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Abstract

Every repair shop has a waiting room, even when it’s just a row of dead machines on a factory floor. This article
treats that queue as a mathematical object and asks a practical question: how many repairers do you need, how
should you organize them, and what happens when machines wait too long? We start with the birth-death
models in the Markovian tradition of Erlang (1909) and Kendall (1953). Then we build the finite-source
machine interference model, where every breakdown removes a machine from the pool that creates future
breakdowns. In a worked example with five machines and a failure-to-repair ratio of 0.1, a second repairer cuts
the mean wait for repair from about 0.47 repair times to 0.02 and lifis availability from 87.2% to 90.7%. We
then show why waiting grows hyperbolically with utilization, using the Pollaczek-Khinchine and Kingman
formulas, and why pooling repairers beats splitting them. A pooled two-repairer system waits 1.78 time units,
against 4.00 for two separate lines at the same load. Next we add reneging, where impatient jobs leave the line,
and show that such a system stays stable even when arrivals exceed capacity, at the price of losing about 37% of
demand in our example. We finish with priority rules from Cobham (1954).

Keywords: machine repair queue, machine interference, M/M/R model, reneging, repairer pooling,
maintenance scheduling

I. Introduction

1.1 The problem

Walk into any plant on a bad Monday and you’ll see it. Three machines are down. One technician is
bent over the first, and the other two sit idle, collecting dust and costing money. Nobody planned for that line. It
just formed.

The line matters because waiting time is lost output. A machine that waits is a machine that isn’t
producing, and the wait often exceeds the repair itself. Managers tend to look at average repair time, which
hides the real culprit. The queue does the damage.

1.2 Why mathematics helps

Intuition fails badly with queues. People expect waiting to grow in proportion to load, but it doesn’t. A
shop running at 80% utilization feels fine. At 95% it’s a disaster. Queueing theory explains why, and it does so
with a small set of formulas that anyone can check by hand.

Our starting point is the notation of Kendall (1953), where M/M/R means Markovian failures,
Markovian repairs, and R repairers. The machine interference problem goes back to Palm (1947), and Taylor
and Jackson (1954) applied birth-death reasoning to spare machines. More recently, Baghel (2013, 2014, 2017)
has studied crew training, reneging, and scheduled maintenance in the same framework.

II. Mathematical Foundations
2.1 Birth-death processes
Let n be the number of machines in the repair system, counting those under repair and those waiting. Suppose
the system moves from n to ntl at rate A,and from n to n—1 at rate u,. Exponential times are memoryless
(Feller, 1968), which is why the state n alone describes the system.
At steady state, flow across each cut between n—1 and n balances:

Ap-1Pn-1 = UnPn
Solving recursively gives:

Pn = Po * MTk=1.n(Ak—1/Ms), withpy = [1 + 2n21”k=1..n(Ak—l/ﬂk)](_l)

Everything in this article comes from that one product formula (Gross et al., 2008; Kleinrock, 1975).
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2.2 Little’s law
For any stable system, the mean number L in the system equals the effective arrival rate times the mean time W
in the system (Little, 1961):

L=, ff-W,andlikewiseLq = A.ff - Wq

We’ll use it constantly. It needs no distributional assumptions, so it holds even where the exponential model is
shaky.

2.3 The infinite-source benchmark
If failures come from a huge fleet, 1,, = A for all n. With R repairers, u, = min(n, R)u. Define a = Mp and p =
a/R, and require p < 1. The probability that an arriving breakdown must wait is Erlang’s C formula (Erlang,
1909):

CR, @) = [a®/(R'(1 = p))]/[Zzo.r_1a¥/k! + aR/(R1(L = )]

The mean wait in queue follows directly:
Wq=C(R,a)/(Rp—2)

For R =1 this collapses to the formula we’ll lean on most:
wq =p/(u(1 - p))

II.  The Finite-Source Machine Repair Model
3.1 Setting up the chain
Real plants own a finite number of machines. N machines run, and each fails independently at rate A while
running. Repairers fix at rate p each. When n machines are down, N—n are still running, so:
A, = (N —n)A, u, = min(n, R)u

This is the machine interference model of Palm (1947). Failures slow down as the queue grows, because fewer
machines remain to fail. The system regulates itself, and that’s why it’s always stable, even at high load.

3.2 Steady-state solution
Let p =A/u. Applying the product formula gives:
Pn =00 C(N,n)p™, for0 <n <R
Pn =D C(N,n)-n!-p"/(R!-R®®) forR<n<N

For one repairer this simplifies neatly:
Pn=Do NI/(N-m)!-p"

The performance measures are:
L = Xnp,, availabilityA = (N — L)/N, throughputA.ff = A(N — L),andW = L/A.ff

3.3 A worked example

Take N = 5 machines, A = 0.1 per unit time, p =1, so p = 0.1. With one repairer, the unnormalized terms for n =
Oto5arel,0.5,0.2,0.06,0.012, and 0.0012. They sum to 1.7732, so p, = 0.5640. The numerator of L is 0.5 +
0.4+0.18+0.048 + 0.006 = 1.134, giving L = 0.6395.

Then A = (5 —0.6395)/5 = 0.8721. Throughput is 0.1 x 4.3605 = 0.4360, which matches the repairer’s busy rate
w(l —p_0) = 0.4360, a useful consistency check. Little’s law gives W = 0.6395/0.4360 = 1.467, so Wq =W —
1/u=0.467.

Machines wait nearly half a repair time before anyone touches them.

Now add a second repairer. The terms become 1, 0.5, 0.1, 0.015, 0.0015, and 0.000075, which sum to 1.616575.
Sop 0=0.6186 and L =0.7514/1.6166 = 0.4648. Availability rises to 0.9070, throughput to 0.4535, and W falls
to 1.025, so Wq = 0.025. Table 1 compares the two cases.

Table 1: Machine interference model, N =5, A= 0.1, p = 1 (computed from the formulas in Section 3.2; time in
mean repair times)

Measure R=1 R=2
Probability repair shop idle (p_0) 0.564 0.619
Mean number down (L) 0.640 0.465
Availability (A) 0.872 0.907
Throughput (A_eff) 0.436 0.454
Mean wait before repair (Wq) 0.467 0.025
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A 3.5-point gain in availability sounds small. It isn’t, because the wait for repair falls by about 95%. The second
repairer is mostly idle, with utilization of roughly 0.45 per head versus 0.44 for the lone worker, and yet it
removes almost all of the queueing. Idle capacity is what you pay for short lines.

As shown in Figure 1 below, this nonlinearity comes from a general law about utilization, which we turn to next.

IV.  Variability, Utilization, and Pooling
4.1 Why waiting explodes
For the single-server queue with Poisson arrivals and exponential service:

Wq =p/(u - p))

Measured in mean service times, Wq equals 1 at p=10.5,4 at 0.8, 9 at 0.9, 19 at 0.95, and 99 at 0.99. Each extra
point of utilization buys more delay than the last. Running a repair crew at 95% looks efficient on a spreadsheet,
but machines will wait 19 repair times on average.

Wq=p/(1 -p)
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Figure 1: Mean Queue Wait versus Repairer Utilization in the M/M/1 Model

The horizontal axis shows utilization p from 0 to 0.99, and the vertical axis shows the mean wait in queue Wgq
measured in mean repair times, plotted from the formula Wq = p/(1 — p). The curve is nearly flat below p =
0.5 and then rises almost vertically past 0.9, passing through the points (0.8, 4), (0.9, 9), and (0.95, 19). The key
insight is that small increases in utilization near full load cause very large increases in waiting. Values computed
from the M/M/1 result in Kleinrock (1975) and Gross et al. (2008).

4.2 The role of variability
Exponential service is a convenient assumption, not a law. For general service times, the Pollaczek-Khinchine
formula for M/G/1 gives:

Wq = pE[S](1 + ¢;2)/(2(1 — p))

where ¢_s? is the squared coefficient of variation of repair time. Exponential repairs have ¢ _s* = 1, and fixed-
length repairs have c_s* = 0, which halves the wait. For general arrivals, Kingman’s (1961) heavy-traffic
approximation reads:

Wq =~ [p/(1—p)]-[(ca® + cs?/2] - E[S]

Whitt (1993) extended the idea to multiple servers. Hopp and Spearman (2008) put the lesson plainly: variability
and utilization multiply each other. Standardizing repair procedures lowers c,?, and that’s often cheaper than
hiring.

4.3 Pooling
Suppose two repairers each have their own line, and breakdowns arrive at 0.8 per unit time per line with p = 1.
Each line is an M/M/1 queue with p = 0.8, so Wq = 0.8/0.2 =4.0.
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Now pool them into one line with total arrival rate 1.6. Here a = 1.6, R =2, and p = 0.8. The Erlang C numerator
is a%/(2(1 — p)) = 2.56/(2 x 0.2) = 6.4. The denominatoris 1 + 1.6 + 6.4 =9.0, so C=0.711. Then:

Wq =C/(Ru— 1) = 0.711/0.4 = 1.778

Same people, same load, and the wait falls by 56%. Pooling works because a free repairer never sits idle next to
a waiting machine. Baghel (2013) compares generalist and specialist repair crews in an M/M/R model, and this
arithmetic is the reason generalists often win: they behave like a pooled system. Specialists can still win when
repair times differ sharply by skill, so test it with your own numbers.

4.4 Scheduled maintenance as load reduction
Preventive work reduces A, since fewer breakdowns arrive, but consumes repairer time. If a preventive visit
takes time t every T units per machine, the effective load is:

protal = NA(T)/(Ru) + Nt/(RT)
where MT) is the failure rate under a T-unit maintenance cycle. Optimizing T balances the two terms. Baghel
(2017) studies exactly this trade-off for scheduled maintenance cycles in an M/M/C framework. The point for
managers is that maintenance isn’t free. It borrows from the same crew that fixes breakdowns, so it can raise the
queue if you schedule it badly.

V.  When Machines Quit the Line: Reneging
5.1 The model
Sometimes a waiting job leaves. A customer withdraws a repair order, or a unit gets scrapped or cannibalized for
parts. Haight (1957) and Ancker and Gafarian (1963) formalized balking and reneging. Suppose each waiting
job leaves at rate 0. With one repairer, the service-completion rate in state n is:
Up=pu+m—-1)0,forn=1
So the stationary distribution is:
Pn = Do A" /Mg=1.2( + (k — 1)6)
Because p n grows without bound, the sum converges for any A. The queue stays stable even when p = A/p
exceeds 1. Baghel (2014) studies this class of reneging systems in an M/M/R setting with limited spares.

5.2 Numerical example

LetA=1.2,u=1,0=0.5, so p=1.2. Without reneging, this queue would grow forever. Terms for n = 0 through
6 are 1, 1.2, 0.96, 0.576, 0.2765, 0.1106, and 0.0379. The tail from n = 7 up adds about 0.0152. The total is
roughly 4.176, so p_0=0.2395.

Figure 2 shows the resulting distribution. The probability of an idle repairer is 0.24, and the probability of one
machine in the system is 0.29.
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Figure 2: Steady-State Distribution of Jobs in a Single-Repairer Queue with Reneging
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A bar chart shows the probability p,, of having n jobs in the system, forn =0to 5, withA=1.2, u=1, and 6 =
0.5. The bars read approximately 0.239, 0.287, 0.230, 0.138, 0.066, and 0.026, and they fall off quickly after n =
2. The key insight is that the line stays short even though demand exceeds repair capacity, because impatient
jobs leave. Values computed from the birth-death formula in Section 5.1 (after Ancker & Gafarian, 1963).

5.3 The price of stability
Balance on the whole system gives:

A= u(1—py) +6Lg
The repairer completes 1 x (1 — 0.2395) = 0.7605 jobs per unit time. So the reneging rate is 1.2 — 0.7605 =
0.4395, giving Lq = 0.4395/0.5 = 0.879. About 36.6% of demand is lost.
A short queue here is a sign of failure, not success. The system looks tidy because a third of the work walks
away. Judging a shop by its queue length alone is one of the most common mistakes in practice, and the
abandonment fraction should always sit next to it.

VI.  Priorities in the Repair Line
6.1 Cobham’s formula
Not every machine matters equally. A bottleneck press should jump ahead of a spare lathe. For a nonpreemptive
priority M/G/1 queue with classes 1 (highest) to K, Cobham (1954) showed:
Wi = Wo/[(1 = 03_)(1 = 3)]
where WO = ZliE[Siz]/ZandO'k = Ziskpi-

6.2 Example
Take two classes with ; = 0.3 and 1, = 0.5, both with exponential repairs of mean 1, so E[S?] =2. Then W, =
(0.3x2+4+0.5%2)/2 =0.8, with g; = 0.3 and o, = 0.8. This gives:

W, =0.8/(1x0.7) =1.143

W, =0.8/(0.7 x 0.2) = 5.714

Under first-come-first-served, everyone waits 0.8/0.2 = 4.0. Check the conservation law: (0.3 x 1.143 + 0.5 x
5.714)/0.8 = 4.0. Priorities don’t reduce total waiting. They redistribute it.
So priority is a business decision wearing a mathematical costume. If a minute of downtime on class 1 costs ten
times more than on class 2, the rule above is a bargain. If the costs are equal, you’ve only shifted pain from one
group to another.

6.3 Networks of repair stations
Many shops have several stations, such as diagnosis, parts, and testing. Jackson (1957) proved that open
networks of exponential queues behave as if each station were independent, with arrival rate set by the routing
equations:

A =vyj+ ZiAPj
That makes bottleneck hunting simple. Compute p; = 4;/ (R]-,u ]-)at each station, and the largest value is where
your waiting room is. Add capacity there, and nowhere else.

VII.  Conclusion
The waiting room problem looks like a staffing question, but the formulas show it’s really about three levers:
load, variability, and structure.
Load comes first. Waiting grows like p/(1 — p), so the last few points of utilization are extremely expensive. The
five-machine example shows the flip side: a second repairer sat mostly idle yet removed 95% of the queueing
delay, because idle time is the cost of a short line.
Structure comes next. Pooling the same two repairers into one line cut the mean wait from 4.0 to 1.78 at an
identical 80% load. That matches the logic behind cross-trained crews in Baghel (2013). Variability is the third
lever. By Pollaczek-Khinchine and Kingman, halving repair-time variance trims waiting directly, and standard
work procedures cost far less than another technician.
Queue length alone can mislead you. In the reneging example, the system stayed stable at p = 1.2, yet 36.6% of
demand disappeared. Always track the abandonment fraction beside the line length. Scheduled maintenance
helps only if it lowers failure load by more than it adds to crew workload, which is the trade-off behind Baghel
(2017). And priorities, as Cobham (1954) showed, move waiting around without making it vanish.
Here’s the short version for a manager. Measure your arrival rate and repair-time variance. Compute utilization
at each station. Pool crews wherever skills allow. Keep utilization below about 85% at bottleneck stations.
Check abandonment. Then use priorities only where downtime costs genuinely differ.
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