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ABSTRACT

A generalized double sampling estimator for the estimation of finite population variance is proposed, its bias
and mean squared error are found, and its comparison with the usual estimator of the finite population variance
is made. A subclass of estimators depending upon optimum values for which the subclass attains the minimum
mean square error is investigated and further a subclass of estimators depending upon estimated optimum value
is also searched and its properties are studied.

KEY-WORDS: Optimum estimators, Bias and mean square error, Estimated optimum and Efficiency.

l. INTRODUCTION
For a first phase large simple random sample of size n' froma population of size N, let the auxiliary

character X be observed to find an estimate of population mean X of X, and further, let the characters
Y, X be observed on the second phase simple random sample of size N from the first phase sample of size n'.

Let (Y_, )?) be the population means of the characters (y,x) respectively, X' be the sample mean of n' first

phase sample values on X and (7,)_() be the sample means of N second phase sample values on (y,x)

n
respectively. Also let O be the correlation coefficient between (y,x) and S)Z, = (n—]-)Z(yi — )7)2
—Hi=l

based on the second phase sample observations (yl Yo,-0¥Yn ) , be the conventional estimator of the finite

population variance 6)2/ .

For estimating G)Z, , the proposed generalized double sampling estimator is
&5 = g(s§ ,)‘(,)‘(’) (1.1)

where 9(832/ ,)_(,)_(') satisfying the validity conditions of Taylor’s series expansion is a bounded function of

(Si ,)_(,)_(') such that at the point Q = (02 X ,)?)

y 1
0 gl X.X)=02 (L2)
(ii) first order partial derivative of g(s§ ,)_(,)_(') with respect to S§ at the point Q is unity, that is,
agls2 x,x’
sy
Q
(iii) 0;=-0, (1.4)

for first order partial derivatives
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ag(si,i,i')} _ 6g(s§,>‘<,>‘<’)] |
Q Q

1= J2 X'

(iv) second order partial derivative

azg Sy, X, X

Joo = ( y2 5 ) =0 (L5)
a(Sy) Q

(v) Jo1 =90 (1.6)
o%g s§,>‘<,>‘<’) d 9(32 X >‘<)

for =~ , SRR v A
Jot os2ox AR S20%'
Q

Let

1N —\r \s
Hirs __Z(Yi _Y) (XI - X)

N iz

. -th (: .

where (Yi ,Xi) are the values on the characters (y,x) respectively for the | (I =1,2,...,N) unit of the
population.

Further, let

\Va va 2 2

e,=X—-X, gg=X"-X, eZZSy—Sysothat(forlarge N)

E(e,)=E(ef)=E(e,

)
12):/‘_32, E(eiz): A;o’z , E(ezz)_ﬂ_fo(z_;;z_1J :“—fo(ﬁzy —1),

E(elei):%’ E(eleZ): 21 , E(eiez)= £

=0 and

E

D

!

: ‘
>

about the point Q = ( X ,)?) in third order Taylor’s series, we
have

)90 ()_(_ X)91+()_('_ )7)92

3
+(x = X) 4 } g(sf,*,i*,ﬂ) 2.1)

where second order partial derivatives J11, {9, and Jqo are given by
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Ju = ox?2 ox'? oXox'

R
— V5 | 9 Em | Y E (|
Q Q

Jos 915 92, Jgos Jo1 and ggp are already defined and

s§*=a§+9(s§—85) , % =X +0(x-X) |
=)?+(9()_('—)?) for O< @ <1.
Employing regularity conditions 9(032/ ,)?,)?): 65, Yo =1, 900 =0, 0,=—0, and

Jo1 = —Ygp from (1.2) to (1.6) in (2.1), we have

4{5 ) (x—X)g, - (X—X)gﬁ%{(x_x)zgll

922+2(3 =S X —)? 2(5 §X>_(’—)?)gm

+2(>‘<—>?)(>‘<'—)?)ng }A{ (g_sg)iz+(z_x)i

. o ) (o7 1., «
o 65-0f =[] -] )+ {x - X)—(x = X)gr + 5 [x - X ou

3
%) }g(si*,xc,xi) . (2.2)

Taking expectation on both the sides of (2.2), to the first degree of approximation, we have
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2 2
B e ' '
E(Ug—U;Z/): Eie,+(e, —ef)g; + 2 —On +—; 92 + (18, —eie; )aoy +ee10y,
Biaslg2 )= Ho2 /102 (/U21 /leJ ,Uoz
or ( d) on Ju11 0 0 Jo
Hop ( 911 | 92 J12 1 1)
2 ( n n’ n'j (n n’ #2190 @3

Squaring both the sides of (2.2) and taking expectation to the first degree of approximation, we have
. 2
E(ag— o-f,) = E{ez2 + (el2 +e)% — 2e1ei)gl2 +2(ee, —eje, )gl}

2
-1
or I\/ISE(&&): ,Uzo(ﬂZy )J{ﬂoz n Ho2 _Zﬂo’z jglz +2(&_@j91

! !

n n n n n n
= MSE(S§ )+ (% - %jﬂoz 912 + 2(% - %jﬂZl 01
or MSE(&g)z MSE(s§)+ (% - %)(yozgf + 2y21g1) . (2.4)

1. OPTIMUM AND ESTIMATED OPTIMUM VALUES

From (2.4), we see that the value of {J; for which MSE (&5) is minimized, is given by

2 25
Hop Oy 1“21/0-)/ X
Hop X Cy

and the minimum mean square error is

2
. 1 1
MSE(62) . = MSE(syz)—(———. Ha 62
n Hop
Practically, the optimum value D = _Ha may not be available always, hence the alternative is to
Hoz
replace the parameters involved in the optimum value by their unbiased or consistent estimators and thus get the
estimated optimum value. Replacing 62 X 1Mo and Hoo by
832, , X, My = —Z(y, ) (X — X) and Mgy = —Z(X — X) respectively, we get the
i=1
estimated optimum value to be
2
2 Sy ’
D=——1 (3.3)
X
My /s2%
;21 >y 22 _ My
where 4 = 25 , X =5
C2 X

The condition {1 = D in (3.1) to attain the minimum mean square error in (3.2) shows that our

estimator 6‘5 as a function 9(85 ,)_(,)_(') should involve D also, that is, our estimator should be of the
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form g(s§ ,)_(,X', D) satisfying the condition §; = D along with the conditions (1.2) to (1.6) to attain the
minimum mean square error in (3.2) . As D is unknown in g(s§ ,)_(,)_(',D), we replace it by D given in
(3.3) and thus get the function ( ) as an estimator depending on estimated optimum value.

Now expanding (332/ X, X" .\D ) about the point Q ( 2 XX D) in Tailor’s series, we have

g*(s)z,,i,x’,lﬁ)zg (ay X, X D) ( o, )go+ (X - X)a;

+(x' = X)g5 + ([3 - D)gg Fo (3.4)
— . oq
wnere °(0,7. X, X, D)=0” —% =1
« 0 « o9 _
=" » 92—, with g3 =—0> ,
OX o X o
~ o9
and 03 =—=
oD o
Noting the conditions {J (G XX D) g =1, g :—gzm (3.4), we see that
g"(s5.%x.% B)-0y =(s] - o} )+ {(X X)- (%= X)jgy
(D D)gS+ . (3.5)

Squaring both the sides of (3.5) and taking expectation, we see that the mean square error

A 2 A
E[g ( X, X' D)— 0_)2/] to the first degree of approximation, becomes equal to MSE(Gg )min
* ~ * - o N
given by (3.2) if g = 0, and thus the estimator taken as a function O'ge =0 (Si ,X,X', D) depending

upon estimated optimum values, attains the minimum mean square error given by (3.2) if

* — = 8 * * *
g (0)2/1X’X!D):O-)2/ ) % =1 ' gl :_g2 !

oSy | =

Q

a2q” . 0%q” 0%g” *
F| 70 e | T aeer| T 69
a(SY)Z Q* y Q* y Q*
and g;=0

A

. . . . ~2 .
Depending upon estimated optimum value D , some particular members of the class Oy attaining the

minimum mean square error in (3.2) and satisfying the conditions in (3.6), are given in Concluding Remarks.
IV. CONCLUDING REMARKS
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(a) Some members satisfying the regularity conditions from (1.2) to (1.6) and belonging to the class of
estimators 65 are

. ) 2 X
W G5 =S| = |,
Coe y()_(,j
N
" X
iy G4, = §(f,j ,

iy O =5:+k,(X—X)

. X'
and (V) Gg, =ksj +(1- k)s;f(—j
< \K
of XV
where Ky ,K ,K are the characterizing scalars to be chosen suitably. For the estimators Sy ? ,
2
y

- - X' o
SS + kZ(X — X') and kS§ + (1— k)Si(g) , We see that the values of {J; are k17, k2

02

and — (1 — k)7y respectively, and equating these values of (4 to the optimum value D in (3.2

X X
gives respectively the optimum values of Ky ,K, K to be — D, Dadl+ — D wherein

Oy Oy
the unknown parameters are involved. Hence, replacing the unknown values in the optimum values of
kl,kz,k by their unbiased or consistent estimators, we get the estimated optimum values

o . . L2 a2 <2 [ X5
Ky ,K5 K respectively for the estimators Od, Og, and Oy, to be k; = D, k,=D

o Ky

A X A X 2 N

and k=1+ — D for which the estimators 33(:) , Sy+k2(X—X') and
S X

y

) N2 X)L o . -
kSy +1-k vl = satisfying the conditions in (3.6), attain the minimum mean square error
X

given in (3.2).
(b) It may be further mentioned here that, if we directly proceed to find the mean square error to the first

kg
. ) 2( X 2 ey o
degree of approximation for the estimators S| — .S +k2(X —X) and
y )—(' y

o2 2 X - . o
kSy +11-k y| = | we will find the same minimum mean square error as obtained in (3.2) for
X

A

the generalized double sampling estimator 656 depending upon estimated optimum value D.

(c) For n"=N, single sampling results may be easily found from those obtained here for double
sampling.
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