
  are substituted into equation (16) and implemented in Matlab, the numerical results, alongside 

the result of [5] and the exact solution are displayed in Table 3. 
 

Table 3: Results of the Scheme by [5] (NS1) and the Improved Scheme (NS2) forExample 3 

Consider Example 4 

 
Given that 

                         

Taking first, second, third and fourth derivatives, we have 

       
            

  

        
             

  

        
        

           
  

      
     

       
  are substituted into equation (16) and implemented in Matlab, the numerical results, alongside 

the result of [5] and the exact solution are displayed in Table 4. 

 

Table 4: Results of the Scheme by [5] (NS1) and the Improved Scheme (NS2) forExample 4 
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IV. Discussion 
This work is an improvement over the numerical scheme of [5]. Five terms of a non-polynomial 

interpolating function defined by equation (2) were used to derive a numerical scheme by [5] for the solution of 

first order initial value problems (IVPs) in ordinary differential equations (ODEs). Although the absolute errors 

between the analytical and numerical solution show good approximations, we thought if more terms of the 

function were considered, a better result would have been obtained. To this end, seven terms of the non-

polynomial interpolating function defined by equation (3) were differentiated the number of required times and 

manipulated to derive the numerical scheme (16).For the purpose of comparison, all the four test problems were 

obtained from [5]. MATLAB programmes were written using equations (3) and (16) and were applied to 

approximate all the four test problems. The numerical results of [5] denoted by    , our numerical results 

denoted by    , the analytical results denoted by      and the various absolute errors are provided in Tables 1-

4. We observed that for all the four test problems, our numerical scheme     gave better approximations. Also, 

the results of [5] which we implemented in MATLAB are better than the result in their published work. The 

accuracy of these numerical schemes may be as a result of checking the round-off errors. 

 

V. Conclusion 
A numerical scheme which is an improvement of the scheme by [5] was derived using a non-

polynomial interpolating function. This scheme was applied to solve some problems on first order initial value 

problems and compared with the scheme by [5]. We observed that our scheme provided better approximations, 
however the computations were also more. The implementation of these schemes is similar to that of the Taylor 

series method which the accuracy increases by considering more terms of the polynomial, but the task of 

differentiating the function repeatedly is not trivial. A numerical scheme can be constructed by Taylor 

expanding our scheme and manipulating it in order to get a scheme akin to the Runge-Kutta methods. 
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