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Abstract: In this paper we study some properties of the modified new Bernstein type operators introduced by
M. A. Siddiqui et. al. in 2014. We show that some properties of the original function such as shape preserving
properties, smoothness properties, etc. are preserved by these modified operators. We obtain an estimate on
rate of convergence of these operators in terms of modulus of continuity. We also study pointwise
approximation by these operators with use of Peetre’s K-functional and Ditzian-Totik moduli of smoothness and
obtain a direct theorem for these operators.
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. Introduction
If f is a continuous function defined on [0, 1], the Bernstein operators B, ,n € M, are defined as

Baf)() = Z b7 (5), € 0]
k=0

Where
T
bz (x) = (k]xkﬁ —0)" k=012 ..

(Byf) is a polynomial of degree atmost n, n € B, which converges to f uniformly on [0,1].  In the year 2008,
N. deo et al. [2] introduced the class of new Bernstein type operators as
T

VaN@ = Y o1 () W
k=0
where f € C [EIJ ::] and
P = (8) (D) (F-2) @

Corresponding Author.

In 2014, M. A. Siddiqui et al. [9] introg!uced a class of modified new Bernstein type operators as
k
Vilfix) = ;pn,k (f (m) (3)

where f € C [ﬂj i] and pn(x) is same as in equation (2). Note that these operators are defined on the mobile
b3
interval [D, %] .1 & M. and for sufficiently large n, they convert in the classical Bernstein operators.
(g

It was proved in [9] that V,; f converge uniformly to f on [IZI, ﬁ] and that they are more close to the classical

Bernstein operators in comparison with the operators in (1). In the present paper we study some other properties
of the operators V,; .
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Il.  Basic Results
In [9] following results were proved.

Lemma 2.1. For each x £ [ﬂ,ﬁ] .1t E M, we have
Vilegpx)=1
Vilegx) =x

Vi(eyx) = x? +E (HI n —x)

(n—1)(n—2) , (n—1) x
2 T nn+1) (n+1)?
(- Dr-2)@-3) , (n-D(n-2)
3 T T D

Vi(eqx) = x3

Vi(esx) =x

PR Gt B
x nn+1)? (n+1)3

where e (t) = t/,j = 0,1,2,3,4.

Lemma 2.2.
Vi((t—x)x) =0

. Xy n
Vit —x) :x]—;(m—x)

2x3 32 x
Villt—x)%x) =—— 2
2 (¢ =2)%%) n? n(n+1j+(n+1]‘
(3n—6) , 6x3 2 (3n-—-7) x

FER +n2[n—|- 1]+[n-|- 1) n +(n+1]3

Va((t—x)%x) =

I11.  Shape Preserving Properties Of ¥,

In [7] certain shape preserving properties of Bernstein polynomials were established in the form of following
theorem.

Theorem (A). Let f : [0,1] = R.Then

n—m

BR(fix) = (ﬂf—;njl ; (n_km)xk(i— x]“_m_kﬁzf(g)m =01, ..,n

In particular if f is m-convex , then so is By(f).
In this section we shall establish similar properties for the operators V,; () involving forward differences of

the function. The forward differences of any function f : [0,1] = R are defined as,

A f(x) = flx+h) — f(x),xh € [01],

ALF(x) = B, (AT () ) r 2 2.

Thus f is monotonically increasing if A, f(x) = 0 and convex if AZf(x) = 0 for all x € [0,1]. More
generally, f is m-convex if AT f(x) = 0 forall x € [0,1].

Theorem 3.1. Let f : [ﬂ,ﬁ] — R .Then

n—m

o 2 ST

k=0
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k
xamy f(—) @)
el n+1
wherem =0, 1,...,n. In particular if f is m-convex, then so is V,; ( f ).
Proof. Differentiating both sides of equation (3) with respect to x we obtain,
Ve (F: )]
i
1+m" ! , n n—k L ¢ M n—k—1
= Jex 1 —Xx —(n—kx*|——x ]
( n )Zu(k)[ (?1+1 ) ( ) (Tl-l-'l )
<t (51
J]I:*r1+1
1+m\" v ! . 1 n—k k
- (=) ) )
n ; l(k—ij!(n—k]! n+1 n+1
k=
n—1
(1+n)“z ! k( n )ﬁ—?f—i ( k )
—|— x —x
n ; u(k]!(n—k—i]! n+1 f n+1
k=
n—1
1+m" nin—1)! Lf N n—k=1 s+ 1
- (5 Zwtore e ) G
n 10.&:!(71—#:—1]! n+1 n+1
k=
n—1
1+m" n{n— 1)! L on n—k—1 k
-G 2o G )
n ; uk![n—k—i:]! n+1 n+1
k=
|._1
By () ) D) ()
= n x —x —fl—
n o k n+1 f n+1 f n+1
k=
n—1
n! 1+ny™ n—1y , n n—1-k k
o) 20 G a5
(n— 1)\ = T k n+1 =1 \n+1
Again differentiating
[Va (f;x)]"
n—1
1+m"™ n—1 ; n n—k—1
-(59) 200 e )
n k n+1
k=0
it n—k—2 k
= — k — -
(n—k—1)x (n+1 x) ]ﬁf(n+1)
n—1

14 m\" % (n—1)! i T n—k—1 k
ZH(T) 4 -1l (n—k—-1)" 1(n+1_x) ‘”(n+1)

1

=1

o2 _ b
() i ) ()
nit _ _ n—k—
=“(1:ﬂ) ;z(ni—}(;—;]}!!xk(nl_x) 2‘”(;:::1)

n—2
1+m" o n—1)n-2)} ,,r n n—k—2 k
_n( n ) Kn—k—2)1 " (?1+1_x) ‘”(n+1)

k=0
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n—2

- (5 () )
k
i)

- (ni!z:]!(i : n)ﬁz (n ; E)Xk(ni 1 x)ﬁ_z_kﬁi%f(n jc- 1)

k=0
So by induction we have
n—m
1! 1+m™ n— sy , 1 n—m—k
UAEED) Ll e T (", )2y
k=0
k
<oy f(—
e n+1
m=0,1,...,n. Therefore if f is m-convex , then A™ f(x} = 0 and hence V,;(f) isalso m-convex.

O
Next theorem is a direct consequence of previous theorem.

Theorem 3.2. If f(x) is non-decreasing on [l],nn:] , then for each m € M, Vn*(f; x) are also non-
decreasing .
Proof. If f(x) is non—decreasing on [III, nn:] , then from equation (5) it follows that [V (f;x)]' = 0. And

hence foreach . € M, 177 (f;x) are also nondecreasing.

]
In [6] it was proved that Bernstein polynomials preserve starshapedness of the function. A function

f:[0,1] = R is called starshaped on [0,1] if, f(Ax) = Af(x), ¥4 € [0,1],x € [0,1]. If there
exist £'(x) on [0,1], f(0) = 0, f(x) = 0, x € [0,1 ]Jthen the starshapedness can be expressed by the

differential inequality ,
xf'(x)— f(x) = 0,vx € [0,1]

Now we show that operators V,; also preserve starshapedness on [III, ﬁ] Jen e R
o~ i - = [ L]
Theorem 3.3. If f [IZI, n+1] — Rsatisfy f(0) =0, f(x) =0, x € 0,— |and
f is starshaped on [D,ﬁ],then (VIA0)=0,(Vif(x)=0, x € [l],nn:] and (V.;f) is

starshaped on [III, i] L7 E M.
n+l

Proof. From equation (3) we have

1+ny" n - n—k
wirn = (57) Q)G ro+ 2, () G5
) 0

If f(0) = 0 then clearly from equation (6) , we see that (¥, f) (0) = 0. Also it is evident from definition of the

operator (3) that, if f(x) = 0, x € [D,n%]then (Vif)(x)=0,vx e [IJ,:: ] ,Vn e N.

Now from equation (5) we have

[Vi(fix)] ,
- S ) D ) o
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By definition of the operator we have

BN (L)Y e ) ()

1+n n(n —1)! ! n=l-k  k+1
=( n ) k:ﬂ(k+1}k!(n—1—k}!j:k(n+1_x) f(n+'l)

n—1

:(1171)”;( ;1)(&;11}‘*’{(7111_x)n_l_kf(j:ii) ()

So that from egs. (7) and (8) we have

[Vi(f:x)] — V,,*(i’:xj _ (1 -ln-n)“ﬁzin(n ; 1)35‘(“ i . x)ﬁ—i—k

k=0
)7 G170
E+1 f n+1 f n+1
n—1
1+ " n—1y , ¢ n n—1—k
_( n )Z‘;n( k )x (n+1_x) A“’k(ﬂ ®)
If f is starshaped then f(Ax) < Af(x),0 <A < 1.Then
(k ) (k+1)} ( k k+1)_ ( k ) 10
pry L ey bl pang ey Rl W) (10)
k41 k
S0 Api(f) = m)f m) —f (n+1) = 0. Hence from equation (9) we have
*(f x)
[Vi(fix)] — =0
Hence V,; (f)is starshaped on[ ],‘v‘n € M. ]

IV.  Some Other Properties of ¥,

In this section firstly we prove that like Bernstein operators [See [5]] , operators V' are also variation
diminishing. Recall that a variation diminishing operator L, has the property

VIL,fl =VIf]

where V[ f] is the total variation of f as x varies across its domain.
Theorem4.1. For eachn €M and fE C [ ] ;. is variation diminishing.

Proof. By deflnltlon of variation of a function and equatlon (5)

Ve f1 = j Ve (3201 ldx

) SO ) ) o

On substituting = ( +1) t , the previous inequality takes the following form

n—1 1

tensnd ("7 P ED) - () [Fu-orea
“n (" s an-n () ()
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n—1

B

S PED -5

= V[f]
Thus the result follows. o
Now we give two more properties(see [10]) of these modified new Bernstein type operators.

Theorem 4.2. If f(x) is a non-negative function such that x ’f(x) is non-increasing on ({L ﬂ » then for each

n=1 x W f(x) isalso non-increasing.
Proof. Suppose f(x) is a non-negative function such that x ’f(x) is non-increasing
on (ﬂjﬁ_-l .Thenfor n = 1

d —1lyr=
E[x Va (f,xj :l

-2 x'liprk(xjf( ‘ )]
(1+n) Z( (n+1) {xk_l(nji_x)n_k}

(Yol

dx

14+m\" v n! _ n—k
:( n ) _k!(n—k}' (n+1){(k D (57 %)
- 1(?1—3::}(——;5 nk- 1} ‘l+'r1 fig}(nj—i_x)”
1 +m\"nf(0) n-1
_( nn)_zlx (n+1 x)

= (1 In)” (nj 1) (n ; 1) kin:ii} p (i i 1) Xk_l(n:l_ - x)n—k—l

n(n k ) (n+ 1)xH (nj 1_x)ﬁ_

1 i k—1

= '%"‘
Il
ot

(i)
(=)

f[ﬂ] { n 1 }
—xX|—+n
x n + 'l ) (n +1 }x
n—1 n—1
(530 2| G- ) )]
B T n+1 n+1 4 n+1 k
k=1 k=1
. n n—k=1 14+ m™ £(0) n—1
X x* 1 —x — ( ) —x M
(n +1 } 1 x (n +1 ) ¢
n 1
N {n +1 - x) ;}
This is non-positive by assumption. Hence x “f(x) is non-increasing. O
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Recall that a function ¢(t) on [0, 1] is called a modulus of continuity if ¢(t) is continuous, non- decreasing,
semi-additive, and lim, _, ;. e (t) = w(0) = 0.

Theorem 4.3. If @(t) is a modulus of continuity then for each n = 1, ¥,"(w;t) is also a modulus of
continuity.

Proof. For any modulus of continuity ¢(t) and 1t = 1 , we see that

Li_r}lg Vi(ast) =V (w;0) =w(0)=0

and V.7 (ew; t) is continuous and non-decreassing. Let x4 =< X, be any two points

in [ﬂ,i where ﬁ = max {x4,%x5). Then following [1] we have from equation (3)

mn

0 = 3 (8 () om0y (g ()
o () )

=0
} -
X Z(i)xi{(ﬁf:_xﬂj_k
k=0
n I )
_Z (1+n)”n!xf(x:—xl}}'k n n=j (j )
T 44 Un k!(n—j}!(;—k}!(nﬂ %) A b

On inverting the order of summation and writing k + | = j, then
n n—k

w6 =23 (3 i) ()

k=0 =0
(11)
Again from (3)

n

w0 =3 (57) DG ()

k=0
D E O (e mr g-w) )
N e N e e I

n n—k

- Z Z (1 :1_ n)n ;I;i::::l:x—z I:f:%l‘l (n:—nl- 1 xz)n_k_: f(’n Ii-(I:- 'l)

k=0 1=0

=

(12)
From (11) and (12) using semi-additivity of e () we have, for 0 = t; < t, = ﬁ and t; +1, = ﬁ
VHE‘(MF ti} - Vng(f‘-:'; t:}

n n—k

S e e T o) o ()
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3 Y ) A ™ o)

_k=l}:=l} 1 Ellln—k—-0D'\n+1 °° n+1
- 1+ny" (&, — )0 i — n—1I | n-i—k

=ZD( n ) 1(n—D! m(n+'l) ;( k )tl(n+1_t2)

=14y , nel ¢
=2 (57) (e-w Ga—nrs) o)

= Vi(w;t; —£)
This shows that ¥ (ew; £) is semi-additive and hence ¥ (ew; t) is a modulus of

continuity. O

V. Rate of Convergence of V,(f)
In this section we compute rates of convergence of the operators ;" f* by the means of first and second

modulus of continuities. Let f € C[0, a]. The modulus of continuity of f denoted by w(f, &) is defined to be
w(f,d)=  sup  |f(s)—fx)|

| s—xl =dxe[0a
The modulus of continuity of the function f in C[O, a] gives the maximum oscillation of f in any interval of
length not exceeding & > 0. It is well known that a necessary and sufficient condition for a function f to be in
C[0, a] is
él_r;% w(f,8)=0
It is also well-known that for any & > 0 we have

) - F)1 = f, “}('5 al 1) (13)

Theorem 5.1, Letf EC [ ] Vi(f;x) be given by (3),then

() = 711 =5 (7 6,)
where &, = n~1/2,

Proof. For the proof we use similar technique of Popoviciu [8]. Let w(f,8) denote the modulus of continuity
of function f, then we can write for any & > 0

£ - FO)] = wlf “}( al 1) (14)

Now using linearity and positivity of ¥ (f; x) and (14), for n € M and x € [ﬂ,ﬁ

we have
[V (F5x) — £ = V(1) — Flx)l;x)
=< w(f,d) (—V;{l: x: %) + 1)
< w(f,5) (Uf::‘((t—z}'f:x}}”2 N 1)

= olf, “}(oﬂn(ﬂ:1 )H)

H . . .
We see that the maximum value of —{— - Jc) in the interval [III, i] is L , SO we have
+1 n+l 4(n+1)%

IVL(f5 ) = FRI = w(F, "J( ﬁ +1)
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=w(f,8) (26711“(71 +1)
= olf "'}(2“ 72 1)
If we choose & =n"Y2 then
[V (5 ) = £l EE w(f, 8,). (N

Ditzian in [3] gave a direct estimate for the Bernstien polynomials using Ditzian - Totik moduli of
smoothness. Motivated from it we give a direct theorem

for the operators in equation (3). For this we give some notations. Let C[ﬂji] be the set of continuous and

bounded functions on [{L ﬁ . Ditzian-Totik moduli of smoothness is given by

wa(f)=sup  sup |f(x—het () - 27 + £ (x + ho? (1))
0.h<e xthp” 'x}E[U%
(1)

where @(x)? = x (L — x) and K-functional

K (f,82) = nf{lf — gllgg, o =1 1ol -} as

where infimum is taken on functions satisfying g, g’ € A. C,
It is well known (see [4], Theorem 3.1.2) that mi}. (f ) is equivalent to qu*’- (f,t%). That means there exists C

> 0 such that

CTHK A (fit%) < wia(fo 1) = CK 2 (f,17) (17)

Theorem 5.2. IffEE‘[ +] 0= A =1, then we have

[V (f52) — F)] = Calif, n"2 e(x)™4) (18)
where @(x)% = x (% — x)
Proof. Using (16) and (17), we may choose & = &, ... for afixed x and A such that
If = gl < 4w (£.n 72 0(x)1) (19
o) e < Bal ( n” fﬂ(x}l"‘) (20)

So by linearity of ¥ (f) and using (19),(20) we have
Vi (fi ) — F)] = IV (F —gs )| + 1 f(x) — g(x) | + 1V (g5 x) — g
<2lf —agll + 1V, (g5 x) — g ()|

= EAmfp)_ (ﬁn_i wlx 1_’1) +|Vilg; x) — g(x)| (21)
Using Taylor expansion with integral remainder
FO=f@+F@E-D+ [ C-wf @ (22
From([4],p.141),for t < u < X, we have
[t —u| |t —x]

oW ~ o(x)*
Hence from Lemmas 2.1 and 2.2 and (22) , (23) we get

(23)
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Vi (g %) — g ()| < |g |1V (£ — )| + |V j(t—u}g"(ujdu;x

& |t_x| j 24 _m
=V, W J-cp[u]‘ g"(w)du|;x
(t — x)?

24 _m & .
5”‘;’ g ||Vn o (x)2 P X

~ [l "2
p(x)?
— n—lcp[x:]:—zd ||‘F|2..5|.gr|||

= Bm;). (f,n_; qﬂ(x:ll_j') (24)

From (21) and (24) we get the desired result. O

(1]
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