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On the Basics of Linear Diffusion

Henrik Stenlund *

Abstract: This study handles the three-dimensional linear diffusion in a new way. A general solution is given
without particular initial conditions. In addition, solutions are obtained for a source-sink as a constant in time
but spatially varying in three dimensions and having an arbitrary time dependence. An auxiliary function for
diffusion is given having an interesting relationship with the concentration. It appears that both the time
derivative and the Laplacian of the concentration obey the diffusion equation. An integro-differential equation
for diffusion is presented. 1
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I.  Introduction

Diffusion is one of the most important natural phenomena having a close relation with thermal
conduction problems. The primary target is here in initial value problems, instead of boundary value problems
but no specific initial value problems are treated here. In three dimensions the diffusion equation becomes
awkward to solve and usually leads to numerical analysis. In this paper new formulas are given for solving
diffusion and thermal conductivity problems in three dimensions. Also other observations are made of the
diffusion equation. The well-known work made by pioneers, like Crank [1] and Churchill [2] are classic. A
recent article by the author gave a general solution to the non-linear diffusion [3]. That will be used as a starting
point here.

In the following is the nonlinear problem and its solution shortly presented. It is applied to the linear
problem with no concentration dependence on the diffusion coefficient. A universal solution is given for general
three-dimensional problems. The case of general source and sink is solved analogously, first for a time-
independent case and then for a case with an arbitrary time dependence. As an observation, an auxiliary function
for diffusion is treated next.

I1. The General Solution of the Diffusion Equation
2.1 Nonlinear Solution Presented
In an earlier paper [3] was given the general solution for non-linear diffusion having concentration
dependence in the diffusion coefficient. One will start from that and solve the linear case in the following. Here
c is the concentration. The non-linear diffusion equation in three dimensions will be

% — V- (D(c)Ve) (1)

where (t, r) are the time and spatial coordinate vector. No sources nor sinks are present at this point. The simple
transformation is used

F(e) =/ D(s)ds (2)

with c0 a constant and D(c) the non-linear diffusion coefficient. It will help in progressing to
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V- (D(e)Ve) = V2F(e) (3)
and to the general solution after integrating in time

¢l > " F(c(7,t))
(n+1)! atm

(7, t) = c(F,t = 0) + Z

n=I

Jt—0 (4)

Here it is assumed the c(r, t = 0) and all its derivatives to be known at t = 0.

2.2 Linear Case
One can apply equation (4) to the linear case, a constant DO. A similar approach based on operator formalism is
given in [4] and [5]. Since

F(c) = Dy(c — ep) (5)

the first derivative will be

dF(c)

Er D2VZ¢ (6)

The higher derivatives are straightforward to calculate and the general expression will be

a"F(c)

S = D{H (V) e(7, t) (7)

Therefore one will obtain after a change of index
c(F,t) =Y —Dj(V?)"e(F,t =0) (8)

This can be identified as the definition of the time translation operator as a series expansion
_ tDgV? - \
c(r,t)=¢e""" ¢(r,t =0) (9)

This can actually be transformed to an integral

) 1 - zlr=r® . .
c(r,t) = —,/drfe T ¢(r, ¢ = 0) (10)
" (4wDyt) : '

ol

Equation (10) is the universal solution of the linear case in three dimensions when the initial value function for
the concentration is known. There are no sources nor any sinks. The integral is taken over the whole space to
infinity.
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2.3 Time-Independent Sinks And Sources
One can apply (4) to the case of a constant DO with a general source-sink Q which is known entirely. It is
defined in the whole space but can be zero and does not need to be continuous. It must be constant in time.

de 9 44
= = DoV2e+Q(7) (11)
Again
F(e) = Doy(c — eo) (12)

the first derivative will be
OF . ‘
= = DiVZe + DyQ (13)

The higher derivatives come out as

Jd"F
atm

= Dy (V2 (7 t) + DR (V)" 1Q(F) (14)

Therefore one will obtain after a change of index
?1—

clr,t) = 3 L DR(VA) el )+ 3 DBV

n._'[]

The term tQ is absorbed by the latter sum. One can identify the first term processed in the previous case as

c1(7,t) = 2V ¢(F,t = 0) (16)
leading to
c1(7.t) = L /dr E_I”Trlzf{? 1 =10) (17)
1 S ot = i
e [:4?I'D(].t]l%

The second term in equation (15) is processed accordingly and is recognized as the time integral

¢ 1 —ir—rt2 ‘
Fot) = dt—— | dr'e ot Q(r' 18
co(7, 1) [D i Du?fJ / r'e Q(r") (18)

The complete solution is therefore
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1 _ Zlr—rti® ‘
clr.t) = ———— | dr'e 0ot e(r'. t = 0)+ 19)
"0 = s / (7t = 0) (19

b

t l 3 o I"—T'_"|2 _
+ dt’—./d-r"e Do (') 20)
A (47 Dot’) { (20

Equation (20) is the universal solution of the linear diffusion in three dimensions when the initial value function
for the concentration is known with a source-sink, constant in time. The first term is the complementary function
and the second term is the particular integral.

[ el [ 54

2.4 Time-Dependent Sinks And Sources

One can solve equation (11) in the case of a constant DO with a general source and sink Q which is
known entirely and having an arbitrary time dependence. It is defined in the whole space but can be zero and
does not need to be continuous. This can not be solved in the same manner as in the previous case as the time
dependence of the Q is arbitrary. One must use a completely different approach. One recognizes that the
equation

% = DoV2e(F, t) + Q(r,t) (21)

is of first order in time. It has an operator constant in time to be treated as a constant but maintaining the
operator order. Standard methods give the solution in operator form

f’ r
(7, 1) =e*D“‘*_"'c(f._l]}+] dte= (' =DDV (7, ¢) (22)
0

or opened up as integrals

1 - r-_.,-._il? _ )
clr.t) = ——— [ dr'e” 3ot (' t =0)+ 23)
0=t | (7.t =0) 23

£ . 2
1 _ —|r—r' _ .\
n dt' i /d?“‘f’. ADg(t—t') Q r, f'} 24)
/ﬂ (47 Dy (t — ")) ( .

Equation (24) is the universal solution of the linear diffusion in three dimensions when the initial value function
for the concentration is known. It has a source-sink with an arbitrary time dependence. Again, the first term is
the complementary function and the second term is the particular integral.

I11. The Auxiliary Function For The Linear Diffusion Equation

af 9 |
o~
5 Dg\V<e (..L}f]
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one can take into use the following auxiliary function recalling the property of the delta function in three
dimensions.

(1) = - f drip(r’,t) (26)

A 7 —r

This will lead to

This means that rho is actually both the time derivative of the concentration and the Laplacian of the
concentration. On the other hand, by substituting equation (26) to (25) will give

1 9 [drp(r,t) :
Dop= —— 2 [ &AL Y) 928
0r Am Ot |7 — /| (28)

Applying the Laplacian to this will give

ap 9 .
— = DV 29
v oVop (29)

The auxiliary function rho obeys the diffusion equation but with different initial conditions. It is straightforward
to verify that also the time integral of the concentration obeys the same diffusion equation, as follows. One may
consider another diffusion as

Ok . ‘
— = DyV?k 30
o oV K (30}

and suggest the auxiliary function c

1 [ drie(r',t) (31)

f'{-(?_"tj = —E |}'_1_-r""|

to it. One will get

dc . i
— = DyV? 32
o oV<e (32)

Therefore it goes back to
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. 1 ok
Vik=c=—
nee Dy ot

(33)

Kappa is the time integral of ¢ and obeys the diffusion equation. At this point it is obvious that both an Nth time
derivative and an Nth power of a Laplacian of the concentration also obeys the diffusion equation. The same
applies to any multiple of time integrals of the original concentration and volume integrals like equation (31).
One can get the following equation as in (28)

1 9 dr'e(r', t)

Dyec = —— —
v 47 Ot 7 —r

(34)

This is an integro-differential equation for diffusion. It is equivalent to the original diffusion
equation and can be verified for instance by substituting it inside the integral. One can apply the Green's Il
theorem for integrals and get rid of the Laplacian and getting a Dirac delta function instead. That will deliver the
c(r; t) itself. The surface integral term generated by the Green's Il theorem will disappear since the boundaries
are in the infinity and the concentration is supposed to vanish there. Obviously, there exist other shorter proofs,
like subjecting the equation above to a Laplacian.

IV. Conclusions

Equations (10), (20) and (24) appear to be new three-dimensional extensions of the well-known one-
dimensional general solutions. They will serve as starting points both for analytical investigations and numerical
work with various initial conditions. The general source-sink added to the diffusion equation with no time
dependence is solved in a similar manner, supposing the term to be completely known. If there is any time
dependence in it, this method will break down as it is based on initial values only. The temporal behavior of an
arbitrary function can not be controlled by one point in time. An example would be a human- controlled source
being zero at the initial time acting as a driving force of the diffusion equation. That case is solved by using a
standard method for linear differential equations and using differential operators treated first as constants and
which then can be transformed to integrals.

The auxiliary function [J in equation (27) for diffusion connects both the time derivative and the
Laplacian of the concentration. It obeys the diffusion equation with different initial conditions. It appears that
even the Nth time derivative and the Nth time integral of the concentration obey the diffusion equation. The
same applies to the Nth power of the Laplacian applied to the concentration. The equation (34) is a simple
integro-differential equation equivalent to the regular differential equation involving both the time derivative
and the Laplacian.
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