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I. Introduction and Preliminaries
The notion of w- closedness was introduced by Arhangel'skii in [1]. A subset A of a space X is called

w- closed if Cl (B) = A for every countable subset B of A. In [2, 3] it is shown that the family of all w- open

subsets of a space form a topology for it. The notion of countable tightness was introduced in [2]. A space in
which the closure operator is determined by countable sets is called countably tight. A topological space X has
countable tightness if every w- closed subset is closed in X [2]. It is proved that every sequential space and
every hereditarily separated space has countable tightness. Especially every countable space (respectively every
perfectly regular countable compact has countable tightness [3]). Ekici and Jafari [4] introduced and study a
class of sets stronger than the class of w- closed sets, called wx-closed sets. In this paper we introduce and study
a new class of closed sets named by cr- closed sets.

Throughout this paper X and Y are topological spaces with no separation axioms assumed, unless
otherwise stated. For a subset A of X, the closure of A and the interior of A will be denoted by cl(A) and int(A)
respectively.

A subset A of a space X is said to be regular- open [5] if A = int( cl (A)) , the complement of regular
open set is called regular closed. Since the intersection of two regular open sets is regular open, the family of all
regular open forms a base for a smaller topology 7, on X, called the semi-regularization of = . The union of all
regular open sets of X contained in a set A is called the regular interior of A (briefly rint( A)) and the
intersection of all regular closed sets of X containing a set A is called the regular closure of A (briefly rcl (A)).

A subset A of a space X is calledw - closed if cl (B) = A for every countable subset B — A and the
complement of @ - closed sets is called @ - open.

I1. RC-Closed Sets and its Topology
Definition2.1. A subset A of a space X is called rc - closed if rcl (B) = A for every countable subset B < A

and its complement is called rc - open. The family of all rc - open subsets of a space X is denoted by z_ .
Remark2.2. For a subset A of a space X, the following implications hold and none of these implications is

reversible as shown in the following examples.
rc —open = @ — open

i i

r—open = open

Example2.3. Consider the standard topological space (R, 7 ) , then the set (1, 4) iS @ — open but not
rc — open .
Example2.4. Consider the co-countable topological space (R,z ) , then (1, 4) is @ — open but not open.

Example2.5. Consider the standard topological space (R, 7 ) , then the set N © where N is the set of natural
numbers is rc- open but not r-open.
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Theorem2.6. Let (X ,z) be aregular space and A = X . Then,

rc —open = @ —open iN(X,r) < w-open in(X,z )
Proof. This follows from Remark 2.2 and the fact that any regular space is semi- regular.
Theorem 2.7. For aspace (X ,z)and A = X . The following are equivalent:
(1) Ais rc — open
(20 Acrint (B) forany countable subset B of X suchthat A = B°.
Proof. (1) = (2): Let Abe rc — open setand B be a countable subset of X such that

Ac B°.NowA°isrc —closed and B = A°and B is countable, sorcl (B) =« A° .
Hence A < (rcl (B))° = rint( B)®.

(2) = (1):Let A< rint (B°) for any countable subset B where A = B . Then
Bc Aand Ac rint (B°)= (rcl (B))°.So rcl (B) c A® .Thus A is

rc —closed and hence Ais rc — open

Corollary 2.8. Let A be a subset of a space of X. Then the following are equivalent:
(1) Ais rc — open

(2) Acrint (C) forany C e r_ of Xsuchthat Ac C.
Theorem 2.9. Let (X ,7) be a topological space. Then 7 _ is a topology for X.
Proof. Itisclearthat X e r _and ¢ e . Now,let U,V e r_.ThenU “and V “arerc —closed .LetB be
a countable subset suchthat B = (U nV)® =U UV °. Then there are two sets B, and B, such that

B=B,uB,and B, cU ‘andB, c V °.Since B, and B, are countable and U “and V © are
rc —closed , hence
rel (B,) cU° and rcl (B,) cV*® .Then

rel (B) =rcl (B, uB,)=rcl (B,)urcl (B,)cU UV . ThereforeU “uV° =(@U nV)is
rc —closed .ThusU nV ez
Let {U , :a e V}beafamily of rc — open subsetsof X. Then {(U ) : « e V}isa family of

rc —closed sets of X. Let B be a countable subset such thatB = N {(U ,)‘}.Hence B = (U )" for

aeV

each « e V .But (U )is rc —closed forall @ e V .So rcl (B) = (U ,)° forall & e V . Hence

rel (B)c N{(U,)°}.Thus N {(U ) }isan rc —closed subsetof X. Therefore U {U }isan

aeV aeV aeV

rc —open  subset of X.
Definition 2.10. Let X be a topological space. Then
(1) rc —closure (resp. w — closure [4]) of a subset A of X is the intersection of
all rc —closed (resp. @ — closed ) sets of X containing A and is denoted by
rcCl (A) (resp. @Cl (A)).
(2) rc — interior (resp. @ — interior[4]) of A is the union of all rc — open ( resp.
@ — open ) sets of X contained in A and is denoted by rcint (A) (resp. @ Int (A) ).
Remark 2.11. [4] If A'is open set. Then wInt (A) = int(A) but the converse is not true.
Theorem 2.12. For a topological space X. The following hold:
(1) IfAis r —open ,then (i) Ais rc —open and rcint (A) = rint( A) (ii) wInt (A) = int(A).
(2) IfAis rc —open A.Then Ais w —open and rcint (A) =wlInt (A).
Proof. (1) (i) Since each r — open is rc — open and hence rcint (A) = rint( A).
(ii) This follows from the fact that every r — open is open, and Remark 2.11.
(2) Since each rc — open is w —open and hence rcint (A) =wlint (A) .
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I11. Rc- Continuous Functions

In this section, we introduce a new class of functions is called rc — continuous functions and investigate some
of its properties and characterizations.

Definition 3.1. Let f : X — Y be a function, then f is called to be rc — continuous ~ if f “(V) is
rc — open in X for every open subset of Y.

Theorem 3.2. A function f : (X ,7) — (Y ,n)is rc —continuous  ifandonlyif f:(X,z_)— (Y.,n)
continuous.

Theorem 3.3. A function f : (X ,z) — (Y ,7) is rc — continuous  ifand onlyif f (V) is rc —closed in
X for every closed subset of Y.

Definition 3.4. [4] A function f : X — Y is @ — continuous  if f "(V) is @ —open in X for every open

subset of Y.
Definition 3.5.[6] A function f : X — Y is r — continuous  if f (V) is r —open in X for every open
subset of Y.
Remark 3.6. For a function f : X — Y the following implications hold:
rc — continuous = o — continuous
i i
r — continuous = continuous

None of the above implications is reversible as shown in the following examples:
Example 3.7. Consider the standard topological space (R,z_) . Let Y={a, b, c} o ={Y, ¢, {a}, {b}, {a b}}.
Define f :(R,z,) — (Y ,o) as follows:

f(x)=afor x e (1,5) and f (x) =cfor x ¢ (1,5),then f is @ — continuous  but not

rc — continuous
Example 3.9. For an example of a function which is @ — continuous ~ but not continuous see [4].

Question: Does there exist a function f : (X ,z) — (Y ,n) whichis rc — continuous  but not

r — continuous
Definition 3.10. A function f : X — Y is called weakly rc — continuous  (resp. weakly o — continuous

[4]) at x e X if for each open subset VV in Y containing f (x) , thereisan rc — open (resp. o — open ) subset
U in X containing x such that f (U) < cl (v ) . f iscalled weakly rc — continuous  ( resp. weakly

o — continuous ) f isweakly rc — continuous  ( resp. weakly o — continuous ) atevery x e X .
Remark 3.11. The following implications hold for a function f : X — Y :

weakly rc — continuous = weakly @ — continuous
N N
rc — continuous = @ — continuous

None of these implications is reversible as shown in the following examples:
Example 3.12. [4] Let f :(R,z,) — (Y ,o) where Y={a, b, c,d} and o ={Y, ¢ {a}, {c}, {a, b}.{a c}{a b,
c}, {a, ¢, d}}be defined by:
f(x)=afor xe (-0 ,0]U[l,o) and f (x) =bfor x ¢ (-« ,0) U [1,o),then fis
weakly @ — continuous but not @ — continuous
Question 3.13. Does there exist a function f : (X ,7) = (Y ,n) whichis weakly rc — continuous anditis
not rc — continuous
Question 3.14. Does there exist a function f : (X ,z) — (Y,#n) which is weakly @ — continuous  and it is
notweakly rc — continuous
Theorem 3.15. For a function f : X — Y the following are equivalent:

(1) f is weakly rc — continuous
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(2) rcCl (f (nt( ¢l (V) < f '(cl(Vv)) forany subsetV of Y.

(3) rcCl (f *(int( V) < f (V) forany regular closed set VV of Y.

(4) rcCl (f'(V)) < f '(cl(v)) foranyopensetV ofY.

(5) f '(v)c reint (f "(cl (V) forany opensetV ofY.
Proof. (1) = (2): Let Vbeasubsetof Yandx e (f “(cl (V))°.Then f(x)e (cl(V))°.Thenthereisan
open set U containing f (x) andU nV = ¢ .Thencl (U)nint( cl (V)) = ¢ .Since f is weakly
rc — continuous , then thereisa rc — open set W containing x such that f (W ) < cl (U ) . So
W A f lint( el (V) = ¢ .Hence x e (rcCl (f '(int( ¢l (V) °and
reCl (f “(int( cl (V) < f (el (V).
(2) = (3) Let V be regular closed set in Y. Hence, by (3) we have
reCl (f '(int( V))) = rcCl (f *(nt( cl(int( V) < f “(cl@nt( V) = f (V).
(3) = (4): Let V be an open subset of Y. Then cl (V) is regular closed in'Y, hence
reCl (f (V) < reCl (f ‘(int( ¢l (V) = f *(cl(V))
(4) = (5): Let V be any open set of Y. Since (cl (V) “is openin Y, then
(reint( £ (el (V) C=reCl (f (el (v)) e f (el (el (V) ) e (f (V) °. Thus,
f (V) creint( f (el (V) .
(5) = (1): Let x e X and V be any open subset of Y containing f (x) . Then
xe f ' (V)cocerint( f'(cl(V)) .PutU =rcint( f “(cl(V)). Hence f(U)c cl(vV)and fis
weakly rc — continuous  atxin X.
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