IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 14, Issue 3 Ver. 11l (May - June 2018), PP 26-32
www.iosrjournals.org

Another Special Differential Equation and Polynomials

Mohammed M. A%, Baiyeri J. F.2, Ayeni 0.M* Ogunbayo T.0.* And

Enobabor O. E.°

1.2.34%5 pepartment Of Mathematics, Yaba College Of Technology, Yaba, Lagos, Nigeria
Corresponding Author: Mohammed M. A

Abstract: Special differential equations and polynomials are very popular in the field of mathematics and serve
as important tools in the solution of some engineering problems. Examples of these equations are Legendre,
Hermite, Laguerre, Bessel, Gegenbaur differential equations. In this paper, we established a new special
differential equation and its polynomial which we called Legendre subsidiary equation and polynomial. The
Rodrigue formula, generating function and recurrence relations of the polynomial are given. We also gave the
orthogonality properties of the polynomials, and our results are entering the literature for the first time.
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I.  Introduction
The new special differential equation is a second order homogeneous ODE with variable coefficient of the form

(1+x2)y"+2xy'—n(n+1)y=0

(1.1)
The general solution of the equation is given as

Y (%) =&A, (x)+¢H, (x)
(1.2)
Where A (X) represents the polynomials and H (X) are functions of order n. The equation has

an ordinary point at X = Oand a regular singular pointat X = £i = +e'7

This differential equation and the polynomials are related to the well known Legendre equation and polynomials
which serves as an eye opener to our new special differential equation.

I1. Deduction of the Equation

Let z=(1+ x2)n :>(1+x2)%=2nxz

X
Differentiating (n +1) times using Leibnitz formula and simplifying gives
d n+2Z d n+lz d nZ
1+ x° +2X —n(n+1 =0
( ) dxn+2 an+1 ( ) an
(2.1)
_ d"z
On letting ¥ = W (2.1) becomes (2.2)
dy . dy
1+ X2 )—2-+2x—=-n(n+1)y=0
( ) dx? dx (n+1)y

and this leads to our result.
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I11. Solution of the Differential Equation
To solve this, we apply Frobenius method of the form of descending power series.

:Zw:arxk—r; Za k rl
r=0
X) = iar (k—r)(k—r-1)x<"?
r=0

Plugging these results into (1.1) and simplifying, we have
D(k=r)(k-r-1)ax"?+> (k-r-n)(k-r+n+1)ax< =0 (3.1)
r=0 r=0
Putting r =0 in the second summation and equating to zero, we get
(k—n)(k+n+1)a, =0 =(k—n)(k+n+1)=0 since a, =0.
Hence the indicial rootis K=n or k = —(n +1), and the difference is an integer.

Replacing r by r —2 in the first summation of (3.1) and simplifying, we get the recurrence relation as
(k—r+1)(k—r+2)
ar = — ar_z (32)
(k—r—n)(k—r+n+1)
Case 1: If kK =n; putting K =n in (3.2) gives
(n—r+1)(n-r+2)

a r(2n+1-r) -z
Ifr=1 a=a,=...=a,,,=0,s0if r=2, 4, 6, ...,2n, we obtain the following
_n(n-1)a,. _n(n-3(n-2)(n-3)a, . _n(n-1)(n-2)(n-3)(n-4)(n-5)a,
* 2(2n-1)" " 24(2n-1)(2n-3) " ° 2.4.6(2n-1)(2n-3)(2n-5)

e - n(n-1)..(n-2r+1)a, _ n(n-1)..(n-2r+1)a, (n—2r)!
¥ 24.2r(2n-1)..(2n-2r+1) 2'r}(2n-1)..(2n-2r+1) (n-2r)!
n'a, B nla,2n(2n-2)...(2n—2r+2)
2'rl(n 2r)!(2n-1).. (2n—2r+1)_2rr!(n—2r)!2n(2n—1)...(2n—2r+2)(2n—2r+1)

~ nla,2n(2n-2)...(2n-2r +2) (2n—2r)!
~2'r!(n-2r)12n(2n-1)...(2n—2r +2)(2n—2r +1) (2n—2r)!
_nlag(2n-2r)12'n(n-1)..(n-r+1)  (n )’ (2n—2r)!'a,
- 2"r!(n—2r)!(2n)! ~(2n)r(n—2r)!(n—r)!
Here we intend to eliminate all the expressions independent of r and therefore we let

_ (2n)!

2" (n!)’
N?(2n—-2r)! —2r)!
a = (n!)"(2n-2r)la, _ (2n—2r) 3
(2n)tri(n=2r)!(n—r)t ri(n-2r)!(n—r)!
Hence the first solution is therefore yl ia2rx " and the polynomial becomes
r=0
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2n—2r)Ix" ¥ N

JAL (Zn_zr)!xn—Zr

:rz_:}Z”r!(n—Zr)!(n_r)l (for even n) > (3.4)
¥(n-1) (Zn_zr)lxn—Zr

- for odd
Z? 2"r!(n-2r){(n—r)! (for odd n) .

The polynomial can also be defined in an explicit form as

AE ao{x" + n(n-1)x'” n-1)(n-2)(n=3) ., N(n-1)..(n-2r +1) X" }

2(2n-1)  2.4(2n-1)(2n-3) T 2'r!(2n-1)...(2n-2r +1)

A ()= (2n)! {Xn+n(n—1)x“2 +n(n—1)(n—2)(n—3) x”‘4+..}

2" (ny’ 2(2n-1)  2.4(2n-1)(2n-3)
(3.5)
The first few polynomials are generated as follows
A (x)=1 A, (x)=%(35x" +30x* +3)
A (X)=x As(x):}/s(63x5+70x3+15x)
A, (x)=%(3x" +1) A (X) = %5(231x° +315x" +105x" +5)
A, (x)=%(5x*+3x) A, (X) = #s(429x" +693x° + 315" + 35x)

Case 2: If kK = (n +1) putting K = —(n +1) in (3.2), the recurrence relation becomes
—(n+r)(n+r+1)

" r(2n+r+l) %2
Ifr=2, 4,6, ...,2n, we obtain the following
_—(n+1)(n+2)aq, . _(n+1)(n+2)(n+3)(n+4)a,
2 2(2n+3) t 24(2n+3)(2+5)

. (1) (n+1)...(n+2r)a,
o 2r)(2n+3)..(2n+2r +1)
Hence the second solution becomes

~ oy (NHD)(N+2) e (N+1)(n+2)(n+3)(n+4) s
yZ(X)_aO{X( - 2(2n+3) K 2.4(2n+3)(2+5) X )_"}
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H (x)= (nl)22n Xf(nﬂ)_(n+1)(n+2)Xi(ms)+(n+1)(n+2)(n+3)(n+4)X,(ms)_
2(2n+3) 2.4(2n+3)(2+5) h
(3.6)
) (n+1)...(n+2r)x "2

'z
(2 +1),Z_:§ 2'r!(2n+3)...(2n+2r +1)

IV. Generating Function Of A (X)
The generating function of the polynomial A1 (X) is given as

t" 4.1
\/1 2xt —t? ; A1 @

Proof:

1 _1
—m = [1—(2xt+t2)} 2

:1+%(2xt+t2)+

2 (2xt+t2)2—
=1t° + xt" + %(SXZ +1)t2 + }/2(5x3 +3x)t3 +

= A (XA (A (X)E+ A (X 4= 3 A ()L

n=0

This completes the proof.
Corollary; putting X =1 in (4.1) we get

o0 B 1 0

t"A, (i) = i"(t

Z; A-2it-t¢ 1-it Z;
Equating the coefficient of t" we have that

A (1) =1" (4.2)

V. Rodriguez Formula For A (X)
The Rodrigue formula for the polynomial A, (X) is given as

n

1 n n
A‘(X)=2”n! (1+x*)"  where D" =

n

X
Proof:
n n

d"z
From (2.2), we have that Y = o A
X X

n
(1+ X2) and y is a solution of (1.1), that is

n

dxn (1+x2)n = D”(1+x2)n =D"(x—i)" (x+i)"

y=cA (x)=
=A, (x)=D"(x=i)" (x+i)" (¥

Applying Leibnitz formula, we get
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¢ A, (X)=(x=i)"D"(x+i)" +"Cn(x—i)" D" (x+i) +"C,n(n-1)(x—i)" D" (x+i)’

+"Cyn(n=1)(n=2)(x=i)"" D" (x+i)" +..+" C,nID"" (x+i)"
Putting X =1 and using (4.2) gives
CA, (1)=0+0+..4+40+n!(i+i)" =nti"2"

=ci"=nli"2" sc=2"n!
Hence we have

M2 A (=D (1e) A ()= 0 (1)

2"l

and the proof completes.

V1. Recurrence Relation for the Polynomial A (X)

The recurrence relations for polynomials A1 (X) are given as follows

1. (n+1) A (x)=(2n+1)xA, (x)+nA_,(x) 2. XA'(x) + A (x)=nA, (x)
3. AL()*FAL(X)=(2n+1)A (x)

Proof: From the generating function formula, let

L U=(1-2a-t)F =3 A ()"

Differentiating partially w.r.t "t" and simplifying gives

= (1-2xt-t*)U, = (x+t)U = (1-2xt-t?) > A, (x)nt" = (x+t)iA1 (X)t"

n=0 n=0
Equating the coefficient of t" from both sides, we obtain

(n+1) A (X)=(2n+1) XA, (x)+nA,, (X) Proved.
2. Differentiating partially w.r.t "x" and simplifying gives

(1-2xt-t*)U,  (x+t)u

— — 2 = =
(1-2xt-t*)u, =xU :(l—ZXt—tz)Ux T

=tU, =(x+t)U,

=3 A (O = x> A ()AL ()

=nA =xA +A ;. Theresult follows.

3. Differentiating the recurrence formula (1) w.r.t. x, we obtain

(n+1) A, =(2n+1) A +(2n+1) XA, +nA

Applying recurrence formula (2) for XAr'] , We get
(n+1) AL, =(2n+1) A, +(2n+1)(nA, - A, )+nA.
= A.,=(2n+1)A,-nA, or A, +A_ =(2n+1)A,. Hence the proof.
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VIl Orthogonality of the Polynomial A (X)

1. Any of two of the polynomials is orthogonal in the interval (—i, i) , that is

jjiAn(x)ﬁ(x)dx:O if m=n. (7.1)
Proof: Since A, and A, are solutions of (1.1), then we must have that
(1+x2)A$+2xA;—m(m+1)An:O (i)
(1+x*)Ar+2xA =n(n+1) A =0 (ii)
Multiplying A, by (i) and A, by (ii) and subtracting, we get

(1+°)[AnA, - AA, T+ 2X[ALA - AL A ]=[m(m+1)—n(n+1) |A A

:%{(uxz)[%ﬁ—%ﬁ} [m(m+1)-n(n+1)]A,A,

Integrating both sides w.r.t. x along the boundary —i < X <1 to get

[ [m(m+2)-n(n+1)]a,Adk= {1+ ) [AA - A A =

sincem=n .. j_iiAn(x)Ah(x)dx:O.

2i(-1)"

2 j A2 (x)dx = (2) (7.2)
2n+1

Proof: Squaring both sides of the generating function, we have

e 1
th 2 —
Zo A (x) 1-2xt—t?

Integrating both sides w.r.t. x along the boundary —i < X <1 to get

S g2n [T p2 1 1 1 out 12 i
n;t J_iﬁ(x)dx_ e dx_[ > In(1-2xt t)}i

it —t2 ' = 2(it)" & 2(-1)" ™
_1, 1+2!t t2 =}|n(l+!t) 1Z (it) -3 (-1)"
2t (1-2it—t t \1-it) te=s 2n+1 = 2n+1
Equating the coefficient of t" we get

2i(-1)"
A (=S

VIIl. Further Research
In our next research work, we intend to present the following
1. Application of the polynomial
2. Integral representation of the polynomial

3. Series of the type f ZC A]

4. Confluent hypergeometric representatlon of (1.1) and lots more
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