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Abstract : In this paper, the generalized n-dimensional quadratic functional equation of the form

n n 3 2 n 4 3 2 n
3t oxox x4 3 x z[n —~15n +62n—72sz(xi+xj)+[—n +17n° —80n +136n—72jzf(xi)

i=1 i=1 6 i=1 6 i=1
i#j=k i#j=k i#]

when n is a positive integer with [] —{0,1,2,3} is introduce in Fuzzy Normed Space. Further, the general

solution is obtained. The stability of the general solution obtained is verified by the generalized Hyers-Ulam
method associated with direct and fixed point methods.
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I. Introduction
The quadratic functional equation was first introduced by J. M. Rassias, who solved Ulam stability.

The quadratic function f (X) = cx® satisfies the functional equation

f(x+y)+f(x—y)=2f(x)+2f(y) (1.1)
which is called quadratic functional equation and it was investigated by leading experts F. Skof [28], P. W.

Cholewa [6], S. Czerwik [7] and J. M. Rassias [25].
The solution and stability of the subsequent quadratic functional equations

f[gxi}t > f(xi—xj)zngf(xi) (12)

I<i<j<n

> (f(xi+xj)+f(xi—xj)):z(n—l)zn:f(xi) (1.3)

;I_(Jr;x+n2y+n3z)+ f (nx—n?y+n’z)+ flz(nx+n2y—n3z)+ f (~nx+n’y+n’z)
=n[ £ ()= f (=) ]+ [ f (y)= f () ]+n*[ T (2)- F (-2)]

+207[ £ (x)+ f(=x)]+2n*[ £ (y)+f(=y)]+2n°[ f(2)+ f(-2)] (1.4)
were discussed by J. H. Bae [1], T. Eungrasamee et al., [9] and S. Murthy et al., [19].
In this paper, the authors introduce a new type of n-dimensional quadratic functional equation

. . *-15n* +62n—72 |& -n*+17n°-80n* +136n—72 | &
_;f —xi—xj—xk+_:lz X, :[n N +5en J;f(xi+xj)+[ n+-M 6n il )Zf(xi)

6 i-1

i=j=k i=j=k i#]
(L5)
where n is a positive integer with [] —{0,1,2,3} .

Theorem A. (Banach’s contraction principle): Let (X, d) be a complete metric space and consider a mapping
T : X — X which is strictly contractive mapping, that is

(A1) d (TX,Ty) <Ld (X, y) for some (Lipchitz constant) L<1, then
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i)  The mapping T has one and only fixed point X =T (X*) ;

ii) The fixed point for each given element X is globally attractive that is
(A2) limT"x = x", for any starting point X € X :

nN—o0

iii)  One has the following estimation inequalities:
* 1
(A3) d(T"%,X") < ——d(T"X,T™x)  forall N0, xeX .
1-L

(Ad) d(x,x*)sﬁd(x,x*), vV xeX.

Theorem B. (The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a
strictly contractive mapping T : X — Y with Lipschitz constant L. Then, for each given element X € X ,
either

(B1) d (T”X,T””x) =00, VN=>0or

(B2) there exists natural number N, such that:

i d (T"x,T"*lx) <ooforall N>n,.

ii) The sequence (T ”X) is convergent to a fixed point y* of T

iii) Y is the unique fixed point of T in the set Y = {y eX:d (T"X, y) < oo} ;
iv) d(y*,y)éﬁd(y,Ty) forall ye L.

I1. General Solution of the Functional Equation (1.5)
In this segment, the author obtains the general solution of the functional equation (1.5). All over this
segment, let X and Y be real vector space.

Theorem 2.1 Let X and Y be a real vector spaces. The mapping f : X — Y satisfies the functional equation
(1.5) forall X, X,,...,X, € X ,then f: X —Y satisfies the functional equation (1.1) forall X,y € X.

Proof. Assume that f :X —Y satisfies the functional equation (1.5). Letting (Xl,XZ,XS,...,Xn)by
(0, 0, O,...,O) in (1.5), we get

f(0)=0,
Replacing (Xl,XZ,XS,...,Xn)by (X,0,0,...,O)in (1.5), we obtain

f(=x)=f(x)
for all X e X . Hence f is an even function. Replacing ()(1,X2,X3,...,Xn)by (X, X,O,...,O) and using
evenness in (1.5), we receive

f(2x)=2°f ()
forall X e X . Setting ()(1,X2,X3,...,Xn)by (X, X, X,O,...,O) in (1.5), we have
f (3x)=3"f (x).
In general, for any positive integer a, we get
f(ax)=a*f (x)
forall X € X . Now substituting (Xl,Xz,XS,..., Xn)by (X, Y, O,...,O) in (1.5), we reach (1.1) as preferred.
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In section 3 and 4, we take X be a normed space and Y be a Banach Space. For notational handiness,
we define a function Q: X —Y by

n n 3 2 n
QX X Xy )= D Fl =X =X, =X + D X, _(n —15n ;62n_72j2f(xi+xj)
i=1 i=1

i=1
iz jzk i=jzk i=]j

—n*+17n*-80n? +136n-72 |
_[ 6 sz (Xi)

i=1

forall X, X,,..., X, € X.

I11. Stability Results for (1.5): Direct Method

In this segment, we prove the generalized Ulam-Hyers stability of the n-dimensional functional
equation (1.5) in Banach space with the help of direct method.
In this segment, authors consider X to be a real vector space and Y be a Banach Space.

ki kj kj

) © y(2°X%,2°%,,...,2" X
Theorem 3.1 Let j e {—1,1}. Let y: X" —[0,) be a function such that Z ( 22kj2 n)
k=0

7(29%,29%,,..,29x, )

converges in [] and l!l_r)g o7 =0 (3.1)
forall X;,X,,...,X, € X.Let f:X —Y bean even function satisfying the inequality
HQ(Xi’X27""Xn) SZ(XPXZ’---’Xn) (32)

for all X, X,,...,X, € X. Then there exists a unique quadratic mapping G: X —Y which satisfies the
functional equation (1.5) and

1 = 7(29%,29%,0,...,0)
f -G < - 3.3
[t (9-e (] 4(n2—5n+6) T 224 33)
2
forall X e X . The mapping G () is defined by
f(29x)
G(X)_lm 22 (3:4)
forall xe X .
Proof. Assume that j =1. Replacing (X, X, ..., X, ) by (X,X,0,...,0)in (3.2), we get
H(n2 —5n+6) f (2x)—4(n2 —5n+6) f (X)HSZ(X, x,0,...,0) (3.5)
forall X € X . It follows from (3.5), we arrive
f (2x) 7(x.%,0,...,0)
—f <=0 2 3.6
22 () 4(n*-5n+6) (30
Replacing X by 2Xin (3.6), we have
f (22x) 7(2x,2x,0,...,0)
—f(2x)| < S 3.7
2° (2x) 4(n* -5n+6) G
forall X e X . It follows from (3.7), we get
f(2°x
(4 ) f(fx) Siz;((zxz,zx,o,...,o) .
2 2 2° 4(n*-5n+6)

forall X € X . Adding (3.6) and (3.8), we receive
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f(2°x) 1 ){}((X,X,O,...,O)+Z(ZX’ZZXZ’O’M’O)} 9

-f(x)|£———
2° () 4(n2 —5n+6
forall X € X . It follows from using (3.6), (3.8) and (3.9), generalizing we receive
f(2"x 1 y(2x,2x,0,...,0

(Zn )—f(X)S 2 - Z( 2k )
2 4(n* -5n+6) S 2

- 7(2 x2kx0 ,0)
S4(n —5n+6)kz(;

(3.10)

@y

Yo } replace X by 2'Xand dividing

for all X € X . In order to prove convergence of the sequence {

2% in (3.10), forany k,l >0 to deduce

£ (2% £(2' £ (2!
% gzz(kn))()_ (222| X)H_% —(;k X)— f (2' x)

et Z(2k+lx 2k+IX O O)
4(n —5n+6) k=0 2(k+)

o Z(2k+l 2k+IX O 0)
<4(n —5n+6)kz(; 2k (340
-0 asl-w

f(2" x)

22k

<

for all X € X . Hence the sequence { }is a Cauchy sequence. Since Y is complete, there exists a

mapping G : X —Y such that

(2%
G(x)=lim—;
k—o0 2
forall Xe X . Letting K — 00 in (3.10) we get the result (3.3) holds for all X € X . To prove that G satisfies

(1.5), replacing (X1 X2 vy X ) by (2")(1 2" X2,...,2kxn) and dividing 22 in (3.2), we have

pE HQ X, 2%y, 2%, ) Sz—zk;((kal,kaz,...,kan)

for all X, X,,...,X, € X . Letting K — ooin the above inequality and using the definition of G(X), we see
that

G (X, Xy, X, ) =0
for all X, X,,...,X, € X. Hence G satisfies (1.5). To show that G is unique. Let H (X) be an another
quadratic mapping satisfying (1.5) and (3.3), then

1

|G (x)—H (x)|< ?He(zz' X)= £ (2°%)|+] £ (2 %)~ H (2x)|
1 7(2'x,2'%,0,...,0)

= 4(n’ —5n+6)kz_:§ 22+

-0 as |-

DOI: 10.9790/5728-1402016078 www.iosrjournals.org 63 | Page



Stability Of Non- Additive Functional Equation

X
forall X € X . Hence G is unique. Now replacing X by — in (3.5) we have

2
(n*~5n+6) f (x)—4(n*~5n+6) f (gj” < ZGEOOJ (3.12)

forall X € X . It follows from (3.12), we get
1 ;((X X 0,...,0) (3.13)

f(x)—4f(gj (7 enre)tl2 2

for all X € X . The rest of the proof is similar to that j =1. Hence for j =—1, also the theorem is true. This

completes the proof of the Theorem.
The following corollary is an immediate consequence of Theorem 3.1 concerning the stability of (1.5).

Corollary 3.2 Let £ and s be non-negative real numbers. If a function f : X —Y satisfying the inequality

&,

<le{ S | 019
oATTIRE + Sl

forall X, X,,..., X, € X . Then there exists a unique quadratic function G: X —Y such that

QX0 ,)

&
3(n2—5n+6)
~ 2¢ x| .
[f(x)-6(x)]< Wiz 2] (3.15)
22" L2
(n2—5n+6)(22—2“5) ’
forall xe X .

Proof. If we replace,

&,

(X %, X, ) < g{lz;:”xlns}
oIl + Sl |

in Theorem 3.1, we get (3.15).

IV. Stability Results for (1.5): Fixed Point Method
In this segment, we prove the generalized Ulam-Hyers stability of the n-dimensional functional
equation (1.5) in Banach space with the help of the fixed point method.

Theorem 4.1 Let f: X —Y be a mapping for which there exists a function y: X" —[0,00) with the
condition
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2 (V% X%, )

fim 7 =0 1)
2, i=0;
where ¥; = 1 i—1 satisfying the functional inequality
2
Q08X )] < 26K, 42

forall X.,X,,..., X € X and N >4 ifthere exists L = L(1) such that the function
X5 X, n
1 X X
X—>po(X)=—————<y|—-,-,0,..,0
() (n2—5n+6)l(2 2 j

p(WZ‘X) =Lp(x) (4.3)

has the property

i
for all X € X . Then there exists a unique quadratic function G: X —Y satisfying the functional equation
(1.5) and

[F (=G0l TP (x) (4.4

forall xe X .
Proof. Consider the set Q= { p/p:G—>H, p(O) = O} and introduce the generalized metricon €,

d(p.q)=inf{k e(0,%):|[p(x)-q(x)|<kp(x),xeG}.
It is easy to see that (Q,d) is complete. Define T :Q —Q by T, (X) :iz p(w;x), forall xe X . For
Vi

pP,ge and X e X , we have
d(p.q)=k=p(x)-a(x)|<kp(x),
:>||p(‘//2ix)_q(’//ix)| 1

<—kp(wix),
4 '//iz ‘ '//iz ( )

=1, (0T, (9] < ko (v).

= [T, (%) -T, (x)] < Lko(x) = d (T, (x).T, (x)) <kL

That is d (Tp T ) <Ld(p,q). Therefore, T is strictly contractive mapping on ) with Lipschitz constant L.
It is follows from (3.5) that

H(n2 —5n+6) f (2x)—4(n2 —5n+6) f (X)H < 2(%,%,0,...,0) (4.5)
forall X € X . Itis follows from (4.5) that
f (2x) 2(%,%,0,...,0)
- f(x)|<&=—= 4.6
2? () 4(n*-5n+6) “o
forall X € X . Using (4.3) for the case 1 =0, it reduces to

f (x)—%ﬁx) g% Lp(x)= |t ()T, (x)] < Lo(x)

for all X € X . Hence, we obtain
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d(T, (x)-f(x))sL=L"<x (4.7)

forall X € X . Replacing X by %in (4.6), we have
X X
717!01"'!0
f(x) f(xj "(2 2 j
———f|=
2 2

4(n*-5n+6)
forall X e X . Using (4.3) for the case 1 =0, it reduce to

41 @_ f(x) < p(x) =T, (%)~ (X)) <o)

forall X € X . Hence, we get

d(f(x)-T, (x))s%: L (4.9)

< (4.8)

forall X e X . From (4.7) and (4.9), we can conclude

d(f(x)-T,(x))<L" <o (4.10)
for all X € X . Now from the fixed point alternative in both cases, it follows that there exists a fixed point G of
T in Q such that

k
G(x):limMZLX) (4.12)
koo,
forall X e X . In order to prove G: X —Y satisfies the functional equation (1.5), the proof is similar to that
of Theorem 3.1. Since G is unique fixed point of T in the set A = { feQl/d ( f ,G) < oo} . Therefore G is an
unique function such that

d(f,G)sﬁd(f,Tf):d(f,G)glL_l_;_
e, (-6 (0] < = p(x)

for all X € X . This completes the proof of the Theorem.

The following corollary is an immediate consequence of Theorem 4.1 concerning the stability of (1.5).

Corollary 4.2 Let & and s be non-negative real numbers. If a function f : X — Y satisfies the inequality

&,

< g{§||xi||5}, 1)
oATTIRE + S |

forall X, X,,...,X, € X . Then there exists an unique quadratic function such that

1Q (%, Xy X, )
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&

[3[(n* —5n+6) (4.13)
_ 2= ||x|°
[ f(x)—G(x)|= (n2—5n+6)|22—25| s=2
26| .2
(n*>—5n+6)[22 —2™| n

forall xe X .
Proof. Setting

&,

(X %00 X, ) < 5{%:”)(.”3}
oI+ Sl |

forall X, X,,..., X € X .Now

&
2k !
i

X i & L s
) e S

& - s . ns
Tl s s
Vi Uix i=L

— 0 as k>

=¢{—> 0as k—>w

— 0 as k>
i.e., (4.1) is holds. Since, we have
X

X
ki

p(X)=—F—F—

then

x

X

4(n —5n+6)
2¢ x|
(n2 —5n+6)2s

2¢ x|
(n2 —5n+6)2”S

Also,

DOI: 10.9790/5728-1402016078 www.iosrjournals.org 67 | Page



Stability Of Non- Additive Functional Equation

1
w? (n2—5n+6)
1 2 P
- : —J = € Wi — .5—2
7P V7 (7 —5n+6)2 l//.ns_zp(X)
s Vi P(X)
12Xy

wi (n*~5n+6)2"
forall X € X . Hence the inequality (1.5) holds for following cases:
L=22if i=0and L=2%ifi=1
L=2"2fors<2ifi=0 and L=2%"° for s>2 ifi=1

2 .. 2 .
L=2"2for s<=ifi=0 and L=2""™for s>= ifi=1

n n
Now from (4.4), we prove the following cases.

Casel. L=272if i=0
L 27 £ £

It (-6 o)=L 5 iy 58]

Case2. L=2ifi=1
| L 1 & &
Hf(X)‘G(X)Hsl_Lp(X)_l_zz <n2—5n+6)_—3(n2—5n+6)

Case3. L=2"2for s<2 if i=0
L 22 2e|¥| 2¢ X[
f(x)-G <— = =
I ()-6(x)| 1—Lp(x) 1-2%(n*-5n+6)2° (n*-5n+6)(2°-2°)
Case4. L=2""fors>2 ifi=1
L 1 2¢ X[ 2¢ X[

()-8 (= (=15 (" -5n+6)2°  (n*—5n+6)(2° —2°)

. 2 .
Case5 L=2"%for s<— ifi=0
n

L™ A L 2z |X”

[f(x)-6(x)]< 1- Lp(x): 1-2"7 (n*~5n+6)2" B (n*-5n+6)(2°-2")

2 .
Case6. L=2""for s>= ifi=1
n

NI 2e " _ 22"

Hf(x)_G(X)Hgl—Lp( )_1—22”5(n2—5n+6)2”5 (n*-5n+6)(2"-2)

Hence the proof is complete.

V. Fuzzy Stability Results
In this segment, the authors present basic definition in fuzzy normed space and investigate the fuzzy
stability of the n-dimensional quadratic functional equation (1.5).
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Definition 5.1 Let X be a real linear space. A function F : X xR —[0,1] is said to be a fuzzy norm on X if
forall X,ye X andall p,qeR

(N1) F(x,c)=0 for c<0;

(N2) x=0ifand only if F(x,c)=1forall ¢>0;

(NS)F(cx,q):F(x,%J if ¢c=0;

|
(N4 F (x+y, p+q)=min{F (x, p),F (y,q)};
(N5) F (x,.)is a non-decreasing function on R and limF(x,q)=1;

q—0

(N6) for x 0, F(X,.)is continuous on R;

The pair ( X, F ) is called fuzzy normed linear space one may regard F (X, ¢f)as the truth value of the
statement the norm of X is less than or equal to the real number g.

Definition 5.2 Let (X, F ) be a fuzzy normed linear space. Let {X, } be a sequence in X. Then X, is said to be

convergent if there exists X € X such that lim(x, —X,q)=21for all t>0. In that case X is called the limit
n—o0

of the sequence X,and we denoteitby F —limx =X.

n—oo

Definition 5.3 A sequence {Xn} be in X is called Cauchy if for each & >0and each ( > Othere exists

N, such that forall n>n, and all r >0, we have F(Xn+r —Xn,q) >1-¢

Definition 5.4 Every convergent sequence in fuzzy normed space is Cauchy. If each Cauchy sequence is
convergent, then the fuzzy norm is said to be complete and fuzzy normed space is called a fuzzy Banach space.

In segment 6 and 7, assume that X, (Z, F') and (Y, F') are linear space, fuzzy normed space and

fuzzy Banach space respectively. We define a function Q: X —Y by

n n 3 2 n
QX Xgreenn Xy )= D F L =X =X =X+ D X, _(n —15n gGZn_?szf(xierj)
= =

i=1
i#jzk i#jzk i#]

—n*+17n® -80n%* +136n-72 | &
_[ JZf(xi)

6
forall X;,X,,...,X, € X .

V1. Stability of the functional equation (1.5)- Direct Method
In this segment, we establish the stability of (1.5) in fuzzy Banach space using Direct Method.

Theorem 6.1 Let S € {—1,1} .Let y: X" — Z be a mapping with 0 < (%] <1

F'(;((Zﬂkxi,2ﬂkx2,...,2ﬂkxn),r)z F'(dﬂ(x,x,o,...,O),r) (6.1)
forall Xe X andall r >0, d >0 and

lim F'(;((Zﬁkxl,2ﬂkx2,...,2ﬂkxn),r)zl (6.2)
forall X, X,,...,X, € X andall r>0. Suppose that a function f : X —Y satisfies the inequality

F(Q(X X0 %, ), 1) 2 F (7(X) X100 X)), T) (6.3)

forall r>0and X, X,,...,X, € X the limit
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_ f(2%x)
G(x)=F-lim—— (6.4)

k—0 22ﬂk
exists for all X € X and the mapping G : X —Y is a unique quadratic mapping such that
F(f(x)-G(x),r)> F'(;((x,x,o,...,o),(n2 ~5n+6)r ‘22 —d‘) (6.5)
forall Xe X andforall r >0.
Proof. First assume that 3 =1. Replacing (X, X,,..., X, ) by (X,X,0,...,0) , in (6.3), we have
F(((n2 ~5n+6) f (2x)-4(n?~5n+6) f (x)),r)z F (2(xx.0,..,0),r) (6.6)

forall X e X and forall r>0. Replacing X by 2% Xin (6.6), we obtain

F[M

> f(ka),m}>F'(;((ka,ka,O,...,O),r) (6.7)

forall X e X and forall r>0. Using (6.1), (N3) in (6.7), we have
f(2k+lx) r r
F| ——2—f(2),——— |>F| (2"x,2"x,0,...,0 ,—j 6.8
[ 2? (2:%) 4(n*-5n+6) (l( ) d* ©8
forall X e X and forall r >0, itis easy to verify from (6.8), that
f(2k+lx) f(2kx) r r
F - , >F'| y(2x,2"x,0,...,0),— | (6.9
[ 22(k+1) ok 4(n2—5n+6)2" (l( ) dkj (6.9)

holds for all X € X and for all ¥ >0. Replacing I' by d*rin (6.9)

k+1 k
F{f(z ) fZx) ]> F (2(2x,2°x,0....,0).7) (6.10)

22(+) 2k 4(n2 —5n+6)2k

forall X e X and forall r>0 , itis easy to see that

f(29%) f(x)= ki[ f(27x) f (2ix)]

(6.11)

2(k+1) 22(i+1) - od

i=0

forall X € X . From the equations (6.10) and (6.11), we get

2% = 4(n* -5n+6)2” i1 | A 2" "4(n®-5n+6)2"
> min_k\_JllF' (;((x x,0,...,0), r)
>F'(7(xx.0,...,0),r) (6.12)

forall X e X and forall r >0. Replacing X by 2" X in (6.12) and using (6.1) and (N3), we obtain

F[ f (2"*mx) f(2mx) mek 1 dr

. r
- , - (> F X, X,0,...,0),— 6.13
22(k+m) 22m ; 4(n25n+6)22|J (;{( ) dmj ( )

forall Xe X and forall r >0.Andall m,k>0.Replacing r by d"rin (6.13), we get
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f(2°"x) f(2"x) mka d'r :
F( gz(mm) )_ (sz )’ gﬂ: 4(n25n+6)22i]>F (;((X,X,O,...,O),I’) (6.14)

forall Xe X and forall r>0.Andall m,K>0. Using (N3) in (6.13), we have

f(2"x) f(2"x ‘
F{ iz(km))_ (22m )’rJ>F X(X1X10""’O)’m+k—1 rdi (6.15)

e 4(n2 —5n+6)22i

k. (d i
for all Xe X and for all r>0. And all m,k>0. Since 0<d <2 and Z(_zj < 0. The Cauchy

f(2%)

22k

criterion for convergence and (N5) implies that { }is a Cauchy sequence in (Y, F')is a fuzzy

Banach space. This sequence converges to some point G(x) €Y so one can define the mapping G: X =Y
by
f(2)

—

G(x)=N-lim

K—>o0

forall X € X . Letting m = Qin (6.15), we receive

22k

(24 | r
F —f(x),r |2F | 7(xx,0,..,0),— T (6.16)

forall X e X . Letting K —> c0iin (6.16) and using (N6), we have
F(f(x)=G(x).r)=F (7(xx0,..0),(n*~5n+6)r(2* ~d))
for all XeXand for all r>0. To prove G satisfies (1.5), replacing (xl,xz,...,xn) by

(Zk X, 2k Xy yees 2« Xn) in (6.3), we get

F(%Q(zkxl,zk Xyyorns 2" xn),rjz F'(Z(kal,2"x2,...,2"xn),22"r) (6.17)

forall r>0 andall X, X,,...,X, € X . Now

i=1 i

i j2k i#]

n n n®-15n%+62n-72 | & —n*+17n*-80n% +136n—72 | &
F[{; G[—xi—xj—kar_lZ XH[G]ZG(XIHJ)[ 5 le(x),rJ
i#jzk

>min< F _ZHLG —xi—xj—xk+_zn: X _Z_i .Zn:f ok _Xi_xj_xk+z”: X % |
=1 =1 =1 =1

i#j=k i j#k i=jzk i#j=k
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[T g ) LTI ),

i#] i#]

—n* +17n*-80n% +136n - 72 | & 1 (-n*+17n*-80n% +136n-72 | & r
i e T G s

A=

i=1

1] & n 1 (n*=15n*+62n-72 &
F P i;f ok —xi—xj—xk+'=lz X, —27( 5 jz (Xi+xj)

i=1
i j=k i =k i#]

1 (—n*+17n*-80n*+136n-72 \{ N ¢
_27( - ;f(z xi),Z (6.18)

forall X;,X,,...,X, € X andall r >0, using (6.7) and (N5) in (6.18), we see that

n n n®-15n? +62n—72 | < —n*+17n°-80n% +136n-72 | &
F[[; G{—xi—xj —xk+>; x,]][ 5 ];G(xi+xj)—[ 5 JZG(XI),r]

i j#k

i#j#k i#]

> min{1,1,1, F'(;((2"x1,2kx2,...,2kxn),22kr)}

> F(7(2%, 2%, 2%, ), 2%1) (6.19)

forall X;,X,,...,X, € X andall r>0. Letting kK — o0in (6.19) and using (6.2), we have

. . n®-15n% +62n-72 | < —n*+17n° -80n° +136n-72 | &
F{[; G[—Xi—xj—xkf; XIJ][6]26(XI+XJ)[ 5 JZG(X),r}
i j#k i# 7k

i=1
i#]

=1
forall X;,X,,...,X, € X andall r > (0. Using (N2) in the above inequality gives

i=1
i#]

n n n®-15n°+62n—72 \{ —n*+17n°—80n% +136n - 72 | &
[; G[—xi—xj—xkf; x,ﬂ[ 5 J;G(xi+x1)+[ 5 jZG(xi)
i j2k ==k i’

for all X, X,,...,X, € X . Hence G satisfies the quadratic functional equation (1.5). In order to prove G (X)is

unique. We let G (x) be another quadratic functional equation satisfying (1.5) and (6.5). Hence

F(G(X)-G (x).r)= FLG(ZKX)_G'(ka)]

22k 22k

>min{F(G(222tX) f(;tx)%]FL f (ZZ;X)G(;:X)%]}

(n2 —5n+6)22kr(22 —d)
2

>F'| 7(2x,2",0,..,0),

(n2 —5n+6)22kr(22 —d)
2d*

>F'| 7(2x,2"x,0,..,0),
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forall Xe X and for r >0. Since,
_ (n2—5n+6)22kr(22—d)
lim =0
k—o0 2dk

we obtain

(n*-5n+6)2%r(2°-d)
2d*

Thus F(G(X)—G'(X),r)=1 forall Xe X and for r >0. Hence G(X)=G (). Therefore G(X) is

unique.
For f# =—1, we can prove the result by a similar method. This completes the proof of the Theorem.

F'| 7(2x,2%,0,..,0), -1

Corollary 6.2 Suppose that the function f : X —Y satisfies the inequality
F ()
n
F(Q(X) X1 X, ),T) 24 F (gznxi”s,r],
i1
' . ns n S
= (oS TTisr )|
i= i=

for all X, X,,...,X, € X and all r>0, where &,S are constants. Then there exists a unique quadratic
mapping G : X —Y such that

F'(&,3r(n”~5n+6))

F(f(x)-G(x).r)= F'(ZEIIXIIS 1 (n*=5n+6)(2’ _25))

F (25||x||ns , r(n2 —5n +6)(22 —2”3))
forall Xe X andfor r>0.
VIl.  Stability of the Functional Equation (1.5) — Fixed Point Method

In this segment, the authors investigate the generalized Ulam-Hyers stability of the functional equation
(1.5) in fuzzy normed space using fixed point method.

For to prove the stability result we define the following £; is a constant such that

2 if i=0
Al R T
2

and Q is the set such that Q:{p\ p:X—Y, p(O):O}.

Theorem 7.1 Let f : X —Y be a mapping for which there exists a function 7 : X" — Z with condition

lim F (0% w5, ) pr i) =1 (8.1)
forall X, X,,...,X, € X , r >0 and satisfying the inequality
F(Q(X X0 %), 1) 2 F (7(X) X100 X)), T) (82)

for all X;,%,,...,X, € X and r>0. If there exists L =L[i] such that the function X —> p(X) has the
property
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F[Ll//ip(wI ), j F'(p(x),r) (8.3)

forall Xe X and r>0. Then there exists unique quadratic function G: X —Y satisfying the functional
equation (1.5) and

F(f(x)-G(x),r)>F :
(1(00-6 ()= F [ £ pal0r
forall Xe X and r >0.
Proof. Let d be a general metric on €, such that
d(p,q):inf{k e(0,00)/ F(p(x)—q(x),r)=F(p(x)kr), XEX,I‘>0}
Itis easy to see that (€, y) is complete. Define T : Q2 — Q by T, (x) :iz p(wix), ¥V xeX.
%

For P,q e, we get

d(p.q)= k:F(p(x a(x))= (p(X) kr)
:F[p X ] x),ky;r) (7.4)
( )T, (%) ,r)ZF p x),ky,r )
(p )-Ty(X).1)2F (p(x),kLr)
=d(T,(x)-T,(x).r) =kt
=d(T,-T,.r)2kd(0,1) vp,qeQ.

Therefore, T is strictly contractive mapping on € with Lipschitz constant L, replacing (Xl,xz,...,xn) by
(%,%,0,...,0) in (7.2), we get

F((n2—5n+6)f(2x)—4(n2—5n+6)f(x),r)zF'(;((x,x,o,...,o),r) (7.5)
forall Xe X and r>0. Using (N3) in (7.5), we have

F(f(;x)—f(x),rjz F(mz(x,x,o,...,o),rJ (7.6)

forall Xe X and r >0 with the help of (7.3), when 1 =0. It follows from (7.6) that

= o 2t e |2 F (ot

=d(T,(x),r)zL=L =" (7.7)

X
Replacing X by E in (7.5), we receive

F(f(x)—4f(§j,rj2 F'[m’fe'g’o’“”oﬂ (7.8)

forall X X and r >0 when i =1 it follows from (7.8), we arrive
= F(f (x)-4f (g]rjz F'(p(x),r)
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=ST(F-T,)<1=L"=L" (7.9)
Then from (7.7) and (7.9), we get
=ST(FT)< <o,

Now from the fixed point alternative in both cases it follows that there exists a fixed point G of T in Q such

that
f (wkx)

- (7.10)

G(X):N‘liﬂl "

forall Xe X and r>0 Replacing (X,,X,,...,X, ) by (y/ikxl,guikxz,...,l//ikxn)in (7.2), we get

" (%Q(Wikxi!‘//ikle---!‘//ikxn)’ I’J 2F (Z(l//ikxiil//ikx?_"“’l//ikxn)’l//iZKr)

i
forall r>0andall X, X,,...,X, € X . By proceeding some procedure in the theorem (6.7), we can prove the

function G: X —Y s quadratic and its satisfies the functional equation (1.5) by a fixed point alternative.
Since G is unique fixed point of T in the set A = { feQl/d ( f ,G) < oo} . Therefore, G is a unique function
such that

F(f(X)-G(x),r)=F(p(x)kr) (7.11)
forall Xe X and r >0. Again, using the fixed point alternative, we get

d(f,e)gﬁd(f,w)

Llfi
1-L

=d(f,G)<

:F(f(x)—G(x),r)z F'(p(x)ll‘_l;_,r] (7.12)

This completes the proof of the Theorem.
The following corollary is an immediate consequence of Theorem 7.1 concerning the stability of (1.5).

Corollary 7.2 Suppose that a function f : X —Y satisfies the inequality

F(er),

R (0 ) r) 2 o Sl a1
= (o Tr S}

for all X, X,,...,X, € X and >0, where &, Sare constants with & >0. Then there exists an unique

quadratic function G: X —Y such that
F'(2.[3(n*~5n+6)r)

F(f(x)=G(x).r)<{F (2] (n* ~5n+6)[2* ~2°

r) 1S #2 (7.14)

F'(25||x||"s,(n2—5n+6)‘22—2”S r) ;s;zrsE

n

forall xe X and r >0.
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Proof. Setting

&,
2 (X, %y, X, ) < g{zn ||}
i=1
o1+ S
forall X, X,,...,X, € X . Then
F (i),
F'(Z(l//ikxill//ikx ------ ‘//ikxn)"//iZkr): F {Z”X”} (2=s)k }
|:' {H”X” +z”X”ns} (2- ns)k ]

i.e., (7.1) is holds. Since, we have

p(x)=

has the property
1
[ l//u
forall xe X and r >0. Hence

F'(p(x),r)zF(g(

Now

CE e
(n* - 5n+6)

X 2o.
2'2

—>las koo
—>1as k—o>w

—>las koo

‘)

001 (o0

XX

O],(n2—5n+6)rj
F'(2,4(n*~5n+6)r)
F (22[]" (n* ~5n+6)2°r)

F (2¢]" (n*~5n+6)2"r)
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F|—=,(n*-5n+6)r
w ( ) ] i
1 2o v
. . &
F[_?”(""X)’rjz i wz—zw( ~5n+6)r = 1w p(x)
] ||| ||ns WInS*zp(X)
A 28X v
F WL (n2—5n+6)r

for all X € X . Now from the following cases for the conditions

L=27if i=0and L=2%ifi=1

L=2"%fors>2ifi=0 and L=2""°for s<2 ifi=1
2 .. 2 .

L=2"?fors>—ifi=0 and L=2"" for s<— ifi=1
n n

Casel. L=27if i=0

F(f(X)—G jZ 1_2_222 (n2—§n+6)’r =<g,3(n2_5n+6)l’)

Case2. L=2ifi=1

)<= (
ot

1 & (. _afn?_
]— 5 (n2—5n+6)’r —(g, 3(n 5n+6)r)

Case3. L=2"2fors>2ifi=0

L 252 2.¢||x| : .
F(f(x)-G(x) [ j: T (nz_gnxn - =(25||x|| ,(n2—5n+6)(22—2 )r)

5n+6)2

Case4. L=2"" for s<2 ifi=1
F(f(x)-G(x) r)sF':( L- p(x) rj: 1 2¢ ][ r :(23;||x||S (n2—5n+6)(25—22)r)
’ 1-L ’ 1-2%° (n*-5n+6)2°’ ’

. 2 .
Case5 L=2"%fors>—ifi=0
n

F(f(X)-G(x),r)<F' :[1L_l;_ p(x), rj :Llfznjz G E'g"X"nS)Zns ,r} = (25||x||"5 .(n®-5n+6)(2? —2”S)r)

5n+6

~ 2 .
Case6. L=2*" for s<= ifi=1
n

F(f(x)-G(x),r)<F" [1L1;_ (x), rj:[l_;_m (nzf';ﬂ)ﬂi)zm,r}:(z.s”x””s,(n2—5n+6)(2”5—22)r)

Hence the proof is complete.
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