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Abstract: In this paper we have introduced prime harmonious labeling of some new graphs. We prove that the 

graphs Fan fn, Star Sn, Comb graph Pn.Kn , Crown graph  Cn . K1,n , Bistar Bn,n , Middle graph M(Pn) and paths 

are prime harmonious labeling. 
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I. Introduction 

All graphs in this paper are finite, simple and undirected. The symbolsV(G) and E(G)will denote the 

vertex and edge set of the graph G. For standard terminology and notations we follow Gross and Yellon [5]. We 

will provide brief summary of definitions and other information which are necessary for the present 

investigations. 

Definition 1.1: Let G = G(V,E) be a graph. A bijection f : V→ {1,2,3…….,|v|} is called prime labeling if for 

each edge e = {u, v} belong  to E, we have GCD (f(u),f(v)) = 1. A graph which admits a prime labeling is called 

a prime graph. 

Definition 1.2: Let G be a graph with q edges. A function f is called harmonious labeling of graph G if  f : V→ 

{0,1,2,3…….,q-1} is injective and the induced functionf
*
 : E(G) → {0,1,2,….q} defined as f

*
 (e = uv) =(f(u) + 

f(v))( mod q) is bijective. A graph which admits a harmonious labeling is called a harmonious graph. 

Definition 1.3: Let G be a graph with q edges. A function f is called prime harmonious labeling of graph G if  f 

: V→ {0,1,2,3…….,2q-1} is injective and the induced function f
*
 : E(G) → {0,1,2,….2q} is defined by  

f
*
 (e = uv) =  

GCD  f u , f v  =  1           and

f (e =  uv)  = (f(u)  +  f(v))( mod q)
  

A graph which satisfies the conditions of prime labeling and harmonious labeling is called a prime harmonious 

labeling. A graph which admits a prime harmonious labeling is called a prime harmonious graph and it is 

denoted by PH. 

Definition 1.4: The fan fn( n ≥ 2) is obtained by joining all vertices of Pn( Path of n vertices)to a further vertex 

called the center and contains n+1 vertex and 2n-1 edges (i.e) fn = Pn + K1.  

Definition 1.5: A star Sn is the complete bipartite graph K1,n is a tree with one internal node  and n leaves. 

Definition 1.6: The graph obtained by joining a pendent edge at each vertex of a path Pn is called a comb and is 

denoted by Pn . Kn or Pn
+
.  

Definition 1.7: A cycle Cn is a simple graph in which the start and end vertices are same. 

Definition 1.8:  A crown graph is obtained by joining K1,n  vertices at each vertex of the cycle Cn and it is 

denoted by  

Cn . K1,n. 

Definition 1.9:The middle graph M(G) of a graph G is the graph whose vertex set is V(G) ∪ E(G) and in which 

two vertices are adjacent if and only if either they are adjacent edges of G or one is a vertex of G and the other is 

an edge incident with it. 

Definition 1.10: Bistar is the graph obtained by joining the apex vertices of two copies of star K1,n . 

Definition 1.11: By a graph Pn
2
 , we mean the graph obtained from Pnjoining each pair of vertices at distance  2 

in Pn . 

 

II. Main Result 
In this paper we prove that the Path Pn , K1,n, Cycle ,Comb, Crown Cn . K1,n and the Fan fn , Bistar Bn,n , 

Middle graph M(Pn) are prime harmoniouslabeling. 

Theorem 2.1: The Path Pn is a prime harmonious labeling. 

Proof: Let u1 , u2 ,……..un and v1 , v2 ,……..vn  be the vertices of the path Pn . 

Define f : V(G) → {1,2,3……… 2q-1}is injection. 

Then f induces an edge labelingf
*
 : E(G) →{1,2,3……… 2q}is a bijection. 
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Case(1): If n is odd 

Here the vertices are labeled such that GCD (f(u),f(v)) = 1and edges are labeled  (e = uv) =(f(u) + f(v))( mod q).  

Case(2): If n is even 

We define f : V(G) → {1,2,3……… n} by Pn = n+1 where n = 0,1,2……Here  also the same labeling pattern is 

followed as in the case 1. Hence we conclude that the path Pn admits a prime harmonious labeling. 

Prime Harmonious labeling of path  is shown in Figure 1 

 
Figure 1 

Theorem 2.2: Every comb graph Pn .K1 is a prime harmonious labeling. 

Proof: Let u1 , u2 ,……..un be the vertices of the path Pn . 

Let v1 , v2 ,……..vn be the vertices adjacent to each vertex of the path Pn . 

Define f: V(Pn .K1) → {1,2,3……… 2q-1} is injection. 

Then f induces an edge labeling f
*
 : E(Pn .K1) → {1,2…..2q}is a bijection. 

Hence the graph (Pn . K1)admits a prime harmonious labeling. 

Prime Harmonious labeling of Comb P8 .K1 is shown in Figure 2 

 
Figure 2 

Theorem 2.3: The star K1,n is prime harmoniouslabeling. 

Proof: Let V(K1, n)= { ui /1≤ i ≤ n} 

Let E(K1, n) = {ei / i= 1,2,3…..n-1} 

Define an injection f: V(K1, n) → {1,2,……..2q-1} is defined by  

f(v) = 1 

f(vi) = 2  ∀ i = 1 

f(vi+1) = n+1 , i = 1,2,…….n. 

Then f induces a bijection  f
*
 : E(K1, n) → {1,2………….. 2q}. 

In the view of above labeling pattern K1,n, admits a prime harmonious labeling Prime Harmonious labeling of 

Star K1,7  is shown in Figure 3 

 

 
Figure 3 

 

Theorem 2.4: The fan fn is a prime harmonious  labeling. 

Proof: Let u be the center vertex of the fan fn 

Let v1 , v2 ,……..vn be the vertices of leaves of fan fn 

Label the center vertex with 1 and path vertices are labeled by 2 to n. It contains n+1vertex and 2n-1 edges. (i.e) 

fn= Pn +K1  

Joining all vertices of path Pn to the center vertex u.It satisfies the conditions of  PH . Therefore the fan fn is a 

prime harmonious labeling. 



Prime Harmonious Labeling of Some New Graphs 

DOI: 10.9790/5728-1205045761                                           www.iosrjournals.org                                   59 | Page 

Prime Harmonious labeling of fan f7 is shown in Figure 4 

 
Figure 4 

 

Theorem 2.5: The cycle Cn is prime harmonious labeling  

Proof:We shall consider the following three cases 

Case(1): If n is odd 

Define f : V(G) → {1,2,……..2q-1} by f(vi) = j-1 where i = 1,2,………n ,  j= 2,3,…….n 

Then f induces an edge label f
*
 : E(G) → {1,2,3……… 2q} is bijection. 

Therefore the cycle Cn is a prime harmonious labeling if n is odd. 

Case 2: If n is even ( n ≤ 4) 

Define f : V(G) → {1,2,……..2q-1} by f(v1) = 1, f(v1) = 2 , f(v1) =3 , f(v1) = 7 

Then f induces an edge label f
*
 : E(G) → {1,2,3……… 2q} 

Therefore the cycle Cn is a prime harmonious labeling if n is even ( n ≤ 4). 

Case 3: If n is even ( n ≥ 4) 

As n is even let n = 2m where m = 3,4…… m-1 

Let v1 , v2 ,……..v2m-1 be the vertices of cycle C2m. 

Adding the vertices v1 + v2 , v2 + v3 ,………………, v2m-1 + v1 we obtain some edges of C2m are equal, which is 

impossible. 

Therefore the cycle C2m (n ≥ 4) is not a prime harmonious labeling. 

Prime Harmonious labeling of cycle C9   is shown in Figure 5 

 
Figure 5 

 

Theorem 2.6: The crown graph Cn .K1,n is a prime harmonious labeling 

Proof: Let {v1, v2,v3, ………vn}  be the vertices of the cycle Cn. 

Let {u1, u2,u3, ………un}  be the vertices of  K1,n. 

Case (1): When n is odd cycle 

The size of the graph is p = 3n+3. Define a mapping f : V(Cn .K1,n) → {1,2,3……… (3n+3)} by  f(vi)= i+1 

where i= 0,1,2,…..n  and f :  E(G) → {1,2………..(3n+3)} 

Case (2) : When n is even cycle 

The size of the graph is p = 4n+4. Define a mapping f : V(Cn .K1,n) → {1,2,3……… (4n+4)} by  f(vi)= i+1 

where i= 0,1,2,…..n . 

Then f induces a bijection f
*
 : E(G) →{1,2,……(4n+4)} 

Therefore the crown graph Cn .K1,n is a prime harmonious labeling. 

Prime Harmonious labeling of crown graph C4 .K1,4 is shown in Figure 6 
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Figure 6 

 

Theorem 2.7: The Bistar Bn,n admits a prime harmonious labeling. 

Proof: Consider the two copies of K1,n . 

Let v1, v2, v3, ………vn  and u1, u2, u3, ………un  be the  corresponding vertices of  each copies of K1,n with apex 

vertex u and v. 

Let ei = vvi , ei’ = uui and e = uv of  bistar  graph. 

Note that |V(Bn,n)| = 2n +2 and |E(Bn,n)| = 2n +1. 

Define the labeling f : V(Bn,n) → {1,2,3……… |V|} 

Then f induces an edge labeling f
*
 : E(Bn,n) →{1,2,3……… 2n+1} is bijection. 

In view of above labeled pattern Bn,nadmits a prime harmonious labeling. 

Prime Harmonious labeling of Bistar B8 , 8  is shown in Figure 7 

 

 
Figure 7 

 

Theorem: 2.8 M(Pn) is a prime harmonious labeling. 

Proof: Let v1, v2, v3, ………vn  and e1, e2, e3, ………en-1 are respectively be the vertices  of  Pn . 

Add vertices u1, u2, u3, ………un-1 corresponding to the edges  e1, e2, e3, ………en-1 in order to obtain middle 

graph. 

Let G be the graph M(Pn) . Then | V(G)| = 2n -1 and |E(G)|= 3n -4  

Define the mapping f : V(M(Pn)) → {1,2,3……… |V|} 

Then f induces an edge labeling f
*
 : E(M(Pn)) →{1,2,3……… 3n-4} is bijection and it is satisfies the conditions 

of prime harmonious labeling. 

Prime Harmonious labeling of M(P8)  is shown in Figure 8 

 

 
Figure 8 
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Theorem: 2.9: The graph Pn
2
 is a prime harmonious labeling. 

Proof: Let the vertices of  Pn
2
 be { vi  : 1≤ i≤ n} and the edges of Pn

2
 be {vivi+1 : 1≤ i≤ n-1} ∪{vivi+2 : 1≤ i≤ n-2}. 

We first label the vertices of Pn
2
 as follows : 

Define f : V(Pn
2
) → {1,2,3……… n} by f(vi) = 2(i) +1 , 1≤ i≤ n 

Then the induced edge labels f
*
(E(G)) : f

*
(vivi+1) ∪ f

*
(vivi+2) → {1,2……..2n-3} is bijection. 

Therefore Pn
2
 satisfies the condition of prime harmonious labeling. 

Prime Harmonious labeling of P7
2
is shown in Figure 9 

 

 
Figure 9 

 

III. Conclusion 

The harmonious labeling is one of the most important labeling techniques. Here we  introduce  the new 

concept of prime harmonious labeling of some new graphs and it is very interesting to investigate a graph family 

which admits prime harmonious labeling. In general, all the graphs are not prime harmonious labeling. 
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