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Abstract: In this paper we study the additive properties of generalized Drazin inverse of two Drazin invertible
operators in Minkowski spaceM in terms of PQ = QP: Further we have derived the explicit representations of
generalized Drazin inverse (P + Q)yG interms of P; Q; PyG and QyG in Minkowski space M .
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I.  Introduction
Throughout we shall deal with C™*"™, the space n x n complex matrices.

Let €™ be the space of complex n-tuples, we shall index the components of a
complex vector in C™ from 0 to n — 1, that is u = (ug,wq, 2w, - ,uy—1). Let
(& be the Minkowski metric tensor defined by G, = (ug, —1, —ta, -+ , —iy_1).

Clearly the Minkowski metric matrix

1 0 5 .
= G =G and G* =T, (1.1)
0 —1,4 1
In [13], Minkowski inner product on C" is defined by (u,v) = [u,G,], where
[-,-] denotes the conventional Hilbert (unitary) space inner product. A space
with Minkowski inner product is called a Minkowski space and denoted as _# .
For A e O"*" . 4y e C", by using (1.1)
(Az.,y) = [Az, Gy|
= [z, A*Gy]
— [, G(GA*G)y]
= [z. G'Auy], where A = GA*G
- e Ay (12)

The matrix A is called the Minkowski adjoint of A in .# (A* is usnal Her-
mitian adjoint of A). Naturally we call a matrix 4 € C™*" mm-symmetric in .4
if A = A. From the definition A = G A*G we have the following equivalence: A
is m-symmetric < AG is hermitian < G A is hermitian.

For A € C"=" prk(A), N(A) and R({A) are respectively the rank of A, null
space of A and range space of A. By a generalized inverse of A4 we mean a
solution of the equation AX A = A and is denoted as A1) . A{1} is the set of all
seneralized inverses of A. Throughout [ refers to identity matrix of appropriate

order unless otherwise specified.

DOI: 10.9790/5728-1205055879 www.iosrjournals.org 58 | Page



Additive Results on Generalized Drazin Inverse in Minkowski Space M

Definition 1.1 [1]

For A € C™*"_ AT is the Moore-Penrose inverse of A if AATA = A, ATAAT =
At AAT and AT A are Hermitian. The Minkowski inverse of A, analogous to
Moore-Penrose inverse of A is introduced and its existence is discussed in [12].
Definition 1.2 [12]

For A « O™ " A™ is the Minkowski inverse of 4 if AA™ A=A, A™AA™=
A™ 0 AA™ and A™ A are m-symmetric.

Lemma 1.3

For A € C™*" then AT is the Moore-Penrose inverse of G A in Minkowski’s
space .# , where (& is the Minkowski metric tensor of order n.

For A € B(X), if there exist an operator ATG € B(X ) satisfying the follow-
ing three operator equations [9].

AATG = ATGA, ATGAATG = ATG, AR ATG = Ak, (1.3)
Then AT is called Drazin inverse of A. The smallest k such that rk(A*T!) =
rk(A*) holds is called index of A, denoted by ind(A). Notice also that ind(A)
(if it finite) is the smallest non-negative integers k such that R(A*T1) = R(A")
and N(AFT1) =N (A*).

The conditions (1.3) are equivalent to AATG = ATGA, ATGAATG = AT,
A — A2 ATG is nilpotent. (1.4)

The concept of generalized Drazin inverse on an infinite-dimensional Banach
space was introduced by Koliha [11], which is the element A™ € B(z) such that

AA™ = A™A, ATAA™ = A™, A — A2A™ is quasi nilpotent. (1.5)

If A is generalized Drazin invertible, then the spectral idempotent PP of A
corresponding to {0} is given by P = I — AA™. The operator matrix form
of A with respect to the space decomposition X = N(P) & R(P) is given by
A=Ay & Ay, where A, is invertible and As is quasi-nilpotent [1].

In recent years, the characterizations of the Drazin inverses of matrices or
operators on an infinite-dimensional space have been considered by many au-
thors (cf.[2-4]), Castro - Gonzalez et al, [2], Djordjevic and Wei [8], Hartwig et
al, [10] have studied the generalized Drazin inverse on a Banach space. some
additive properties and the explicit expression for the GD-inverse of the sum,

are obtained in [3,4,5,7].
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In this paper, using the technique of block operator matrices, we will inves-
tigate explicit representations of the generalized Drazin inverse (P 4+ Q)'G in
term of P, PTG, Q and QTG under the condition of PQ = QP. QOur results
are improvement over the main results of [6]. Indeed, a totally new approach is
provided to express the GD-inverse.

This paper is organized as follows. An explicit formula for (P + Q)G is
presented in section 2. This is a key step of the paper. In section 3, special

cases are given to indicate the various applications of our main results.

I1. Main Result
In the first part of this section, we give new expression for the GD-inverse of

P+ @Q in term of P, PTG, Q and QFG. Tt is interesting to note that our result
is quite different from the expression for (P + Q)G in [8].

Theorem 2.1
Let P,() € B(x) be GD-invertible in Minkowski space .# and PQ = QPF.
Then P + @ is GD-invertible if and only if I + PTGQ is GD-invertible in .# .

In this case we have,

(P+Q)IG = PHI + PIQ)GQQIG + (I - QOTG) [i Q) Ptey+| ¢ +

n=0

5 {Qimnﬂ(—m“] G(I - PPIG)

n=~0

and
(P+Q)P+Q)G=(I+PQ)JIGPP +QPH[I+(QQTG)] +
(I +Q'P)I(PQT +QQ")(I — PPIG).
Proof:
Since P is GD-invertible, so we can write P = Py & Pao, where Py invertible,

Fon is Quasi - Nilpotent.
Also PQ = (P, we can decompose (Q = Qg & Qgg, where Qp and (gp are GID-
invertible such that PyQy = Qo Fy and PynQoo = Qoo Pao.
In a similar way, we can conclude that

Po=P & P, Foy = P; & Py and

Qo=0Q1® Q2 Qoo =03® 4,
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where P;i(i = 1,2), ;{4 = 1,3) are invertible, F,,(m = 3.4), Q,(n = 2,4) are
quasi-Nilpotent and PQ); = Q; P (i =1,2,3,4).
We have (P + Q) = (P1 + Q1) @& (P + Q2) @ (FPz + Q3) & (Py + Qu).
Since s is invertible, Q2 is Quasi nilpotent and Pa(Qe = Q2.
we have p(P2 + Q2) C p(P})p(Q2) = {0}.
Thus P;IQQ is OQuasi-Nilpotent and I + Pzi G'(J2 is invertible and
0B (P +@2) G040 =0 PI(I + PIGQ2)'Ga0d0
—0a Pl + PG Gaos0

—0@ Pl [ijﬂ(Pg}“(—QzJ“] Gea0d0

— (I - QQG) iD{PT}““{—QJ“} G

Similarly we can prove that PgQg is guasi-Nilpotent and
I + P31 is invertible with
0B0d (P +Q3)10=080a QI+ QiP)IGa0
— 0@ 0 Qf [ﬁD{QE}“{—PS}"} @0
— [ S @reepr|eu - pric),
Since Py and Q4 are Qli:n:sti'—Nilpotent and PyQy = Q4 Py,
we get that Py 4+ Q4 is GD-invertible and ( Py + Q4)TG = 0.
Hence P + @ is GD-invertible, if Py + 21 is GD-invertible.
Note that Py, P/G. Q1. QIG. Pi + @1 and (Pi + Q1) commute.
It is easy to know (P + (1 }TG is GD-Invertible, if I + PTQ is GD-Invertible.
Thus (P + Q1)1 G050 0=P/(I+ P+ Q1) IGa0a0
= Pl(I + P +Q)'GQ.Q]G.
and
(Py+ Q1) (Py + Q1)'G = (P + Q)P + P{Q1)1GQ1Q]
= (P+Q)PI+POQTCROTGE.

Hence we arrive at

(P+Q)1G =PI + PTQYTGQQTG + (I — QQTG) [f {PT)““{—Q}“} G+
n=i0

S @) -pr| G - pric)
Now =10
PHI + PTO)YTGQQTG = PPYIT + PTOYGQOTG + QPT(T + PTOYVTGQOTGE
— (PPt + QPHY(I + PTQ)IGQQG (1.6)
(1-QQ16) | £ o] 6 = Pu - @Qte Pl + PG G
o QPI(I - QQTG)UI + PIQ)IC -G
= (I —QQTa PP (I + PTQ) +
QP(I — QQTG)(I + PiQ)t
— (I —-QQTG)(PPT +QPT)(I+ P1Q)T.(1.7)
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Similarly,
E (—P)y"(Q1)"t1| G(I — PPIGQ) = PQI(I + QTP)IG-G(I — PPIG) +
" QONI +QTP)IG -G - (I — PPIQG)
= (I +Q1P)[PQT + QQT|(I — PPIG) (1.8)
= (PPt + QP (I + PTQ)IGQQTG +
(I - QQ'G)(PPT + QP (I + PTQ)+
(I +QTP)(PQT + QQT)(I — PPTG)
(P+Q)P+Q)G=(I+PQIGPP +QPHI + (QOIG)] +
(I + QTP)H(PQt + QQY)(I — PPIG)
Corollary 2.2:

If P and @ are GD-invertible in Minkowski space .# and P = 0, then
(P + Q) is GD-invertible in .# and (P + Q)G = P+ (I — G)P + Q(I — G).
Proof:

(P+Q)1G = PI(I + PQ)'GQQIG + (I - QQ1G) | & (-Q (P G +

n=>0
oo

{ D{—P)“(QT}RH} QI — QOte)

Since PQ = QP =0, so we have PI(PIQ)IGQQG =P +0=P

]

(I —QQ'a) {E (—QJ“{PT)““} G=(1-G)P:

=

[fﬁ t—P}“{Q*)“ﬂ G(I - PPG) = QU - G)

n=>0

Therefore (P + Q)G =P+ (I —-G)P+ QI — G).

Corollary 2.3:

Let P,(Q € B(X) be GD-Invertible such that PQ — QP and (I + PTQ)G is
GD-Invertible in Minkowski space. If PQ = QP = 0, then PIQ = QP =0
and (P+Q)'G = P + P(I - G) + (I - G)QT.

Proof: .
(P+Q)G =PI+ PQ)YCQOIG+ (I —QQG) {i (P —Q)" | G+
n=0
S (@Y (—P)*| G(I - PPIG)
n=0

PI(I + PTQ)GQQTG = PHI +0)GRQTG = PTGQATG.

Corollary 2.4:
If Q is quasi-Nilpotent, then (P + Q)'G = Pt + QY(I — PPIG).
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Proof:
Since (@ is Quasi Nilpotent
P + PPy e G =0
(I - Qata) L;i(—czmpnﬂﬂ G = (I — QQIG)[(—Q)°(PH)o+
H—QNPHTT .G
= (I — Qe PP + *PY — ... ]G
= (I—-QQTH[PTI—-QPT +Q2P" —.. )@
= (I — QT [PI(I +QPHIG . @)
= (I —0PY (I +0)
— pt
and
[fﬁ {Q*J““{—P}“} G — PPIG) = [(QT)" T (—P)° + (QF)' T (—P)!
" Q)2+ (—P)2 4 ... ]G(I — PPI@)
= [t — QP+ ot p2 — .. |G(I — PPTG)
=Vl —QtP+Q7P2—... )@ — PPt@)
=TI +Q'PYiag.a-(I—PPQ)
= QT (I + PTQ)(I — PP'@)
= QI — PPIG@)
Therefore (P + Q)7 = PT + QT (I — PPTQ@)

Corollary 2.5:
If Q% = 0, then
k—1
(P+Q)TG = PUI + PTQ)IGQQIG + (I - QQ'6) | T (-] G +
n=>0

[’E:WQT}“H(—P}“] G — PPG)
ma=A

Proof:
PHI + PTQTGQQIG = PI(I + PTQ){ GG
(I - Qe [ED(—Q]“{PT]”“} G = (I — QQTG)[(—Q)°(P)o+!
HEQUPHIF e
= (I — Q'[P —QPY + Q?PY — ... |G
= (I — QQTG)[PT — QP + 2Pt —. |le
— (I — QI[P + QPHG -G
= (I — QQIG)[PT(I + QPT)]
[i {Q“J““{—P}“} G(I — PPTQ) = [(QN)"*(—P)° + (QT)'T1(—P)' +
o (@M (—P)? — -G — PP'Q)
= [Qf — (Q)*P + (Q")*P? —...]G(I — PPTG)
= Q[ + QTP)|(I — PPIG)
= P+ PIQ)IGQQTGI —QQ) [P+ (I + QP11
+ QNI +QTP)I(I — PPTQ)
Therefore (P + Q)G = (I + PTOQ)T[PTGQQTG + PT(I —QQTG) +
PHI — QQTG) + QI — PPTQ)]
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Corollary 2.6:
IfQ?=0,(P+Q)IG =PI +PQGRQATG+ G +
(1 -Qaia) | £ oreha +

[f {Q*}n“(—P}“] G(I - PPIG)
n=>0

Proof:

PH(I + PTQ) GQQIG = PT(I + PTQ)IGQQIG
(1 -QQ16) [ £ (- (P @ = (1 - QQIe)|(-@° (P11
+H(—Q)H(PT)H + (=Q)*(PT)*! + ... ]G
= (I - QQIG)[PT — Q(P")? + Q*(P1)* —...]G
= (I - QQTG)PI(I — QPT)
[fﬁ {Q“J"“{—P}”} G(I - PPIG) = [(QN)"(—P)" + (@) (—P)!
" +HQ@HHY(—P)2—...]GI — PPIG)
=[QT - QFP+QTP2—...JC(I — PPTQ)
— QI +Q'P)ya.G. (I — PPIQ)
=Qt(I +QtP)I(I — PPI@)
Therefore (P + Q)G = PHI + PTQYTGQQTG + (I — QQTG)PH{I — QPHEG
+QT (I + QTP (I — PPI@)

Corollary 2.7:
If Q% = Q(k = 3), then QF = k2
(P+ Q)G = PH(I + PIQ)'GQQIG(I — P)iG [i (QT]HH{_P}“} o

n=>0
> @) (-py| 6 - PPiG)
Proof: =
PHI + PIQ)TGQQTG = PT(I + QT P)IGQF2Qtq
= PI(I + Q*2P)GQ*2QtG
=PI+ Q" - Q7 *P)GQR*" Q¢
= PII+Q-Q2P)icQ* Q¢
=PI+ Q 'P)f@
= PI(I + QfGP)ic
(P+ Q)G =PI+ PGQ)

Corollary 2.8:
If Q° = Q. Then Qf = Q and we have (P + Q)1G = (Pt + Q)GQC
+ (I — QG)[PT — PTEQ{I + P)] + Q(I + PT)(I — PP1Q).
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Proof:

Pi(I + PIQ)IGQQTG = P + PIQ)IGQ - QG (since Qf = Q)
=PI+ Q'P)GQIG
= PYI + QP)GQG (since Q% = Q)

= (P'+QPPHGQG
= (PT+Q)GQG
(I —QQ™G) {Eﬂ(p‘!‘}n+l(_0]n} G=(—-Q -Qa)(P"H)"*-Q)"
H(PHIH Q) 4 (PHZH(—Q)? + ... ]C

= (I — QG)[PI(I + PTQ)IGIG
—(I-Qa)P—PFQ+PFQ2—PIQ3 +...]G
= (I -QG)Pt—PYQ+PYQ-PVQ2+...]G
= (I - QG)PI— PtQ+ PPQ—PFQ+...]G
= (I — QG)PT[I — PIQUI — P + P" — .. ))&
= (I — QG)P[I — P1Q(I + PT)7'C]
= (I - QG)P'[I - PIQ(I + PT)IG|G

= (I - QG)[PY(I - P1Q(I + P))]

= (I - QG)[Pt - PT"Q(I + P)]

5SS (QNy 1 (—P)"| G(I - PPIG) = [i{onnﬂ{—pn} G - PPIG)
n=0 n=f0

= [Q1(—P) + QI (- P) + Q¥ (-P)2 +...]G(I - PPtG)
=[Q - Q*P+Q*P>—...]G(I - PPIG)
=[@-QP+QP?—...]G(I - PPIG) (since Q2 =Q1 =Q)
= [Q(I + P)~Y)G(I — PPIG)
= QU +P)'G-c(I - PPt@)
= Q(I + PTY(I — PPtG)

Therefore

(P+Q)1G = (P1+Q)GQC+(I-QG)[Pt—PY Q(I+P)|+Q(I+Pt)(I-PP@).

Corollary 2.9:
If P2 = P and Q% = @, then I + PQ is invertible and P(I + PQ)TGQ = %PQ
and we have (P+ Q)IG =PI + QT + (I - G)PT(I — PTQ - Q) +
QNI — QTP — P)(I -G).
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=[QT - Q' P+QI'P—...]G(I - G)
=QI[I-QIP+QI'P—...]G(I-G)
= QI —QP(I - Q'+ QF —...)|G(I - G)
= QI - QTP(I + QNHWGIG(I - @)
= QNI -QTPI+Q)|I -G)
=Q'I - QP - QQTP|(I - )
= QI -Q'P - P|(I - G)
Therefore
(P+Q)f¢ =P +Q1+(I-G)PII-PIQ-Q)+ QI -Q'P-P)(I -@Q).

Theorem 2.10:
Let A e B(X) and B € B(Y) are GD-invertible C' € B(X,Y). Then

A C At X
M = are GD-invertible and MT = . where
0O B O B

X =@y {AT]“CB“} G(I - G)
n=>0

+I - G) {% A“G(BT]”] G(B1)? — ATGCBIG.
In [3], it is p:e_sﬂented an expression of (P + Q)'G under the condition that
() is quasi-nilpotent such that PTPQ = PTQP and ) = QP™.
Proof:
PH(I + PIQ)CQQIG = PHI + QI P)GQQTG
— (Pt + QPP 1
=Pt 4+ Qf
(I1-QQ6) | 5 (P -Qr| 6 = -G Pt (-Q° +
(PH(-Q)" + (PT)*T(-Q)* +---]G
=(I-)Pt—PFQ+PPQ2—... |G
= (I -G)[Pt - PFQ+ PFQ ... ]G
— (I—Q)PII—PiQU—Pt+P*_..)G
— (I — G)P'[I — PIQ(I + PHiG- G
— (I - &)P[I — PIQU + P)]
— (I — G)P'[I — P1Q — PQTQ]
= —-G)PY I -PQ-Q)
[f {Q*J““{—P}“} G(I = PPIG) = [(Q1)**1(—P)° + (Q1)1*+1(—P)!
o HQNFU=P)? + - ]G - C)
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=[Q'-Q"P+QTP—...]G(I - G)
=QII -Q'P+QF"P—...]G(I - G)
= QI —QTPUI - Q1+ QF —..)|G(I - G)
— QI — QTP(I + QNHYIGIG(I — @)
= Qi[f QTP(I + Q) —G)
= Qi[f QTP — QQ*P] I —-G)
= Qi[f QTP — Pl(I -G)
Therefore
(P+Q)iG =P +Qt+(I -G PI-PQ-Q)+Q\I—-Q'P— P)(I—G).

Theorem 2.10:
Let Ae B(X) and B € B(Y) are GD-invertible C' € B(X,Y"). Then

A C AT X
M = are GD-invertible and MT = . where
O B 0O Bf

X =@ahz|y {AT)“CB“} G(I - G)
=0

+(I —G) [Z A“C’(BT}“] G(BT)? — AIGCBIG.
n=>0
In [3], it is presented an expression of (P + Q)G under the condition that

() is quasi-nilpotent such that P"P(Q) = P"QP and () = QP™.
In fact, if we answer that PTQ(1 — P™) = 0, instead of ) quasi-nilpotent

with () = QP7, we will get a general result.
Theorem 2.11:

Let P € B(X) be GD-invertible in Minkowski space .# and ) € B(X ) such
that [|QPT|| < 1, P"Q(1 — P™) = 0 and P"PQ = P™(Q is GD-invertible in m,
then (P + Q) is GD-invertible. In this case,

(P+Q)IG = (I+PIQ)IGPIG+(I+PIQ)IG(I-PPIQ) EED{QT]“"‘]{—P}“} G

- Lim + PIQ)IGPH"2Q(I — PPIG)(P + Q}”l (I — PP'G)

X {I— (P+Q)(I — PPIG) [Z Q)" 1( P]”} G}.
n=>0
Proof:
Since P is GD-invertible and PTQ(1 — P™) = 0, P and ) have the form
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PO
P = ( ' ) and () = (Ql Qs) with respect to the space decomposition

0 Pz 0 Q’?
X =N(P7)& R(P™), where P; is invertible and P» is quasi-nilpotent.

||QPTG|| < 1 implies that I + PTQ is invertible.
PT™QP = PTPQ implies that PoQ2 = Q2 Ps. Since P™(Q is GD-invertible, Qs
is GD-invertible. It follows from Theorem 2.1 that
(P + Q)G = {Z (QY)"+2(—Py)
By Theorem 2.10, (P + Q)G has the form
(Pi+Q1)'G S

P G = o )
e 0 T @yreeny|

where 5 = {f (P, + Q)N P2GQ3( Py + Qz)n}

n=(]

[I—{P2+Q2 (

(P + Q)G (
Note that the product and

(Q ; n+1{ Py) ) G]
> @-p) 6.
c_ m pf P, Q, PTG and QTG are still the upper

triangular operator matrices.

Thus (P, +Q,)TG = P(I + PlQ)tG
and

(Z(QT ) 1)9 pr ZQT}““{ ]”}G

(P +Q1)G 0

__ [0S
0 (Eﬂ(@*]““{—P}”)G 0 0

=

(PL+Ch)G 0
0 0

= PI(I + P'Q)'G + PY(I + PTQ)'GPT [ {QH”“[—P}”] G+

n=>0

5 1+ PIQ)PMGQPT(P + Q)| P
n=>0

[f —(P+Q)PT (Z (QN)™H(~ }”) G‘}

n=>0

— PY(I + PIQ)iG . GPTQP™ (fj Qhy" Y P}”) G

n=I()
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~ P+ P1Q)'G-GPIQPT £ (@) (-P)") G

n=>0
+(I + PIQ)IPIQP™(I + QIP)IG .G [ PtQ =0

(P+ Q)G = PY(I + PTQ)TG + PH(I + PTQ)iGP™ (f thnH(—P}n) G

mi=(l

+ [ij:o{{f + Pty Py 2GqQP™ (P + Q}“} PT

{I (P+Q)P (:QT""H P}“)G].

Corollary 2.12:

Let P € B(X) be GD-invertible and Q € B(X) such that ||QPIG|| < 1,
PTQ(1— P7™)=0and PTPQ = P7QP.
1. f QPPTG = 0 and Q is quasi-nilpotent, then Theorem 2.11 is simplified to

(P+Q)TG =PI +PQ)G+PII+PIQ)GP™ (f [Qhﬂ“(—P}“) G

n=()

+ [i{{f + PtQ) PHY™2GOPT (P + Q}“}
- op (@) al

P {f —(P+ Q)P ( ED{QTJ““{—P}“) G}
PYI + PTQ)IG = PY{I +0)IG _ (since @ is quasi-nilpotent)
— Pt
PHI+PiQ)iGP™ (fﬂ{@f}ﬂﬂ{—mn) G = PHI+0)GPai(I+QtP)G.G
_ = PGP QI + P1Q)
= PTGP™(Q" + PT)

[fﬁ (I + P1Q)T PHym+2GQP~(P + Q}“]
n=I0

Prl1- it (E@)rn-Pr)q

n=>0

g

_ |3 (PHm2GQ(P + Q) } (I—0)[I — PQH(I +QP)tG . G]

n=(

(since QP™ = Q)
li (PT)"H2GQ(P +Q)”} (I - PQI(I + P1Q)]
n=>0
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_ [iD(PT)n+2GQ{P+ Q]n} [I — PQT(I)]
— [i(PT)“”GQ{PJr Q]“} [ — PQT]

L (P+QVG = PIG+PIGP™(QT+ P+ f; (PHY"2GQ(P + Q)| (I - PGH)
n=>0
2. If P7Q = QP™,o(P™Q) =0,
(P+Q)ta = PHI + PIQ)C

(I + PtQYIGP™ (E (QHyn+i(— p}ﬂ) —
{f’i (a + PTQJ*PT)“”GQPWPGQJ“]
=i

Pr{1- e r@pr (S @)err) e o

=0

Therefore

(P + Q)IG = PH(I + P1Q)IG

Theorem 2.13:

Let P and @@ € B(X) be GD-invertible. Let F' be an idempotent such that
FP=PF (I -F)QF =0,(PQ —QP)F =0 and (I — F)(PQ—-QP)=0.1f
(P+Q)F and (I — F}{P+ ()) are GD-invertible, than (P + () is GD-invertible
and (P + Q)G = E AMP2FQ(I — F)(P+Q)"FQ(I — F)An+2

[I AFQ)(I — F)A + AF,
where A = PI(I + PT1Q)IGQQIG + (I - QQTG) (i (—Q}“(PT}“H) G

n=0

4 (i (QT:‘R-FI{_P]H) G(I - ppi[}*] (1.9)
n=>0
Proof:

Since F2 = F, we have F = I & 0 with respect to space decomposition
X =R(F ). From FP = PF and (I — F)QF = 0, we know that

(Pl D\ (01 QS\ (1.10)

Lo n) 0 o)
Since (P + Q)F and (I — F)(P + @) are GD-invertible P; + Q;(i = 1,2) are

GD-invertible.
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+
Hence (P + Q)G = (Fr+QuiE X
0 (P +Q2)1Q
where .
X = {io{{Pl + Q)G 2 Qa (P + QQ]H} [I — (P2 + Q2)(P2 + Q2)TG]

+[I — (P + Q1)(P1 + Q1)'G] [iﬂfpl +0Q1)"Qa((P + Q2)TG)"

— (P + Q1)TG)Qa( Py + Q)G
By Theorem 2.10, from (PQ) — QP)F =0 and (I — F)({PQ — QP) =0.
We know that P,Q; = Q; P; (i = 1,2), note that P,Q, PIG and ATG are all the

upper triangular operator matrices by Theorem 2.1. It shows that

(PL+Qu)icao= Pl + PlQ)tCQi1QIG @0+
(- @ale) (£ Q@) ceos
( i{féi}““{—ﬂ}“) (I -PPG)e0
= PHIPIQ)VIGQQIGF +

(I —QQ'G) (iﬂ{—Q]H{PH““) GF +

( > t@i}nﬂ(—mﬂ) G(I - PPIG)F

n=(

(PL+Q1)/Ge0=AF (1.11)

Where A is defined in Equation (1.9).
Similarly we can prove

06 (P + Q)16 = 0 PI(I + P]Qy)1GQ.Q (I — Q.Q5G)

(£ aurmir) e+

[-12

( " {QL)RH(—PQ}H) G(IP,PIC)
n=>0

0@ PI(I+ PiQu)t = (I - F)PI(I + PIQ)icQQic (since F = I & 0]

06 (I - Q2Q3C) (fz (—QQ]H{PJ}““) G=(-F)I-QQ'C)

n=>0
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(f (—Q]“{P“J““) G

n=>0
(f: (QD)"+( Pz)“) G(I — P,PJG) = (Z (@)™ +( ]”)
n=0
G(I — PPI@)
0@ (Po+ Q)G =(I—-F)PHI+PQ)'GQQTG + (I — F)(I —QQ'G)

(fﬁ {—QJ“{P“]““) G+({I-F) (fj (QT]““{—PT}“) G - PPi@)

n=>0

=(I_F}{PT(I+PTQ JIGRQTG + (I - QQTG) Z P“}”“}G

+| S@rierr)aa- PPTGJ}
—(I-F)A (1.12)
We observe that,

(o (P + Q1)TG)™2Qs(Py + Qo) (I — (Py + Qo) (Py + Q) + G])
0 0

[ (Pl + Ql)TG = f'_\F]
= [(AF)"P2FQ(I — F)(P + Q)"][I — (P + Q)(I — F)A]

= [A"2FQ(I — F)(P + Q)"|[I — (P + Q)A]

(since F' is idempotent]

with
0 [I—(P+Q1)(P+Q1)IG][(P1+Q1)"Qs((Py + Q2)1G)" 7]
0 0
=[I - (P+ Q)AF][(P+Q)"FQ(I - F)((I — F)A)"*?]
(since F is idempotent )
= (I - (P+Q)A)(P+Q)"F?Q(I — F)A"+?
= (I - (P+Q)A)P+Q)"FQ(I — F)Art2
and
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0 (Pg-l—Qg-!—G] 0 {I_F}ﬂ‘
= _AF2Q(I - F)A + (I — F)A

(0 —(Py+ Q1) + GQs(Ps + Q2) + G) - (n (AFYFQ(I - F]A)

(since F is idempotent)
= (I — P)A[I — AFQ)
Hence
(P+Q)t = A" FQ(I-F)(P+Q)"I - (P+Q)A]+[I - (P+Q)A|(P+Q)"FQ
(I — F)A™2 4 (I — F)A(I — AFQ) + AF
Therefore

(P+Q)IG =3 A"™2FQ(I — F)(P +Q)"(I — (P + Q)A)+

n=>0
I —(P+ QAP+ Q)"FQ( — F)A™? +
(I - F)A(I - AFQ) + AF.

Hence Proved.

I11.Special Cases

Let us use Theorem 2.13 to analyze some interesting special perturbations
of linear operators. We thereby extend earlier work by several authors [4, 6, 7,
12, 13] and partially solve a problem posed in 1975 by Campbell and Meyer,
who consider it difficult to establish the norm estimates for the perturbation of
the Drazin inverse.

Case (1): If QF =0, then AF = PiGF. QAF =0, thus Theorem 2.13 reduces

to

(P+Q)IG = 3 A™2FQ(I—F)(P+Q)" (I-F)[I—(P+Q)A]+[I-(P+Q)A]F
n=>0

(P+Q)"FQ(I — F)A™2 4 (I — AFQ)(I — F)A + AF

=0
(P+Q)1G = Y (P+ Q)™ 2FQ(P+Q)"[[ - (P+Q)A] + (I - PP'G)
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gl

(P + Q)"FQA™? — PIGFQA + (I — F)A + PIGF

n=0

g

(P+Q)'G = Z A"HFQ(I-F)(P+Q)"(I-F)[I-(P+Q)Al+[I-(P+Q)AJF

M?

(P + Q)"FQ(I — F)A™2 + (I — AFQ)(I — F)A + AF

'1‘1:

AF =0,AF = PIGF,A = P1G,QAF =0

(P+ Q)G = "'f; FQ(P+Q)"(I — (P+Q)A)
n=0

Mg

I—(P+Q)Al = 3. (P+Q)"FQ(I — F)A™?2 = (I — (PAF + QAF))

0

=]
I

I[P—FQ ”FQ&“"’Z

Ma

|
Il

— (I — PPiG) EG(P + Q)"FQA™+?
(I — AFQ)(I — F)A + AF = (&_— AFQA)(I — F)
— A~ AFQA — AF + AFQAF
~ A AFQA — AF +0
= —AFQA + A — AF
= PIGFQA + (I — F)A + AF

= PIGFQA + (I — F)A + PIGF

MB

Therefore (P+Q)TG = 3 (PIG)"P2FQ(P+ Q)" (I - (P+Q)A)+[I — PP

n=(

L8

(P+Q J"FQA" 2 — PIGFQA+(I — F)A+ PIGF.

T

Case (i)a:

If QF =0 and F = I — PP'@, then PIGF = 0,(P + Q)" = P"F
Case (i) is (P+Q)TG = 3 (PIG)™2FQ(P+0Q)"(I— (P+Q)A)+ (I — PP1@)

=
g &

(P+G)"FQA™2 — PI{GFQA + (I —F)A+ P'GF

n=l

S (PIG)™2FQ(P + Q)" = 3 (PIG)"(PIG)PFQ(P + Q)"

n=0 n=>0

DOI: 10.9790/5728-1205055879 www.iosrjournals.org 74 | Page



Additive Results on Generalized Drazin Inverse in Minkowski Space M

=0

(I - PPIG) 3> (P+ QPFQA™2 = F > PrEQA™?

n=0 n=I(

PnFZQ&n+2

I
s

E]
Il
=1

PnFQﬂn-l—?

I
(]2

F]
Il
=]

P(I — PPIG)QA"™?

I
(1%

F]
Il

_— 3

—PIGFQA+ (I - F)A+ PIGF =0+ (I - F)A+0

= PPIGA

Therefore (P + Q)1G = Y P*(I — PPIG)GA™? + PPTGA.

n=>0

Case (1).a.1:

If QF =0.F = I— PP'G and Q is quasi-nilpotent. Then by Corollary 2(3).

If Q is quasi-nilpotent.
Then (P +Q)1G = Y (P1G)"TY(—-Q)" = (I + PTQ)'GPIG
n=>0
Case (i).a.1:
IfQF =0,F = I— PP'G and Q is quasi-nilpotent. Then by Corollary 2(3).

If () is quasi-nilpotent.
Then (P +Q)'G = Y (PTG T(—-Q)" = (I + PIQ)tGPIG
n=>0

(P+ Q)G =PI + PIQ) CQQIG + (1 — QQ16) ( $ (_Q)H{Pi]nﬂ) o

n=>0

(f (QT}““(—P*J“) G(l - PP'G)
n=0

PT{I - PTQ]TGQQiG =10

(I - Qqta) ( 5 {—Q}”(PT)“H) G=0o

n=(

g

(i (—QJH(PHHH) G(I - PP'G) = (z {—Q)“(PT}““) G(I - PPIG)

n=>0 n=(

— (S oren)er

n=>0

(@) (—P)'+(QN) ! (—P)' +..-|GF
(I+0QtP)ta.GF

=Qf
=Qi(I +QP)TF
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PPIGA = PPIGQY I + QTP)IF

Therefore Case (1.a) becomes,

(P + Q)G = Y. PY(I — PPTG)QA™? + PPTG‘Q]‘(I +Q+ P]iF.
n=>0

Case (ii)a.2:

IfQF = FQ =0,F =1 PP and Q@ is quasi-nilpotent, then Case (1.a.1)

turns into
(P+ Q)G =PI+ P+Q)'GQQIG + (I - QQG) E: (—Q)n(PT)nt!
n=I{
G+ [f: (QT}““(—P}“] G(I - PPTG)
n=(
— 040 {i {anﬂ(—P}n] G(I - PPIG)
n=I{

=QYI +Q'P)iG.G(I — PPIQ)
=QII+Q'P)'F

Therefore (P + Q)G = QT (I + QTP)TF.
Case (i)b:

IfQF =0and F' = PP'G, then (P+Q)"F = P"F = FP"F = F(P+Q)"F
So we have (I — PPT) Y. (P+ Q)"FQA™? =0
n=>0

Since —PTFQA + (I — F)A + PYGF = (I — PtQ)(I — F)A + PIGF

= (I +PIQ) —1P"A+ P7F and
PTA = P7 i (QT)"*1(—P)" by Corollary 2(3) and Equation (10), Case (1)
n=>0
becomes
(P+Q)IG = £ (P™QP+ Q) |- (P+Q) 5 (@) H1(-P)"

n=>0

(I + PTQ)1P™ 3 (Qy™H (—P)" + Pt

n=>0

Case (i)b.1:

If QF = 0,F = PPIG and @ is quasi-nilpotent then Case (1.b) can be
simplified as
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(P46 =| £ (PP +Qr| 6|1 (P+Q) S @) -Pr|

n=0

+(I + PrQ)IG P ( 3 {Qi)nﬂ(—mn) G+ Pt
n=(0

— 0+ (I + PIQ)IG(I — PPIC) [f {QH“H(—P)“] G+ PiG
n=>0

— 0+ (I +0)IGI —F) [fj (QT)“H(—P}“] G+ PG
n=0

=G(I - F)QY I +QTP)cG + PG
(P+ Q)G =G(I - F)QI(I +Q'P)t + PG,
Case (i).b.2
If QF = FQ = 0,F = PPG and @ is quasi-nilpotent then Case (1.h.1)
becomes
(P+ QG =G(I - QNI +QtP)t + PIG
=G -F)Q' I+ P'Q) + P'c
=G(I -F)QY(I +0)+ Pi¢

(P+ Q)G =G - F)Qt + PIG.
Case (ii):

If QF = (I — F)Q = 0, then A = PG — PIGQPIG,(I — F)(P + Q)" =
(I — F)P"
(P+Q)"F = P"F,(I—F)[ —(P+Q)0] = (I — F)(I - PP'G) and (I — F)A =

(I — P)PicG.

Theorem 2.13 reduces to

(P+Q)G = fj AMT2FQ(I — F)(P+Q)"[I — (P + Q)A] + [I — (P + Q)A]
n=>0

(P +Q)"FQ(I — F)A™?2 ¢ (I — F)A(I — AFQ) + AF

fj AMPEEQUI — F)(P+Q)"[I — (P + Q)A] = f PHnt2Qpm(I — PPIQ)

n=0 —

I —(P+Q)A|(P+Q)"FQ(I — F)A™+? = (I — PPIG)P"Q(Pt)"+2,
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Since (I — F)(P+ Q)" = (I — F)P~

(I - F)A(I — AFQ) + AF = PG + PG — (PTQPYG
— 2PfG — PtGQPiG

Therefore

(P+ Q)G = 3 (PH"2QP™(I — PPIG) + (I — PPIG) S PrQ(Ph)r+2
n=0 n=f
+2PtG — PTGQPIG.

Case (ii)a:

If QF = (I — F)Q = P(I — F) =0, then QP = QPTG = 0. Then Case (ii)

is
(P+ Q)G = 3 (PH™2QP"(I — PPIG) + (I — PP'G) 3 PnQ(PHn+?
n=0 n=I(

+2P1G — PIGQPTQ
= (P1)2Q(I — PP'G) + (I - PPTC)Q(PTY? +2P + G —0
= (PH%(Q — QPP'G) + (I — PP'G)0 +2P1G
= (PH2Q +2P1G.
Case (i1)b:
If QF = (I — F)Q = FP =0, then PQ = PTGQ = 0. Then Case (ii) turns
(P+Q)G = GZD:D(PT}””QP”{I — PPIG) + (I - PP'G) ij pPrQ(phynt?

+2ptG — PtaQPrta
= (P%)2a(I — PPIG) + (I — PPIG)(1)Q(P1)?
+2P1G -0
=0+ (I — PPIG)2P" +2P1G
(P+ Q)G = Q(P)? + 2PtG.
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