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Abstract : Let B= (0, * 2,6, qo, F) and B = (Q’, 4, %, 6’, qo’, F’) be two Finite Group Automata. Then a
mapping ¥ : B — B’ is said to be a Finite Group Automata Homomorphism or simply FGA Homomorphism if
1.¥Y(a*b) = ¥Y(a) A4 V(b), 2.¥(0(an) = o (VY()n), 3.¥Y(q) = Qu’, 4.a € F if and only if ¥Y(a) ¢ F".
Let B= (0, * 2,6, qo F)and B’ = (Q’, 4, %, 0, qo’, F’) be two Finite Group Automata. Let f: B — B’ be a
FGA homomorphism. Then

(1) if S'is a Finite Subgroup Automata of B, then f(S) is a Finite Subgroup Automata of B’.

(2) If B is Finite Abelian Group Automaton, then f(B) is Finite Abelian Subgroup Automaton of B.
(3) If N is a Finite Normal Subgroup Automaton of B, then f(N) is a Finite Normal Subgroup Automaton of B’.
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I.  Introduction
Finite Binary Automata, Finite Semigroup Automata, Finite Monoid Automata, Finite Group
Automata, and Finite Subgroup Automata were defined and many results were obtained. Commutative Finite
Binary Automata, Associative Finite Binary Automata were defined. AC Finite Binary Automata was also
defined. Many useful results were obtained.
Now we define a homomorphism on Finite Group Automata. We study the homomorphic images of Finite
Group Automata.

Il. Preliminaries
Finite Group Automaton: A Finite Group Automaton B is a 6-tuple (Q, *, £, 8, qo, F), where Q is a finite
set of elements called states, X is a subset of non-negative integers, go € Q, (o is a state in Q called the initial
state, FEQ and the set states (element) of F is said to be the set of final states, & : Qx> —> Q is the transition
function defined by & (q, n) = q" =q * g *q *.......*q (n times) and * is a mapping from QxQ to Q satisfying the
following conditions.
Hp*@*n=(@=*q*r, foralpqrinQ.
(ii) there exists a state denoted by 0 in Q suchthatp*0=p=0*p , forallpinQ
(iii) for each state p in Q there exists a state g in Q suchthatp*q=0=q *p.
Note : Forn=0, 8 (q,n)=q"=>5(q, 0)=q", it is taken as 0

Definition : If for a state p in Q there exists a state g in Q such that p * g = 0 = g * p, then the state q is called
the inverse state and the state p is called a invertible state in Q.

If a state p is invertible in Q and p * ¢ = 0 = g * p, then the state q is also invertible.

If X* is the set of strings of inputs, then the transition function ¢ is extended as follows :

FormeZ*andneX, §:QxX* — Q is defined by 6’(q,mn) = 3(8’(q,m),n).

If no confusion arises 8’ can be replaced by 6.

Finite Sub-group Automaton: Let B= (Q, *, X, 3, qo, F) be a Finite Group Automaton, where Q is a finite set
of states, * is a mapping from QxQ to Q, X is a finite set of integers, qo in Q is the initial state and FCSQ is the set
of final states and § is the transition function mapping from QxX to Q defined by 8(q,n) = q". A Finite Sub-
group Automaton S of B is a 6-tuple (R, *, E, v, q5, T), where REQ for all p,g e R, p *q € R, gs € R is the initial
state where gs = g Or gs = 8(qo,n) for some neY, , E is the set of all n in X such thatn <m forallme X, ie , E=
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{ne€X/n<m, for some me X}, is the restriction function of 8 restricted to RXE—=R, g in R is the initial state
and TSR and TCF.

Finite Normal Subgroup Automata of B : Let B= (Q, *, X, 3, qo, F) be a finite Group Automaton.
Let S= (R, *, E, v, qs, T) be a Finite Sub-group Automaton of B. Then S = (R, *, E, v, q,, T) is said to be a
Finite Normal Subgroup Automata of Bifa-S=S«a, forallaeQ.

Definition : Let B=(Q, *, X, 8, qo, F) and B=(Q’, A, £, &°, qo’, F’) be two Finite Group Automata. Then a
mapping ¥ : B — B’ is said to be a Finite Group Automata Homomorphism or simply FGA

Homomorphism if

1. Y(a*b)=Y¥(a) A ¥(b)

2. Y(3(a,n)) =0 (Y(a),n)

3. W(q)=do

4. aeFifand onlyif ¥Y(a) € F .

Theorem : Let B=(Q, *, X, 5, qo, F) and B’ =(Q’, A, X, &°, qo’, F’) be two Finite Group Automata. Let f: B
— B’ be a FGA homomorphism. If S is a Finite Subgroup Automata of B, then f(S) is a Finite Subgroup
Automata of B’.

Proof: Let B=(Q, *, %, 3, qg, F)and B’ = (Q’, A, X, &’, q¢’, F’) be two Finite Group Automata.
Let f: B — B’ be a FGA homomorphism.
LetS=(S, *, E, v, qs, T) be a Finite Sub-group Automaton of B , where ScQ, forall p,geS, p*qeS,
gs € S is the initial state where gs = g or s = 8(qo,n) for some neY,
Eisthesetofallnin X such thatn < m forsome me X, ie , E={neXZ/n<m, forsomemeX },
v is the restriction function of 4 restricted to SXE—S, and T<S and TC<F.
Consider f(S).
Clearly f(S)cQ’
Let p’,q’e f(S).
Then there exist p, g € S such that f(p) =p’ and f(q) = q’.
Nowp’ Aq’=1(p) A f(q)
=f(p*q)
Since S is a Finite Sub-group Automatonand p,qeS,p*qeS
Therefore, f(p * q) € f(S).
gs € S is the initial state where gs = gy Or gs = 8(qo,n) for some ney’
Therefore, f(qs) € f(S) and f(qs) is the initial state of f(S) where f(qs)= f(qo) = g0’ or f(qs)= 8’(qo’,n) for some ne)’
E is the setof all nin X such that n <m forsomeme X,ie, E={neX/n<m, forsome me X }
Let y’ be the restriction function of 8’ restricted to f(S)XE—f(S),
Now f(T)SQ’ and f(T)<F".
Hence, f(S)=(f(S), A, E, v’, f(qs), f(T)) is a Finite Subgroup Automata of B’.

Theorem : Let B=(Q, *, X, 6, qo, F) and B’ = (Q’, A, X, 8°, qo’, F’) be two Finite Group Automata. Let f: B
— B’ be a FGA homomorphism. If B is Finite Abelian Group Automaton, then f(B) is Finite Abelian Subgroup
Automaton of B,

Proof : Let B=(Q, *, %, 3, qo, F) and B’ =(Q’, A, %, &’, q¢’, F’) be two Finite Group Automata.
Let f: B — B’ be a FGA homomorphism.
Suppose B is Finite Abelian Group Automaton.
By the previous theorem f(B) is a Finite Subgroup Automaton of B’.
Leta’, b’ € f(B);
Then there exist states (elements) a, b € B such that f(a) = a’ and f(b) = b’
Now a’ A b’ = f(a) A f(b)
=f(a*b)
=f(b*a) (since B isan Abelian Finite Group Automata)
= f(b) A f(a)
=b’Aa
Hence f(B) is Finite Abelian Subgroup Automata of B’
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Theorem : Let B=(Q, *, X, 3, qo, F)and B’ =(Q’, A, %, 8’, qo’, F”) be two Finite Group Automata. Let f: B
— B’ be a FGA homomorphism of B onto B’. If N is a Finite Normal Subgroup Automaton of B, then f(N) is a
Finite Normal Subgroup Automaton of B’.
Proof: Let B=(Q, *, %, 3, qg, F) and B’ =(Q’, A, X, &’, q¢’, F’) be two Finite Group Automata.
Let f: B — B’ be a FGA homomorphism.
Let N be a Finite Normal Subgroup Automaton of B.
Then foreachaeQ,a~N=N-.a
Since N is a Finite Subgroup Automaton of B, f(N) is a Finite Subgroup Automaton of B’.
Leta’ e B’
Now consider a’ A f(N).
Letxea’ A f(N)
Then x = a’ A f(m), for some m € N
Since a’ € B’ and f: B — B’ is onto, there exists a € B such that f(a) = a’.
Now x=a’ A f(m)
= f(a) A f(m)
=f(a*m)
=f(m*a) (since N is a Normal Finite Normal Subgroup Automaton of B)
= f(m) A f(a)
=flm)Aa’efN)Aa’
ie Xxef(N)Aa’
Therefore, a’ A f(N) C f{(N)Aa’............. (1
Conversely, letx e f(N) A a’
Then x = Then x = f(m) A a’, for some m € N
Since a’ € B’ , there exists a € B such that f(a) = a’.
Now x=f(m)Aa’
= f(m) A f(a)
=f(m*a)
=f(a*m) (since N is a Normal Finite Normal Subgroup Automaton of B)
= f(a) A f(m)
=a’A f(m) e a’ A f(N)
ie xea’ Af(N)
Therefore, f{(IN)Aa’ € a’ Af(N) ............. (2)
Therefore from (1) and (2) a’ A f(N) _ f(N) A a’

Hence f(N) is a Finite Normal Subgroup Automaton of B’

I11. Conclusion
The theory of Finite Group Automata, Homomorphism on Finite Group Automata and the
Homomorphic images of Finite Group Automata will be useful in many areas. Researchers can do wonders in
this area of research.
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