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ABSTRACT 
A generalized double sampling estimator for the estimation of finite population variance is proposed, its bias 

and mean squared error are found, and its comparison with the usual estimator of the finite population variance 

is made. A subclass of estimators depending upon optimum values for which the subclass attains the minimum 

mean square error is investigated and further a subclass of estimators depending upon estimated optimum value 

is also searched and its properties are studied.  

KEY-WORDS: Optimum estimators, Bias and mean square error, Estimated optimum and Efficiency. 

 

I. INTRODUCTION 

For a first phase large simple random sample of size 'n  from a population of size N , let the auxiliary 

character x  be observed to find an estimate of population mean X  of  x , and further, let the characters 

x,y  be observed on the second phase simple random sample of size n  from the first phase sample of size 'n . 

Let ( )X,Y  be the population means of the characters ( )x,y  respectively, x  be the sample mean of n  first 

phase sample values on x  and ( )x,y  be the sample means of n  second phase sample values on ( )x,y  

respectively. Also let   be the correlation coefficient between ( )x,y   and 
( )
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based on the second phase sample observations ( )ny,...,y,y 21  , be the conventional estimator of the finite 

population variance 
2
y  .  

For estimating  
2
y  , the proposed generalized double sampling estimator is 

( )x,x,sgˆ yd = 22                  (1.1) 

where ( )x,x,sg y 2
 satisfying the validity conditions of Taylor’s series expansion is a bounded function of  

( )x,x,sy 2
 such that at the point ( )X,X,Q y

2=  , 

(i)   ( ) 22
yy X,X,g  =  ;                               (1.2) 

(ii)  first order partial derivative of  ( )x,x,sg y 2
  with respect to 

2
ys  at the point Q  is unity, that is, 
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(iii) 21 gg −=                                  (1.4) 

 for first order partial derivatives 
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(iv) second order partial derivative 
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(v) 0201 gg −=                                  (1.6) 
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II. BIAS AND MEAN SQUARE ERROR 
Let 
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where ( )ii X,Y  are the values on the characters ( )x,y  respectively for the ( )N,...,,iith 21=  unit of the 

population. 

 Further, let  

22
211 yy Sse,Xxe,Xxe −=−=−=  so that (for large N )  
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Expanding ( )x,x,sg y 2
 about the point ( )X,X,Q y

2=  in third order Taylor’s series, we 

have 

( ) ( ) ( ) ( ) 210
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where second order partial derivatives ,g,g 2211  and 12g  are given by 
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 ( )XxXx* −+=     for  10  .  

 Employing regularity conditions ( ) 22
yy X,X,g  = , 21000 ,0,1 gggg −=== and 

0201 gg −=  from (1.2) to (1.6) in (2.1), we have 
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 Taking expectation on both the sides of (2.2), to the first degree of approximation, we have 
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Squaring both the sides of (2.2) and taking expectation to the first degree of approximation, we have 
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III. OPTIMUM AND ESTIMATED OPTIMUM VALUES 

From (2.4), we see that the value of 1g  for which ( )2
dˆMSE   is  minimized, is given by 
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and the minimum mean square error is  
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Practically, the optimum value 

02
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−=D   may not be available always, hence the alternative is to 

replace the parameters involved in the optimum value by their unbiased or consistent estimators and thus get the 

estimated optimum value. Replacing 21
2  ,X,y  and 02  by 
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The condition Dg =1  in (3.1) to attain the  minimum mean square error in (3.2) shows  that our 

estimator 
2
d̂   as a function ( )x,x,sg y 2

  should involve  D  also, that is, our estimator should be of the 
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form ( )D,x,x,sg y 2
 satisfying the condition Dg =1  along with the conditions (1.2) to (1.6) to attain the 

minimum mean square error in (3.2) . As D  is unknown in ( )D,x,x,sg y 2
, we replace it by D̂  given in 

(3.3) and thus get the function ( )D̂,x,x,sg y
* 2

  as an estimator depending on estimated optimum value. 

Now expanding  ( )D̂,x,x,sg y
* 2

 about the point ( )D,X,X,Q y
* 2

=  in Tailor’s series, we have 
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 Noting the conditions ( ) ***
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 Squaring both the sides of (3.5) and taking expectation, we see that the mean square error 

( ) 222
yy

* D̂,x,x,sgE −  to the first degree of approximation, becomes equal to ( )
mindˆMSE 2  

given by (3.2) if 03 =
*g , and thus the estimator taken as a function  ( )D̂,x,x,sgˆ y

*
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upon estimated optimum values, attains the minimum mean square error given by (3.2) if 
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Depending upon estimated optimum value D̂  , some particular members of the class 
2
d̂  attaining the 

minimum mean square error in (3.2) and satisfying the conditions in (3.6),  are given in Concluding Remarks. 

IV. CONCLUDING REMARKS 
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(a) Some members satisfying the regularity conditions from (1.2)  to (1.6) and belonging to the class of 

estimators 
2
d̂  are  
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where k,k,k 21  are the characterizing scalars to be chosen suitably. For the estimators ,
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the unknown parameters are involved. Hence, replacing  the unknown values in the optimum values of 

k,k,k 21  by their unbiased or consistent estimators, we get the estimated optimum values  
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22 1  satisfying the conditions in (3.6), attain the minimum mean square error 

given in (3.2). 

(b) It may be further mentioned here that, if we directly proceed to find the mean square error to the first 

degree of approximation for the estimators 
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22 1 , we will find the same minimum mean square error as obtained in (3.2) for 

the generalized double sampling estimator 
2
dê  depending upon estimated optimum value  D̂ . 

(c) For Nn = , single sampling results may be easily found from those obtained here for double 

sampling. 
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