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Abstract. In this note, some fluctuation results for renormalized number of ancestors of a stationary quadratic
continuous-state branching process are given. We consider three different cases: same time, different step
width; different time, the same step width; adjacent time with the same step width. The Laplace transform of
some related quantities is derived to prove this result.
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I.  Introduction

Continuous state branching processes (CB processes) are non-negative real-valued Markov processes
first introduced by Jirina [4] to model the evolution of large populations of small particles. Continuous state
branching processes with immigration (CBI processes) are generalizations of those describing the situation
where immigrants may come from outer sources, see e.g. Kawazu and Watanabe [5]. For a survey in this
direction, you may refer to Li [7] and the reference therein. Since then they have been powerful tools in biology.
In their seminar work, Chen and Delmas [2], stationary continuous-state branching process is considered and
they use the immortal decomposition to calculate some quantities associated to the most recent common
ancestor (MRCA) and the number of ancestor. They also consider the quadratic CB process as an example and
then the renormalized fluctuation result for the number of ancestor is partially considered, and some interesting
phenomenon is revealed. In this note, we are going to consider some fluctuation results associated to M7 (to be
specified later) for fixed time s in Section 2. To state our main result, we willprovide in the introduction some
background in the following subsections. In particular, wefirst recall the definition of CB process in Subsection
1.1, and then the tree formulation in Subsectionl.2, the stationary CB process and the ancestor process
associated to stationary CB process are respectively introduced in Subsection 1.3 and 1.4.

1.1. Quadratic CB process. Consider a sub-critical branching mechanism
V(A) = BAT + 286

with fixed 6,5 > 0. Let P, be the law of a CB Y = (Y;,¢ > 0) started at mass = with
branching mechanism 2. We extend Y on R by setting Y; = 0 for £ < 0. Let E; and I be
respectively the expectation and the canonical measure (excursion measure) associated to Y.
For every ¢t > 0 and A > —1_—02_’33—_;37, we have

E. |:C—A‘r}} _ C—xtr()\.t)
frith
u(\,t) =N[1 —e M = 20 + A)e=Pf _ A1t
(1 A N[1 AYE] — 200[(20 4 A)e?Pft — )\ 71

Then it is easy to derive that for t = 0,

t 1 — o286t oo A
2y B fuMr)dr=log{l4+A—— and f3 u(At)dt =log |1+ — | .
0 20 0 20

Let e(t) = im0 u(A, t) and denote by ¢ = inf{¢ > 0;Y; = 0} the lifetime of ¥ under M.
Then we have

(3) c(t) = N[¢ > ] = 20 — 1)1
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1.2. The real tree formulation. Define for r >0, M° , the number of ancestors (the immortal individual

excluded) at time —r of the current population at time 0. In order to define precisely this quantity, some finer
structure for CB process is needed. We recall in what follows the genealogical tree for the CB process which is
studied in Le Gall [6] or Duquesne and Le Gall [3]. Since the branching mechanism is quadratic, the

corresponding Levy process is just the Brownian motion with drift. Let B =(B,,t € R, ) be a standard Brownian
motion. We consider the Brownian motion B = (Bf,t € R,) with negative drift and the corresponding

reflected process above its minimum H = (H(t),teR,):

[2 \
Bf = Vf 7B —20t and H(t) = BY — Sé:r_};fr] BY.

We deduce from equation (1.7) in [3] that H is the height process associated to the branching mechanism i .
For a function H, set max(H) = max(H(t), t€ R, ). Let N[dH] be the excursion measure of H above

Onormalized such that N[max(H) > r] = c(r). Let (I'(H),xeR,,teR,) be the local time of H at time t and

level x. Let ¢ = inf{t >0;H(t) = 0} be the duration of the excursion H under N[dH]. We recall that
(IZ(H),r eR,) under N is distributed as Y under N. From now on we shall identify Y with (IZ(H),r €R,) and

write N for N. We now recall the construction of the genealogical tree of the CB process Y from H.

Let f be a continuous non-negative function defined on [0, 4+00) with compact support,
such that f(0) = 0. We set ¢/ = sup{t; f(t) > 0}, with the convention that sup@ = 0. Let
d’ be the non-negative function defined by:

dl(s,t) = f(s)+ f(t)—2 inf  f(u).
uE[sAt,sVi
It can be easily checked that df is a semi-metric on [0,§f ]. One can define the equivalence
relation associated to df by s ~ t if and only if df (s,t) = 0. Moreover, when we consider the
quotient space T/ = [O,Cf |/~ and, noting again d! the induced metric on 77 and rooting
T7 at 0f. the eauivalence class of 0. it can be checked that the space ( Tf.df, @ff ) is a com-
pact rooted real tree. The so-called genealogical tree of the CB process Y is the real tree
T = (TH,d" 0"). In what follows, we shall mainly present the result using the
height process I instead of the genealogical tree 7, and say that H codes for the

genealogy of Y.
Let @ > 0 and (Hg, k € K,) be the excursions of H above level a. It is well known that

> ke, 0m, (dH) is under N and conditionally on (Y, r € [0,a]), a Poisson point measure with

intensity Y,N[dH]|. We define the number of ancestors at time a of the population living at
time b as the number of excursions above level a which reach level b > a by:

RZ(H) - Z 1{max(H;€)2b7(L}'
keKa

When there is no risk of confusion, we shall write R? for R (H).

1.3. Stationary CB process. Let D be the space of cadlag paths having 0 as a trap. Consider underP a Poisson
point measure
(4) N(dt,dY) =" &, y,(dt,dY)
iel
on R x D with intensity 28dtN[dY’]. We shall consider the process Z = (Z;,t € R) defined by
(5) Zi=) Y.,
ti<t
Let E be the corresponding expectation. Forwarding to [2], Z is a CB process conditionally on non-extinction

and moreover a stationary CB process (Certainly it can be treated as a CB process with immigration from Li
[8]). Using the property of the Poisson point measure, we have:
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. "z A\ 72

(6) Ele™<t] = (1 + ﬁ) .

In particular,

. 1 9 3
(7) E[Z:] = 3 and E[Z]] = 507

1.4. The ancestor process.Let
N'(dt,dH) = 3 ;0 miy(dt,dH)
be a Poisson point measure with intensity 2/4dt N[dH]. We will write Yai for 12(H') for iel . Thus
Z .H) allows to code (on an enlarged space) the genealogy of Z defined by (5).
Let r<t. Define explicitly the number of ancestors (excluding the immortal particle) at time r of the population
living at timet, M|, by
(8) M= 1y RIZE(HY).

el
We will always identify M _, with Mf’r when there is no risk of confusion. Notice that for r larger than the time
to most recent common ancestor (TMRCA) we have M, = 0. It is easy to deduce the following identities.

: o cft) 0 clt) Be(t)\ e 42
ol —2
(10) E[e—)\_-'lf_,\] _ E’C—[l—o_’\}c[?‘Jz_,\] _ (1 + Lé;) (1 _ C—)\)) :

The next result is in a sense a consequence of the time reversibility of the process Y with respect to its lifetime ¢
which was derived from [1].

Lemma 1.1. (Zy,(M_¢,t > 0)) and (Zo, (ME,t > 0)) have the same distribution.

Note

M:
M; = /e(r) (ZS — = ) :
c(r)
Our first result concerns with the same current time s and different step width (Theorem?2.1), that is, conditional

On cgNVerges i iy the ggnse of finite dimensional to(VZsUf, 1 2 0)yith U* = (U7t 2 0) 3 Gaussian process.
It is somewhiat anti-intuitive.

The second result considers with different current time S; while with the same step width(Theorem 2.2):
let p; > 0 and s; > s;41 for 1 < i <n. Then

o B e (2]

Subsection 2.2 and 2.3 are devoted to proving the two results using some induction tools.

Il. Main Results On The Number Of Ancestors
In this section, we focus on the fluctuations on the number of ancestors M | associated toa fixed time s. In

particular we shall deal with the fluctuations from three point of view: thesame starting time with different step
width; different starting time with same step width;adjacent time with the same step width.

2.1. Main Results. First let us recall some known results from [2]. For r >0, we note

DOI: 10.9790/5728-1303035461 www.iosrjournals.org 56 | Page



Fluctuation Results For Quadratic Continuous-State Branching Process

M2
AAS — _ Me—r
M; c(r) (Zs o) ) .
Then we have:

E[_QM} C\p( 25[15 )dt)
x E [Cxp (—Z_T |:C(T‘J (]_ — c&\/‘f(—ﬂ) + ee/elr) 4, (Qm T)] ” .

This implies that the one-dimensional convergence holds: for a > 0,

E[e-o] % ple% 0],
We shall consider the normalized fluctuations for the number of ancestors in finite dimensions. The first main
result associated to fixed time s with different step width is as follows:
Theorem 2.1. Conditional on Zs, the process (M:,,t > 0) converges in the sense of finite
dimensional to (v/Z;UF,t > 0) with US = (Uf,t > 0) a Gaussian process such that for
h,t > 0,E[UfUS, ] = /2.
The second type of fluctuation is given as follows:
Theorem 2.2. For 1 < i < n,u; > 0 and s; > s;y1 with the convention that sp4+1 = —00,
we have:

E Oxp( Zp‘t w'ﬂ ”*_"kE{exp (ZR: ”—sti)

i=1 =

Remark 2.3. Theorem 2.2 implies the processes U, are independent for different s.

. . or
Remark 2.4. For the third type of fluctuation on the process (M7 0<d < 1), we can only get the
twodimensional convergence for this process, that is for a, # >0,

—aMP _p i g )0
E[C a M —nM? } E

C{a9+n2+2an(1—a‘ﬂ] iz'll]
It is not straightforward to get the finite dimensional convergence.

2.2. Proof of Theorem 2.1. By stationarity, we may fix s = 0. We first get the Laplacetransform associated to M
and Z, in the n-dimensional case through induction.

Let b<a,c.Recall that R;:E (H) denote the number of individuals (coded by H) at timea (born at time b) which
is still alive at time c. Then we have
Lemma25. Fori=1, 2, -+, nlet g >0and t, <---<t . Then

T
E {exp (— Z i, e — ,\Zﬂ)

i=1

re'l r(ef2 —e'l)
= exp —25’/ u(pg,t) dt | x exp [ =213 u(py,t) dt
0 0
r(etn _(_\fn—lj ,
X exp —2,-'3/ u(py,_q,t)dt |E [c"“ﬂz“] ,
0

where the iteration follows with py = X and for 1 <i <mn,

ph= (1 —eHM)e(re) + e Mu(ul_,r(e" —e-1))
with the convention that tg = —oo.

Proof. For n =1, it is straightforward to get by Lemma 1.1 that

A 1 _ -2
E C—Fu_-'l!_vcal—}\zca} _ (1 n )‘+C(?'C{1‘)J;1 —€ 'm}) .

DOI: 10.9790/5728-1303035461 www.iosrjournals.org 57 | Page



Fluctuation Results For Quadratic Continuous-State Branching Process

An application of (2) yields that

retl o s L
exp (—2-'3/ u(pg, t) dt) exp (—28/ u(py, t dt) (1 A+ c(ret ;1 —e# )) _
0

Thus the equation is valid for 1-dimensional case.
Supppose now that the equation is valid for n = j > 2, that is,

{cxp ( Z M e )\Zg)

re't r(ef2 —et1)
= exp —2;5‘/ u(pp,t) dt | x exp —2;3’/ u(ph,t)dt | ---
0 il
r(e'i —efi-1) o0
X exp —2,.-3/ u(pi_y,t) dt | exp (—25’/ (s, t) dt).
0 0

By decomposition with respect to the birth time, for n =j + 1, we have:

J+1
[cxp( Z,u,;fif reti )\Z{])

=E [exp | =\ Z }—f:\

—rell <ty <0

x E lexp | — Z (JJIR:F}” (Hk)"‘)‘}—rk)

—ref2<tp<—refl

x---xE Jexp | — Z (ZMR—MH 4 Hk]+,\lffg,\) }

—re'itl oty c—re'i .

j+1
xE |exp | — Z (Zpi —irc“ H'I”}—I—Al )
tp<—reti+l

It is clear that for the first j terms, they appear just as in the n = j case. Besides the integrand in the (j + 1)-th
term is the same as that of the last term in n = j case but with different integrating range. We denote the first j +

1termsas F;,,;. Thus we have:

ret1 rlet2 —et1)
Fj 1 =exp (—Q_ﬁf u(pg, t) dt) X exp (—2,:3/ u(pl, t) dt) e
0 0
rlefi —eti-1) r(efi+l — ati)
X exp (—2_5/ u(pi_y,t) dt) exp (—25f u(py, t) dt) :
0 0

For the last term, we have:

j+1
E |exp | - Z (ZMR—N B Hj‘]—l—)\}_rk)

tp<—reli+l \iI=

o0 .
(11) — exp (_25% dt N [1 — exp (_gﬁlﬁgm‘t]“ (H) = F(\ 1, ,u_._H})} )
where F(\ t,u, H) = "le ,u;]-?zi::::i o (H)+AY,  ¢;i. The integrand in equation (11)

can be written as
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N (1= exp (=g BTV (H) = FO\ o0, 1) )|

1 —exp (— > (i L sretisty + F(A0,p, Hq)))]

q
= N1 exp (<Y [1 = ™ Hieoretiony ORI T

=N

Moreover we have:
1 —F(X0u,H
R e

— (1 —e™+)N[¢ > rev+] £ e ™+ N [ F(A, Dp',H):| !

where it can be deduced from the n = j case that
N [1 _ Q—Fuﬂ,p:H)} (7 (efi+1 —el)) .

Then we get

N [1 _ o Pt din }.—F(A:U#,H)] v
as well as .
N {1 _ et BT ) - F (b H )] = w1, 1).
Thus the equation is valid for n = j + 1, which completes the proof. O
Proof of Theorem 2.1. Let p; = o for 1 <i<mn,and A = 31, miv/e(ref) in

v elreti)

Lemma 2.5 with 7; = 0. First it is easy to deduce that as r — 0+,

u(A,reft) ~ X\ — (i m&) (Z g (1=t )KQ)

P e(relt

An application of (2) yields that

refl
exp (—26‘/ w(pug, t) dt) — 1.
0

For 1 <i<n—1,itis elementary to deduce that as r — 0+,

2
i ~ Z M/ e(ret) — an +Z {Z kM) elte—ti)/2 _ an\/efk—tj—efk—l—‘j } .
izk

j=i4l
This entails for 1 < i <n — 1 that as r — 0+,

r{ati —gli-1)
exp —2_,5’/ u(p)_q,t)dt | — 1.
0

For the last term, we yvield

2
(12) i, ~ —Z ]J +z {Z M elte—t3)/2 _ anvfctk—tj — etk—1—t; } ‘

j=1 2 k=1 | >k izk

Some elementary calculations on the right-hand side of (12) yields
1 PR
p_;l ~ _3 Z 7;‘17]_} C{E& EJ)."’2
T 1<ij<n
The result thus follows.
2.3. Proof of Theorem 2.2. Recall in the quadratic case, for 4,t >0,

20
20 02501 L\ (2701 1)

u(At) =
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We can further generalize this to A € [-26,+0) since for anyt>0, U(A, t) can be definedon[ f, (t), o) with
fo(t) =201 — ™)~ \unite 1, (1) > 26.

We consider the n-dimensional case as r >0 small enough, S, >---> S and note S, = —o0. By stationarity
and the similar calculations as that of Lemma 2.5, we have:

Lemma26. For 1<i<n,¢; 20, weget:

13
( )E {e_ZLI(aiM::”%Z”ﬂ = exp (—25% ( /T u(Bi.t) dt + /SZ_SM_T u(a. ) dt\\ .
where inductively,

Bi=p1, i=1;
Bi=Bi+ulaj_q,si-1—si—r1), i>2;
al=(1—e™)e(r)+e ™ u(p,r), 1<i<n.

Then we are ready to prove Theorem 2.2. The following is dedicated to this.

Proof of Theorem 2.2.Note first that equation (13) can also be generalized to the negative case as illustrated
above for u(4, f).

n

Now let ¢ =—g4 1,/C(r), B, = p4,4/C(r) for 1< i < nwith the condition that Z,uiz <46 . We can get the
i=1

convergence asr —0+ from (13) through approximation.

First we deal with @; and /3 . We havethis yieM(sLl\/c(r),r) ~ pir/e(r) — pd,

{0 (Jul V C(?)) —‘ rl0
: —1
(] (t!- (,ul vel(r), r)) c:’ﬁg?’J

exp {—Q_D"ﬂ U (pl\f C(?‘),q) dq} = exp {— log
In addition as r — 0,

) f i N i1 : o0\ M
ay ~ — ( T(-r) + 2c(lr)) c(r) + (1 + —C(?‘)) (Mm—#l) ~ —?1.

Thus we have:

8y —ag—7T 10 81 —89 ,U.Q
exp (—2.-'3/ u(al, q) dq) —— exp (—2.-‘3/ u (—?l‘q) dq) .
0 0

- 2 ) .
Second for 3}, we have 8 ~ pa\/e(r) +u(—5, t — s), which entails

oo Mo 10
exp | =28 [ u(Bsy,q)dg) — 1.
i

.. . . . 2 2 24p3
Similar calculations as that of o] gives af, ~ —%’ + -u(—%l‘ §1 — 89) = —@.
We can now use the induction to deduce that for i > 3,
2
! B3 ! .
o ~ =5 +u(og_q, si1 — si);

B~ pin/elr) +ulal_q, i1 — s4).

Then af is negative but bounded from below by —26. This yields for every i that

T L0
exp | =28 [ u(Bi,q)dq ) — 1.
0
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Then under the condition that S . u? < 46, we have for r — 0+:
i=1 Mi
B [orsi ]
9, ) 1 pRi—8ig1 e
- FE [C;t:’HeQZ,;“—u[a:|_1.3,4_1—s,4JZ,,-H] C—-,&Z;;l Jot T hulalndt +O(1}

-2

5, . e ‘
- E |:C”'n.’" 274, +ﬂft_1zan_1] o 28 T ot T (el t)dt +o(1)

T 2 je
I'.,.UP E [CZE;I ILll'?"22"2:| 5

where we use the conditional on Z, in the second equation.

An application of Mukherjea et al [9] will give the result for any z4 > 0. The result thus follows.
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