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AAbbssttrraacctt::  In this paper we present a characteristic of a factorial state space with C
*
 - algebra and von – 

Neumann algebra. We also discuss some theorems on C
*
 - algebra and von – Neumann algebra.  

 

I. Introduction 

Factor: - A w
*
 - algebra M is called a factor if its centre consists of the scalar multiples of unity only. 

Central Projection: A projection Z is a w
*
 - algebra M is called a central projection if XZ = Z (XZ) = Z × Z and 

ZX = (ZX)Z = Z × Z for all x  M. 

 

Central Support: Let L be the centre of a w
*
 - algebra M. then L is  *,M M  - closed. Let P be a 

projection in M. Then there exists a least central projection in M containg P. We call this central projection the 

central support (or envelop) of P and is denoted by C(P). 

 A non-zero projection P is a w* - algebra M is said to be abelian if P M P is commutative. 

Varieties of w* - algebra : - A w* - algebra is said to be of type 1, if every non-zero central projection contain an 

abelian projection of type 11, if it is semi finite and does not contain any abelian projection of type 11, if it is 

finit and does not contain any abelian projection of type 111, if it is purely infinite. A properly infinite type 11 

w* - algebra is said to be of type 11 . 

 

Central C* - algebra: - A c* - algebra A with centre L is said to be a central if it satisfies the following two 

condition. 

(i) No Primitive ideal of A contain L 

(ii) If P1, P2  Prime (A) and 1 2P L P L    then P1 = P2  

 

 

Glimm Ideal: - Let A be a von Neumann algebra with centre L, Let m be a maximal ideal of L and Let |m| be 

the smallest ideal of A containing m. Then |m| is said to be Glim ideal of A. It is well known that |m| is always a 

primitive ideal of A. 

 

Factorial States: - A state   on a C* - algebra A is said to be factorial if the weak Closure  A  of 

 A  is a factor where  , ,H    is the GNS representation associated with the state  . 

The set of all factorial states of A is denoted by AF  and AF  is called the factorial state space of A. It is 

important to note that A AP F , i.e. every pure state is a factorial state. 

The factorial states associated with w* - algebra of types is type 11 and type 111 are called factorial states of 

type 1, type 11 and type 111 respectively. 

Let F1,A, F2,A and F3,A denotes the sets of factorial states of type 1, type 11 and type 111 respectively. 

 

II. Theorems On C
*
 - Algebra And Von – Neumann Algebra 

Theorem (1.1): Let A be a c* - algebra. Then the following statements are equivalent. 

(i) A is prime 

(ii) 1,A AF S   

(iii) A AF S   
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Now we prove the following result. 

Theorem (1.2) : Let   be a states on a C* - algebra A such that ker 
  contains a prime ideal of A. Then 

AF . 

 

Proof : - Suppose that J is a prime ideal of A is ker  . Then   can be represented as    = |0ɸ where ɸ is the 

canonical * - homomorphism of A on to A/J and  /S A J  . It follows that /A JF  . Hence 

AF . 

 Factorial state space characterized with C* - algebra and van Neumann algebra. Then the following 

results are as follows. 

 

Theorem (1.3) : Let A be a Von – Neumann algebra with centre L. Then for Af S  the following conditions 

are equivalent. 

 (a) Af F  

 (b) Ker 
f  contain a Glimm ideal of A. 

 (c) Ker 
f  contain a prime ideal of A. 

 (d) Ker 
f  contain a primitive ideal of A. 

 

Theorem (1.4) : Let A be a central C* - algebra and let Af S . 

Then the following condition are equivalent. 

 (a) Af F  

 (b) Ker 
f  contain a prime ideal. 

 (c) Ker 
f  contain a primitive ideal. 

And further if A is non-unital then    0A A AF F S   . 
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