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Abstract : In this paper, the generalized n-dimensional quadratic functional equation of the form  
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when n is a positive integer with {0,1,2,3}  is introduce in Fuzzy Normed Space. Further, the general 

solution is obtained. The stability of the general solution obtained is verified by the generalized Hyers-Ulam 

method associated with direct and fixed point methods. 
Keywords - Banach Sapce, Fixed Point, Fuzzy Normed Space, Hyers-Ulam Stability, Quadratic Functional 

Equation.  
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I. Introduction 
 The quadratic functional equation was first introduced by J. M. Rassias, who solved Ulam stability. 

The quadratic function   2f x cx satisfies the functional equation 

       2 2f x y f x y f x f y        (1.1) 

which is called quadratic functional equation and it was investigated by leading experts F. Skof [28], P. W. 

Cholewa [6], S. Czerwik [7] and J. M. Rassias [25]. 

The solution and stability of the subsequent quadratic functional equations 
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       2 3 2 3 2 3 2 3f nx n y n z f nx n y n z f nx n y n z f nx n y n z             

           2 3n f x f x n f y f y n f z f z                    

           2 4 62 2 2n f x f x n f y f y n f z f z                    (1.4)  

were discussed by J. H. Bae [1], T. Eungrasamee et al., [9] and S. Murthy et al., [19].   

In this paper, the authors introduce a new type of n-dimensional quadratic functional equation  

   
3 2 4 3 2

1 1 1 1

15 62 72 17 80 136 72

6 6

n n n n

i j k i i j i

i i i i
i j k i j k i j

n n n n n n n
f x x x x f x x f x

   
    

 
                     
    

 

   

           (1.5) 

where n is a positive integer with  {0,1,2,3}  . 

 

 Theorem A. (Banach’s contraction principle): Let (X, d) be a complete metric space and consider a mapping 

:T X X which is strictly contractive mapping, that is  

(A1)    , ,d Tx Ty Ld x y for some (Lipchitz constant) L<1, then 
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i) The mapping T has one and only fixed point  * *x T x ; 

ii) The fixed point for each given element  
*x  is globally attractive that is 

(A2) 
*lim n

n
T x x


 , for any starting point x X ; 

iii)  One has the following estimation inequalities: 

(A3)    * 11
  , ,

1

n n nd T x x d T x T x
L




, for all 0,n x X  . 

(A4)    * *1
, , ,

1
d x x d x x x X

L
  


. 

 

Theorem B. (The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a 

strictly contractive mapping  :T X Y with Lipschitz constant L. Then, for each given element x X , 

either   

(B1)  1, , 0n nd T x T x n     or  

(B2) there exists natural number 0n  such that: 

i)  1,n nd T x T x   for all 0n n . 

ii) The sequence  nT x  is convergent to a fixed point 
*y  of T 

iii) 
*y is the unique fixed point of T in the set   : ,nY y X d T x y   ; 

iv)    * 1
, ,

1
d y y d y Ty

L



 for all y L . 

 

II. General Solution of the Functional Equation (1.5) 
 In this segment, the author obtains the general solution of the functional equation (1.5). All over this 

segment, let X and Y be real vector space. 

 

Theorem 2.1 Let X and Y be a real vector spaces. The mapping :f X Y    satisfies the functional equation 

(1.5) for all 1 2, ,..., nx x x X , then :f X Y  satisfies the functional equation (1.1) for all , Xx y .  

Proof. Assume that :f X Y satisfies the functional equation (1.5).  Letting  1 2 3, , ,..., nx x x x by 

 0,0,0,...,0  in (1.5), we get 

 (0) 0f  , 

 Replacing  1 2 3, , ,..., nx x x x by  ,0,0,...,0x in (1.5), we obtain  

 
   f x f x 

 

 for all x X . Hence f is an even function. Replacing  1 2 3, , ,..., nx x x x by  , ,0,...,0x x
 

and using 

evenness in (1.5), we receive  

 

   22 2f x f x   

for all x X . Setting   1 2 3, , ,..., nx x x x by  , , ,0,...,0x x x  in (1.5), we have  

   23 3f x f x . 

In general, for any positive integer a, we get  

 
   2f ax a f x   

for all x X . Now substituting  1 2 3, , ,..., nx x x x by  , ,0,...,0x y  in (1.5), we reach (1.1) as preferred. 
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 In section 3 and 4, we take X be a normed space and Y be a Banach Space. For notational handiness, 

we define a function :Q X Y  by  
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for all 1 2, ,..., nx x x X . 

 

III. Stability Results for (1.5):  Direct Method 
 In this segment, we prove the generalized Ulam-Hyers stability of the n-dimensional functional 

equation (1.5) in Banach space with the help of direct method. 

In this segment, authors consider X to be a real vector space and Y be a Banach Space. 

Theorem 3.1 Let  1,1j  . Let : [0, )nX    be a function such that 
 1 2

2
0

2 ,2 ,..., 2

2

kj kj kj

n

kj
k

x x x



  

converges in   and 
 1 2

2

2 ,2 ,...,2
lim 0

2

kj kj kj

n

kjk

x x x


       (3.1) 

for all 1 2, ,..., nx x x X . Let :f X Y  be an even function satisfying the inequality  

   1 2 1 2, ,..., , ,...,n nQ x x x x x x     (3.2) 

for all 1 2, ,..., nx x x X . Then there exists a unique quadratic mapping :G X Y which satisfies the 

functional equation (1.5) and  

   
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for all x X . The mapping  G x  is defined by  

 
 

2

2
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2

kj

kjk
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G x
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       (3.4) 

for all x X . 

Proof. Assume that 1j  . Replacing  1 2, ,..., nx x x  by  , ,0,...,0x x in (3.2), we get 

         2 25 6 2 4 5 6 , ,0,...,0n n f x n n f x x x       (3.5) 

for all x X . It follows from (3.5), we arrive 

 
 
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 2 2
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    (3.6) 

Replacing x  by 2x in (3.6), we have  

 
 
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for all x X . It follows from (3.7), we get  
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for all x X . Adding (3.6) and (3.8), we receive  
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 

 
 
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4 22
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 (3.9) 

for all x X . It follows from using (3.6), (3.8) and (3.9), generalizing we receive 
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k
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




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for all x X . In order to prove convergence of the sequence 
 

2

2

2

k

k

f x  
 
  

, replace x  by 2l x and dividing 

22 l
 in (3.10), for any  , 0k l   to deduce 

     
 2( ) 2 2 2

2 2 21
2

2 2 2 2

k l l k l

l

k l l l k

f x f x f x
f x

 


       

        

 
 

 

1

22
0

2 ,2 ,0,...,01

4 5 6 2

k l k l
n

k l
k

x x

n n

  

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 
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k
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      0 as l   

for all x X . Hence the sequence 
 

2

2

2

k

k

f x  
 
  

is a Cauchy sequence. Since Y is complete, there exists a 

mapping :G X Y such that 

     
 

2

2
lim

2

k

kk

f x
G x




 
for all x X . Letting k   in (3.10) we get the result (3.3) holds for all x X . To prove that G satisfies 

(1.5), replacing  1 2, ,..., nx x x  by  1 22 ,2 ,...,2k k k

nx x x  and dividing 
22 k

 in (3.2), we have 

   1 2 1 22 2

1 1
2 ,2 ,..., 2 2 ,2 ,..., 2

2 2

k k k k k k

n nk k
Q x x x x x x  

for all 1 2, ,..., nx x x X . Letting  k  in the above inequality and using the definition of  G x , we see 

that 

 1 2, ,..., 0nG x x x   

for all 1 2, ,..., nx x x X . Hence G satisfies (1.5). To show that G is unique. Let  H x be an another 

quadratic mapping satisfying (1.5) and (3.3), then 

           2 2 2 2

2

1
2 2 2 2

2

l l l l

l
G x H x G x f x f x H x      

            

 
 

 22
0

2 ,2 ,0,...,01

4 5 6 2

k l k l

k l
k

x x

n n

  






 

   

 0 as l   
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for all x X . Hence G is unique. Now replacing x by 
2

x
in (3.5) we have  

     2 25 6 4 5 6 , ,0,...,0
2 2 2

x x x
n n f x n n f 

   
        

   
 (3.12) 

for all x X . It follows from (3.12), we get 

 
 2

1
4 , ,0,...,0

2 2 25 6

x x x
f x f

n n


   
    

    
  (3.13) 

for all x X . The rest of the proof is similar to that 1j  . Hence for 1j   , also the theorem is true. This 

completes the proof of the Theorem. 

 The following corollary is an immediate consequence of Theorem 3.1 concerning the stability of (1.5). 

Corollary 3.2 Let   and s be non-negative real numbers. If a function :f X Y satisfying the inequality 

 1 2

1

11

,

, ,..., ,

,

n
s

n i

i

n n
s ns

i i

ii

Q x x x x

x x














  

   
 

  
  
  





    (3.14) 

for all  1 2, ,..., nx x x X . Then there exists a unique quadratic function :G X Y  such that  

   

 

  

  

2

2 2

2 2

3 5 6

2
; 2

5 6 2 2

2 2
;

5 6 2 2

s

s

ns

ns

n n

x
f x G x s

n n

x
s

nn n










 



  
  




   


    (3.15) 

for all x X . 

Proof. If we replace, 

 1 2

1

11

,

, ,..., ,

,

n
s

n i

i

n n
s ns

i i

ii

x x x x

x x



 










  

   
 

  
  
  





  

in Theorem 3.1, we get (3.15). 

 

IV. Stability Results for (1.5):  Fixed Point Method 
 In this segment, we prove the generalized Ulam-Hyers stability of the n-dimensional functional 

equation (1.5) in Banach space with the help of the fixed point method. 

 

Theorem 4.1 Let :f X Y be a mapping for which there exists a function : [0, )nX    with the 

condition 
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 1 2

2

, ,...,
lim 0

k k k

i i i n

kk
i

x x x   


     (4.1) 

where  

2, 0;

1
1;

2

i

i

i





 




 satisfying the functional inequality  

   1 2 1 2, ,..., , ,...,n nQ x x x x x x     (4.2) 

for all 1 2, ,..., nx x x X and 4n   if there exists  L L i  such that the function 

 
 2

1
, ,0,...,0

2 25 6

x x
x x

n n
 

 
   

   
 

has the property  

 
 2

i

i

x
L x

 



        (4.3) 

for all x X . Then there exists a unique quadratic function :G X Y satisfying the functional equation 

(1.5) and  

     
1

1

iL
f x G x x

L




 


     (4.4) 

 

for all x X . 

Proof. Consider the set   / : , 0 0p p G H p   and introduce the generalized metric on   ,  

          , inf 0, : ,d p q k p x q x k x x G      . 

It is easy to see that  ,d is complete. Define :T   by    2

1
p i

i

T x p x


 , for all x X . For 

,p q  and x X , we have 

       , ,d p q k p x q x k x     

   
 2 2 2

1
,

i i

i

i i i

p x q x
k x

 
 

  
    

     2

1
,p q i

i

T x T x k x 


    

          ,p q p qT x T x Lk x d T x T x kL      

That is    , ,p qd T T Ld p q . Therefore, T is strictly contractive mapping on   with Lipschitz constant L. 

It is follows from (3.5) that 

         2 25 6 2 4 5 6 , ,0,...,0n n f x n n f x x x        (4.5) 

for all x X . It is follows from (4.5) that 

 
 

 

 2 2

2 , ,0,...,0

2 4 5 6

f x x x
f x

n n


 

 
  

   (4.6) 

for all x X . Using (4.3) for the case  0i  , it reduces to 

 
 

       2 2

2 1

2 2
p

f x
f x L x f x T x L x          

for all x X . Hence, we obtain 
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     1 i

fd T x f x L L         (4.7)  

for all x X . Replacing x  by 
2

x
in (4.6), we have 

 

 2 2

, ,0,...,0
2 2

2 2 4 5 6

x x

f x x
f

n n


 
 

     
  

     (4.8) 

 

for all x X . Using (4.3) for the case  0i  , it reduce to   

         4
2

f

x
f f x x T x f x x 
 

     
 

  

for all x X . Hence, we get 

     11

4

i

fd f x T x L         (4.9) 

for all x X . From (4.7) and (4.9), we can conclude 

     1 i

fd f x T x L         (4.10) 

for all x X . Now from the fixed point alternative in both cases, it follows that there exists a fixed point G of 

T in  such that 

 
 

2
lim

k

i

kk
i

f x
G x




       (4.11) 

for all x X . In order to prove :G X Y satisfies the functional equation (1.5), the proof is similar to that 

of Theorem 3.1. Since G is unique fixed point of T in the set   / ,f d f G    . Therefore G is an 

unique function such that  

     
11

, , ,
1 1

i

f

L
d f G d f T d f G

L L



  
 

 

     
1

. .,
1

iL
i e f x G x x

L




 


 

for all x X . This completes the proof of the Theorem. 

 

 The following corollary is an immediate consequence of Theorem 4.1 concerning the stability of (1.5). 

 

Corollary 4.2 Let   and s be non-negative real numbers. If a function :f X Y satisfies the inequality 

 1 2

1

11

,

, ,..., ,

,

n
s

n i

i

n n
s ns

i i

ii

Q x x x x

x x














  

   
 

  
  
  





    (4.12) 

for all  1 2, ,..., nx x x X . Then there exists an unique quadratic function such that  
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   

 

 

 

2

2 2

2 2

3 5 6

2
; 2

5 6 2 2

2 2
;

5 6 2 2

s

s

ns

ns

n n

x
f x G x s

n n

x
s

nn n










 



  
  




   


    (4.13) 

for all x X .  

Proof. Setting 

 1 2

1

11

,

, ,..., ,

,

n
s

n i

i

n n
s ns

i i

ii

x x x x

x x



 










  

   
 

  
  
  





  

for all  1 2, ,..., nx x x X . Now 

 

2

1 2

2 2
1

2
11

,

, ,...,
,

,

k

i

k k k
n

si i i n

i ik k
ii i

n n
s ns

i i i ik
iii

x x x
x

x x





    


 


 










  

   
 

  
  
  





  

0

0

0

as k

as k

as k

 


  
 

  

i.e., (4.1) is holds. Since, we have 

  2

1
, ,0,...,0

( 5 6) 2 2

x x
x

n n
 

 
  

   
 

then  

  2

1
, ,0,...,0

( 5 6) 2 2

x x
x

n n
 

 
  

   
 

 

 

 

2

2

2

4 5 6

2

5 6 2

2

5 6 2

s

s

ns

ns

n n

x

n n

x

n n










 



 
 



  


 

Also, 
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 

 

 

 

2 2

2 2 2

2 2

1

5 6

21 1

5 6 2

21

5 6 2

i

s s

i

i s
i i

ns ns

i

ns
i

n n

x
x

n n

x

n n





 
 

 

 






 



 
 



  


 

 

 

 

2

2

2

i

s

i

ns

i

x

x

x

 

 

 










 



 

for all x X .  Hence the inequality (1.5) holds for following cases: 

22L   if  0i   and 
22L   if 1i   

22sL   for 2s   if 0i    and  
22 sL   for 2s   if 1i    

22nsL   for 
2

s
n

  if 0i    and  
22 nsL   for 

2
s

n
  if 1i    

Now from (4.4), we prove the following cases. 

Case 1.  
22L   if  0i    

     
   

1 2

2 2 2

2

1 1 2 5 6 3 5 6

iL
f x G x x

L n n n n

 


 


   

     
 

Case 2. 2L   if 1i   

     
   

1

2 2 2

1

1 1 2 5 6 3 5 6

iL
f x G x x

L n n n n

 




   
      

 

Case 3. 
22sL   for 2s   if 0i   

     
    

1 2

2 2 2 2

2 22

1 1 2 5 6 2 5 6 2 2

s si s

s s s

x xL
f x G x x

L n n n n

 


 


   

      
 

Case 4. 
22 sL   for 2s   if 1i    

     
    

1

2 2 2 2

2 21

1 1 2 5 6 2 5 6 2 2

s si

s s s

x xL
f x G x x

L n n n n

 





   

      
 

Case 5. 
22nsL   for 

2
s

n
  if 0i    

     
    

1 2

2 2 2 2

2 22

1 1 2 5 6 2 5 6 2 2

ns nsi ns

ns ns ns

x xL
f x G x x

L n n n n

 


 


   

      
 

Case 6. 
22 nsL   for 

2
s

n
  if 1i    

     
    

1

2 2 2 2

2 21

1 1 2 5 6 2 5 6 2 2

ns nsi

ns ns ns

x xL
f x G x x

L n n n n

 





   

      
 

Hence the proof is complete. 

 

V. Fuzzy Stability Results 
 In this segment, the authors present basic definition in fuzzy normed space and investigate the fuzzy 

stability of the n-dimensional quadratic functional equation (1.5). 
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Definition 5.1 Let x be a real linear space. A function : [0,1]F X R   is said to be a fuzzy norm on X if 

for all ,x y X and all ,p q R  

(N1)  , 0F x c   for 0c  ; 

(N2) 0x  if and only if  , 1F x c   for all 0c  ; 

(N3)  , , 0
q

F cx q F x if c
c

 
   

 
; 

(N4)       , min , , ,F x y p q F x p F y q   ; 

(N5)  ,.F x is a non-decreasing function on R and  lim , 1
q

F x q


 ; 

(N6) for  0, ,.x F x is continuous on R; 

 The pair  ,X F is called fuzzy normed linear space one may regard  ,F x q as the truth value of the 

statement the norm of x is less than or equal to the real number q. 

 

Definition 5.2 Let  ,X F be a fuzzy normed linear space. Let  nx be a sequence in X. Then nx is said to be 

convergent if there exists x X such that  lim , 1n
n

x x q


  for all 0t  . In that case x is called the limit 

of the sequence nx and we denote it by lim n
n

F x x


  . 

 

Definition 5.3 A sequence  nx be in x  is called Cauchy if for each 0  and each 0q  there exists 

0n such that for all 0n n  and all 0r  , we have  , 1n r nF x x q      

 

Definition 5.4 Every convergent sequence in fuzzy normed space is Cauchy. If each Cauchy sequence is 

convergent, then the fuzzy norm is said to be complete and fuzzy normed space is called a fuzzy Banach space. 

In segment 6 and 7, assume that X,  ',Z F  and  ',Y F  are linear space, fuzzy normed space and 

fuzzy Banach space respectively. We define a function :Q X Y  by   

   
3 2

1 2

1 1 1

15 62 72
, ,...,

6

n n n

n i j k i i j

i i i
i j k i j k i j

n n n
Q x x x f x x x x f x x

  
    

 
            
  

 

  
 

     

 
4 3 2

1

17 80 136 72

6

n

i

i

n n n n
f x



     
 
 

  

  
for all 1 2, ,..., nx x x X .

 
 

VI. Stability of the functional equation (1.5)- Direct Method 
In this segment, we establish the stability of (1.5) in fuzzy Banach space using Direct Method. 

Theorem 6.1 Let  1,1   . Let : nX Z  be a mapping with 
2

0 1
2

d 
  
 

 

     ' '

1 22 ,2 ,..., 2 , , ,0,...,0 ,k k k

nF x x x r F d x x r       (6.1) 

for all x X and all 0r  , 0d   and  

  '

1 2lim 2 ,2 ,..., 2 , 1k k k

n
k

F x x x r  


     (6.2) 

for all 1 2, ,..., nx x x X  and all 0r  . Suppose that a function :f X Y satisfies the inequality  

     '

1 2 1 2, ,..., , , ,..., ,n nF Q x x x r F x x x r    (6.3) 

for all 0r  and 1 2, ,..., nx x x X  the limit 
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 
 

2

2
lim

2

k

kk

f x
G x F




       (6.4) 

exists for all x X  and the mapping :G X Y is a unique quadratic mapping such that  

         ' 2 2, , ,0,...,0 , 5 6 2F f x G x r F x x n n r d      (6.5) 

for all x X and for all 0r  . 

 

Proof. First assume that 1  . Replacing  1 2, ,..., nx x x  by  , ,0,...,0x x , in (6.3), we have 

            2 2 '5 6 2 4 5 6 , , ,0,...,0 ,F n n f x n n f x r F x x r         (6.6) 

for all x X and for all 0r  . Replacing x by 2k x in (6.6), we obtain  

 
 

 
  

1

'

2 2

2
2 , 2 ,2 ,0,...,0 ,

2 4 5 6

k

k k k
f x r

F f x F x x r
n n



 
  
  
 

 (6.7) 

for all x X and for all 0r  . Using (6.1), (N3) in (6.7), we have 

 

 
 

 
 

1

'

2 2

2
2 , 2 ,2 ,0,...,0 ,

2 4 5 6

k

k k k

k

f x r r
F f x F x x

dn n


   
         

  (6.8) 

for all x X and for all 0r  , it is easy to verify from (6.8), that 

  

   
 

 
1

'

2( 1) 2

2 2
, 2 ,2 ,0,...,0 ,

2 2 4 5 6 2

k k

k k

k k kk

f x f x r r
F F x x

dn n






   
         

 (6.9) 

holds for all x X and for all 0r  . Replacing r  by 
kd r in (6.9) 

   
 

  
1

'

2( 1) 2

2 2
, 2 ,2 ,0,...,0 ,

2 2 4 5 6 2

k k k
k k

k k k

f x f x d r
F F x x r

n n






 
  
  
 

  (6.10) 

for all x X and for all 0r   , it is easy to see that  

 
   

 
 

 1 1
1

22 1 2 1
0

2 2 2

22 2

k i i
k

ik i
i

f x f x f x
f x

 


 


 
   
  

     (6.11) 

for all x X . From the equations (6.10) and (6.11), we get 

 
 

 

1

2 2 2
0

2
,

2 4 5 6 2

k ik

k i
i

f x d r
F f x

n n





 
 
  
 

  
 

 

 
 

1
1

22 1 2 21

2 2
min ,

2 4 5 6 22

i i ik

ii ii

f x f x d r

n n






  
   

   

 

  
1

'

1
min , ,0,...,0 ,

k

i
F x x r




   

  ' , ,0,...,0 ,F x x r   (6.12) 

for all x X and for all 0r  . Replacing x  by  2m x in (6.12) and using (6.1) and (N3), we obtain 
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         

     (6.13) 

for all x X and for all 0r  . And all , 0m k  . Replacing r  by 
md r in (6.13), we get 
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        (6.14) 

for all x X and for all 0r  . And all , 0m k  . Using (N3) in (6.13), we have 
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     (6.15) 

for all x X and for all 0r  . And all , 0m k  .  Since 
20 2d   and 

2
0 2
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i
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

 
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 
 . The Cauchy 

criterion for convergence and (N5) implies that 
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k

k

f x  
 
  

is a Cauchy sequence in  ',Y F is a fuzzy 

Banach space. This sequence converges to some point  G x Y  so one can define the mapping :G X Y  

by   
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for all x X . Letting 0m  in (6.15), we receive 
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 (6.16) 

 

for all x X . Letting k  in (6.16) and using (N6), we have 

           ' 2 2, , ,0,...,0 , 5 6 2F f x G x r F x x n n r d      

for all x X and for all 0r  . To prove G satisfies (1.5), replacing  1 2, ,..., nx x x  by 

 1 22 ,2 ,...,2k k k

nx x x  in (6.3), we get 
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 (6.17) 

 

for all 0r   and all 1 2, ,..., nx x x X . Now  
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      

   

   
 

2
1 1 1 1

1
min 2 , ,

2 4

n n n n
k

i j k i i j k ik
i i i i
i j k i j k i j k i j k

r
F G x x x x f x x x x

   
       

        
                         
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     
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     (6.18) 

for all 1 2, ,..., nx x x X  and all 0r  , using (6.7) and (N5) in (6.18), we see that 
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       ' 2

1 2min 1,1,1, 2 ,2 ,..., 2 ,2k k k k

nF x x x r  

      ' 2

1 22 ,2 ,..., 2 ,2k k k k

nF x x x r    (6.19) 

for all 1 2, ,..., nx x x X  and all 0r  . Letting k  in (6.19) and using (6.2), we have 
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1  

for all 1 2, ,..., nx x x X  and all 0r  . Using (N2) in the above inequality gives  
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for all 1 2, ,..., nx x x X . Hence G satisfies the quadratic functional equation (1.5). In order to prove  G x is 

unique. We let  'G x be another quadratic functional equation satisfying (1.5) and (6.5). Hence 
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for all x X  and for 0r  . Since,  
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Thus     ' , 1F G x G x r   for all x X  and for 0r  . Hence    'G x G x . Therefore  G x  is 

unique. 

For 1   , we can prove the result by a similar method. This completes the proof of the Theorem. 

 

Corollary 6.2 Suppose that the function :f X Y  satisfies the inequality  
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for all 1 2, ,..., nx x x X  and all 0r  , where , s  are constants. Then there exists a unique quadratic 

mapping :G X Y such that  
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for all x X  and for 0r  .  

 

VII. Stability of the Functional Equation (1.5) – Fixed Point Method 
 In this segment, the authors investigate the generalized Ulam-Hyers stability of the functional equation 

(1.5) in fuzzy normed space using fixed point method. 

For to prove the stability result we define the following i  is a constant such that  
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1
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if i

if i

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

 
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

 

and   is the set such that   \ : , 0 0p p x y p   . 

 

Theorem 7.1 Let :f X Y be a mapping for which there exists a function : nX Z   with condition 

  '

1 2lim , ,..., , 1k k k k

n
k

F x x x r    
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for all 1 2, ,..., nx x x X  , 0r   and satisfying the inequality  
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1 2 1 2, ,..., , , ,..., ,n nF Q x x x r F x x x r    (8.2) 

for all 1 2, ,..., nx x x X  and 0r  . If there exists [ ]L L i  such that the function  x x  has the 

property 
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 for all x X  and 0r  . Then there exists unique quadratic function :G X Y  satisfying the functional 

equation (1.5) and  
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for all x X  and 0r  .  

 

Proof. Let d be a general metric on  , such that  
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for all x X  and 0r   with the help of (7.3), when 0i  . It follows from (7.6) that 
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for all x X  and 0r   when 1i   it follows from (7.8), we arrive 
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  0 11 i

fT f T L L            (7.9) 

Then from (7.7) and (7.9), we get 

  1, i

fT f T L    . 

Now from the fixed point alternative in both cases it follows that there exists a fixed point G of T in   such 

that 

 
 

2
lim

k

kk

f x
G x N




       (7.10) 

for all x X  and 0r  . Replacing  1 2, ,..., nx x x  by  1 2, ,...,k k k

i i i nx x x   in (7.2), we get 

    ' 2

1 2 1 22

1
, ,..., , , ,..., ,k k k k k k k

i i i n i i i n ik

i

F Q x x x r F x x x r       


 
 

 
  

 for all 0r  and all 1 2, ,..., nx x x X . By proceeding some procedure in the theorem (6.7), we can prove the 

function :G X Y  is quadratic and its satisfies the functional equation (1.5) by a fixed point alternative. 

Since G is unique fixed point of T in the set   / ,f d f G    . Therefore, G is a unique function 

such that  

       ', ,F f x G x r F x kr       (7.11) 

for all x X  and 0r  . Again, using the fixed point alternative, we get 

   
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, ,
1

d f G d f Tf
L




 

 
1

,
1

iL
d f G

L



 
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      
1

', ,
1

iL
F f x G x r F x r

L


 
    

 
   (7.12) 

This completes the proof of the Theorem. 

The following corollary is an immediate consequence of Theorem 7.1 concerning the stability of (1.5). 

 

Corollary 7.2 Suppose that a function :f X Y satisfies the inequality 

  

 '

'
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1
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

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  

      
   





  (7.13) 

for all  1 2, ,..., nx x x X  and 0r  , where , s are constants with 0  . Then there exists an unique 

quadratic function :G X Y  such that  

    
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  

  

' 2

' 2 2
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


 




     

    


 (7.14) 

for all x X  and 0r  .  
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Proof. Setting 
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for all  1 2, ,..., nx x x X . Then 
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i.e., (7.1) is holds. Since, we have 
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has the property  
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 for all x X  and 0r  .  Hence 
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Now 
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for all x X .  Now from the following cases for the conditions  

22L   if  0i   and 
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Case 2. 2L   if 1i   
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Hence the proof is complete. 

 

References 
[1] J. H. Bae, On the stability of n-dimensional Quadratic Functional Equation, Comm. Korean Math. Soc. 16(1), (2001), 103-111. 

[2] J. H. Bae and K. W. Jun, On the Generalized Hyers-Ulam-Rassias Stability of a Quadratic Functional Equation, Bull. Korean Math. Soc. 38(2), (2001), 

325-336. 

[3] G. Balasubramaniyan, V.Govindan and C.Muthamilarasi. General Solution and Stability of Quadratic Functional Equation. Int. J. Math. Appl.,5 (2 A), 

(2017). 13- 26.          

[4] I. S. Chang and H. M. Kim, Hyers-Ulam-Rassias Stability of a Quadratic Functional Equation, Kyungpook Math.J., 42(1), (2002), 71-86. 

[5] I. S. Chang, E. H. Lee and H. M. Kim, On Hyers-Ulam-rassias Stability of a Quadratic Functional Equation, Math. Inequal. Appl., 6(1), (2003), 87-95. 

[6] P.W. Cholewa, Remarks on the Stability of Functional Equations, Aequationes Math. 27(1-2), (1984), 76-86. 



Stability Of Non- Additive Functional Equation 

DOI: 10.9790/5728-1402016078                                      www.iosrjournals.org                                        78 | Page 

[7] S. Czerwik, On the Stability of the Quadratic Mapping in Normed Spaces, Abh. Math. Sem. Univ. Hamburg 62, (1992), 59-64. 

[8] H. G. Dates and M. S. Moslehian, Stability of Mapping on Muti-Normed Spaces, Glasg. Math. J., 49(2), (2007), 321-332. 

[9] T. Eungrasamee, P. Udomkavanich andvP. Nakmahachalasint, On Generalized Stability of an n-dimensional Quadratic Functional Equation, Thai 

Journal of Mathematics Special Issue (Annual Meeting in Mathematics, 2010), 4350. 

[10] C. Felbin, Finite-dimensional Fuzzy Normed Linear Space, Fuzzy Sets and System, 48(2), (1992), 239-248. 

[11] S. M. Jung, On the Hyers-Ulam Stability of the Functional Equations that have the Quadratic Property, J. Math. Anal. Appl. 222(1), (1998), 126-137. 

[12] S. M. Jung, On the Hyers-Ulam-Rassias Stability of a Quadratic Functional Equation, J. Math. Anal. Appl. 232(2), (1999), 384-393. 

[13] V. Govindhan, S. Murthy, And M. Saravanan. Solution and Stability of a cubic type functional equation: using direct and fixed point methods. 

Kragujevac journal of mathematics,MATH SCI NET(Accepted)(2017). 

[14] V.Govindan, S.Murthy. Solution and hyers-ulam stability of n-dimensional Non-Quadratic Functional Equation In Fuzzy Normed space using direct 

method. Science direct. Materials Today: Proceedings Elsevier xx (2017) xxx-xxx.(Accepted). 

[15] V.Govindan, S.Murthy. Solutin and stability of (a,b,c)-Mixed thpe functional equation Connected with Homomorphisms and derivation on non-

Archimedean algebras:Using two different Methods,Calcultta Mathematical society(communicated) 

[16] Govindan, S.Murthy and M.Saravanan. Solution and stability of New type of (aaq,bbq,caq,daq) Mixed Type Functional Equation in Various Normed 

spaces: using two different methods. Int. J. Math. Appl. ,5 (1- B), (2017) 187- 211. 

[17] V.Govindan, S.Murthy, G.Kokila, Fixed point and stability of icosic functional equation in quasi beta normed spaces.Malaya journal of mathematic,  

6(1), (2018), 261-275. 

[18] V. Govindan, K. Tamilvanan, Stability of Functional Equation in Banach Space Using Two Different Methods, Int. J. Math. Appl.,6 (1-C), (2018),527-

536. 

[19] S. Murthy, M. Arunkumar and V. Govindan, General Solution and Generalized Ulam-Hyers Stability of a Generalized n-Type Additive Quadratic 

Functional equation in Banach Space and Banach Algebra: Direct and Fixed Point Methods, Int. J. Adv. Math. Sci. 3(1), (2015), 25-64. 

[20] R. Murali, Sandra Pinelas and V. Vithya, The Stability of Viginti Unus Functional Equation in various Spaces, Global J. Pure and Applied Math., 

13(9), (2017), 5735-5759. 

[21] S.Murthy, V.Govindhan, M.SreeShanmugaVelan,Solution and stability of two types of  n-Dimensional Quartic Functional Equation in generalized 2-

normed spaces,Int. J. Pure and Applied Math., 111( 2),(2016), 249-272. 

[22] S.Murthy, V.Govindhan and M.SreeShanmugaVelan.Generalized U – H Stability of New n – type of Additive  Quartic Functional Equation in Non – 

Archimedean. Int. J. Math. Appl., 5 (2-A), (2017), 1- 11. 

[23] S.Murthy&V.Govindhan. General solution and generalized hu (Hyers – Ulam) Statbility of New Dimension cubic functional equation. In Fuzzy 

Ternary Banach Algebras: Using Two Different Methods. Int. J. Pure and Applied Math.,113 (6), (2017). 

[24] P. Narasimman, K. Ravi and Sandra Pinelas, Stability of Pythagorean Mean Functional Equation, Global J. Math., 4(1), (2015), 398-411. 

[25] J. M. Rassias, On the Stability of the General Euler-Lagrange Functional equation, Demonstaration Math., 29(4), (1996), 755-766. 

[26] K. Ravi, J. M. Rassias, Sandra Pinelas and P. Narasimman, The Stability of a Generalized Radical Reciprocal Quadratic Functional Equation in 

Felbin’s Space, Pan American Mathematical Journal, 24(1), (2014), 75-92. 

[27] K. Ravi, J. M. Rassias, Sandra Pinelas and R. Jamuna, A Fixed Point Approach to the Stability Equation in Paranormed Spaces, Pan American 

Mathematical Journal, 24(2), (2014), 61-84. 

F. Skof, Local Properties and Approximation of Operators, rend. Sem. Mat. Fis. Milano. 53(1983), 113-129(1986). 

s 


